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PREFACE 


The present volume is an amplification of the Colloquium 
Lectures delivered at Amherst in September, 1928, under the 
title The Determination Of The Tritangent Planes Of The 
Space Sextic Of Genus Four. In order to present clearly 
the current state of that problem a comparison with the better 
known cases of genus two and genus three seems desirable. 
Preliminary chapters on algebraic geometry and theta functions 
are incorporated in order to facilitate reading by recalling 
fundamental ideas of these two subjects in such fashion as 
will be most helpful in later applications. 

An important object is the correlation of two series of 
memoirs, the one by F. Schottky and the other by the author. 
In the latter series the properties of discrete sets of points 
in projective spaces, congruent to each other under regular 
Cremona transformation, are developed. Such sets irrespective 
of the number of points and dimension of the space have 
associated groups which are isomorphic with theta modular 
groups. On the other hand Schottky, with the theta relations 
as a starting point, defines a few sets of points in terms of 
theta modular functions of genera two, three, and four. These 
two theories are unified by the theorem proved herein that 
the sets thus defined are transformed under period trans¬ 
formation of the moduli into sets congruent to the original 
set under Cremona transformation. 

The extension of the highly developed theory of the bi¬ 
tangents of a plane quartic curve to the tritangent planes of 
the space sextic is a matter of obvious interest. The extension 
of Aronhold’s algebraic exposition was proposed in 1915 (and 
later withdrawn) by the Berlin Academy as the Steiner prize 
problem. Wirtinger, Roth, and Milne have discussed a single 
quadratic system of contact quadrics which contains 28 pairs 
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of tritangent planes. In the particular case when the sextic 
is on a quadric cone a planar set of eight points serves the 
same purpose as an Aronhold set of seven bitangents of 
a quartic. The present state of this problem in the general 
case is discussed in the last section. 

Algebraic curves, surfaces, and correspondences have been 
given in the Clebscli-Aronhold symbolic notation. As a rule 
this is merely a shorthand device but occasionally symbolic 
calculations are necessary. In a number of cases geometric 
configurations have been defined by algebraic forms with un¬ 
restricted coefficients and with variables drawn from different 
domains. The few concepts of group theory which constantly 
recur are of the simplest type. 

The historical side of the subject is quite well covered 
by the Encyklopadie article of Krazer-Wirtinger and by the 
Report On Special Topics In Algebraic Geometry recently 
issued by the National Research Council. The references 
given are mainly for informational purposes. The content of 
sections 13, 48, 49. 55, 56 is novel. Other new results appear 
in sections 28, 32, 33, 38, 39, 41, 50. 51, 54. 

Much of the author's own work has been done as a research 
assistant of the Carnegie Institution of Washington, D. C. 
The value of this connection as a stimulus to consecutive 
research, and also the participation of the Institution in the 
support of this publication, are gratefully acknowledged. 

January, 1929. 


Ahthur B. Coble. 
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CHAPTER I 


TOPICS IN ALGEBRAIC GEOMETRY 

i. Linear systems of plane curves. With x^-.x^ixt 
as the homogeneous coordinates of a variable point x in the 
plane, a curve of order n is the locus defined by the equation, 


(« jr)» = (a 0 x 0 + «i Xi + «* 2t) n 

(1) ^ “'.v. = ° 


Oo + *i + »* = n), 


M 

where I. . I is a polynomial coefficient and the actual co- 

Voiihl ' 

efficient, is expressed in terms of the symbols a 0 . a,, a, 

by 

( 2 ) 


a = a'* a ' 1 (t 1 ’. 
V,', « 1 2 * 


The r -f1 curves of order n 

(a u x) n , (o r i)" 


are linearly independent if the matrix 


( 3 ) 



(k — 0, • ■ •, r) 


of r •+-1 rows formed from their coefficients is not zero. In 
that case the aggregate of curves obtained from variable A’s 
in the equation, 

(4) (a 0 x) n -f ^ («1 •*■)"+■•• -Mr («r x) n — 0 

constitutes a linear system of order n and dimension r. For 
r — 1,2, 3 we call the system a pencil, net, web respectively; 
or in general a system (« r ). 

The maximum dimension is A T —1, N— (n +1) (« + 2)/2, 
i. e., any linear system of order n is contained in the aggre¬ 
gate of all curves of order n. A linear system of dimension 

1 
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r<N — l may equally well be defined as the aggregate of 
curves of order n whose coefficients «»„<,«, satisfy N 1 — r 
independent linear relations of the form, 


( 5 ) 


a L «■ 


Q *| *, 


— 0 (k ^ 0,1 


.V 


9 — 


r), 


where again the matrix 

( 6 ) 


! 


is not zero. An invariantive statement of the relation (f>) is 
that the curve, (a/)" — 0 of order n is apolar to the curve 


(7) (a?)' 1 — 



S'0 S'l £'* r - () 
*0 7 


of class n, i. e., the simultaneous invariant (5), or («u)\ 
vanishes. Thus with every linear system of dimension r^A -1 
and order « there is associated a linear system of dimension 
N—2 — r and class n, 

(8) l 0 (a. 5) n + l t (a, ?)»+•••+ /.v_ 2 -, (ox--s-r ?V ----- 0. 


such that each system contains all the curves apolar to e\ery 
curve of the other. We say that the two linear systems are 
apolar. Their matrices, (3) and (6), are also apolar, i. e., the 
row-product (5), formed for any row of the one with any row 
of the other, vanishes. A theorem of Grassmann** (cf. 17 I, 
p. 158) states that the determinants with proper signs formed 
from the sets of r -f 1 columns of the one matrix are pro¬ 
portional to the determinants formed from the respective 
complementary sets of K~ r — 1 columns of the apolar matrix. 
It is the values of these determinants, values subject, for 
00<A T —2, to certain quadratic relations, which charac¬ 
terize the linear systems rather than the particular curves 
selected for their expression in (4) and (8). 

A particular type of apolarity relation serves to express 
the conditions that all the curves of a linear system may 
have the same behavior at a given point called a base-pmni 
of the system. If the apolar linear system contains a linear 
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system whose curves consist of a point, (b^) — 0, repeated 
» — k-\-\ times together with an arbitrary curve of class k — 1 , 
say (c2F)* 1 = 0, then (&2F) n_k+1 - (c?)*- 1 is apolar to every 
curve {ax) n of (4), i. e. (a b) n ~ k ~ rl (« c) k ~ l — 0 for every choice 
of c, or {ab) n ~ k+1 — 0. This imposes, for given b , 

k{k 4-l)/2 linear conditions on the coefficients « which for 
the particular choice of b = 0 :0:1 are obviously independent. 
The conditions express that the curves « have a fc-fold point 
at b. The product of the k tangents is (ab) n ~ k (ax) k — 0. 
If in this we set x — b', b", • • • we obtain further linear 
conditions on the «’s w’hich express that branches of the 
curves « at b have the fixed directions bb', bb”, 

A linear system which contains all the curves of order n 
w'hich have a given base, • • •, ify , i. e. which have 

at the point b, at least a k t - fold point, is said to be complete ; 
otherwise incomplete. The apolarity relations w r hich define 
a complete system imply that certain intersections of two 
members of the system are fixed. The limiting cases for 
which one or more of the base points approach a given 
base point along a given curve are included. Thus if b[ 
approaches b%* along a given line, the curves have a k 2 -fo Id 
point at b t with this given line as one of the k t tangents. 

Two theorems of Bertini 8 are useful. The first states that 
if the general curve of the system has a A-fold point variable 
with the curve then all the curves of the system have a fixed 
(k — l)-fold part; the second that if the general curve is 
degenerate then either all the curves have a fixed part or 
each is made up of h variable members of a fixed pencil. 
If we assume that a common part has been removed from 
the members of the system and that the curves then are not 
composed of members of a pencil we may conclude that the 
general curve of the system is irreducible and has no multiple 
points outside the base points of the system. Unless definitely 
stated otherwise we will consider only systems of this latter 
character, and these will be termed proper. 

Let then a complete linear system be defined by a given 
base, B{b\ l , •■•,bj i ). The dimension r of the system is given by 
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(9) r — s n + [«(« + 3) —Zi kj {kj -f D] / 2 

where s n is the number of independent relations among the 
linear conditions imposed by given B on curves of order n. 
If s n — 0 the system is regular, otherwise irregular with 
irregularity (superabundance) $„. It may be proved that 
s n = 0 for sufficiently large n ( M p. 53). Let the grade 1) 
of the linear system be the number of variable intersections 
of two general curves of the system. Then allowing for the 
fixed intersections at B we have 

(10) D = n*—£jkj. 

If also p is the genus of a general curve of the system, then 

( 11 ) p = [(« - 1 ) (« - 2) -Zj t'jU'j ~ 1 >] '->• 

Thus r, D , p are connected by the relation 

( 12 ) r - I) — p-H + s„. 

The members of a linear system which pass through a point I* 
of the plane in general position constitute a new linear system 
(oc r_1 ), Jf the new system has acquired along with P the 
base points Pi, P 2 . ■ • •. Pt-\ then the points of the plane 
divide into sets each of t points such that any curve of the 
system which passes through one point of a set must also 
pass through the other points of the set. If t — 1 the system 
is termed simple] if <>1 not simple. But simple or not there 
is but one curve of the system on r points in general position; 
and conversely if an algebraic system of dimension r is such 
that it contains but one curve on r points in general position 
then it is a linear system ( 6 * p. 12 , pp. 15-24; 51 pp. 56-57). 

a. Mappings determined by linear systems. Given 
a proper linear system i P„! of order n and of dimension 
r > 2 we select r -f 1 independent curves and set 

(1) vyo — («oi)", Qy i = («t x) n ,.... Qij r — (a, x)". 

We interpret y 0 : : . •.: y r as the homogeneous coordinates 

of a point y in a linear space S r and have for each point x 
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of the plane which is not a base point of |C»| a point y 
of S r . Since the curves of ]C»| are not composed of members 
of a pencil, the point y will run over a manifold M t of 
dimension two in S r . If : ■ ■ ■ : y r are dual coordinates in 
S r , i. e. if {fjy) = 0 is the equation of an <5 r -i in S r , then 

r 

y lies on the S r -\, 17 , if x is on the curve, 17 (« x) n — 0 , 

1—0 * * 

of | Cn | • Thus the linear sections 17 of M, arise from the 
curves of the planar system. The order of M t , the number 
of variable points in which it is met by an S r -% defined by 
Tj, ij', is the number J) of variable intersections x of two 
curves provided \C n \ is simple; otherwise is D/t. Castel- 
nuovo 9 has proved that if t > 1 the sets of t points x may 
be put into one-to-one correspondence with the points x of 
a plane. Thus in all cases the points y of M t in S r are in 
one-to-one or birational correspondence with the points of a 
plane and Af t is therefore a rational surface in S r . If 
conversely such a rational surface is given with points y in 
rational correspondence with points x of a plane, its linear 
sections 17 determine a proper linear system in the plane. 

We observe that the coordinates y in (1) are fixed by the 
choice of r -f 1 independent curves of j C n | and the choice 
of a factor of proportionality in each. If the given choice 
is altered, the point x determines a new point y which arises 
from y by linear transformation or collineation. If on the 
other hand we carry out in the plane a collineation which 
carries x into x' then («, ar) H becomes (u[ x') n and the point 
y on M t determined by x is the same as that determined 
by s' since qy, = («,x)" = {a l x') n . Thus the relation 
between M t and the linear system |C„| is definite only to 
within projective transformation both in S r and in the plane. 
We extend this later to Cremona transformation in the plane. 

In the birational relation between the plane x and M t (y) 
there are two kinds of exceptional points. We consider only 
the case of simple linear systems. The first type is a Ar-fold 
base point b. Setting b in (1) the coordinates y vanish and 
the point y is indeterminate. Let c be a general point and 
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Jet x approach b along the line be i. e. let X approach 0 in 
When we set x — b-\-Xc in (1) the terms in l 
vanish up to the degree k since (a* b) n ~ k+1 (<*,■ xf- 1 = 0 . 
The terms in X k remain and higher powers of X may be 
dropped. Thus qy% = (a* b)' l ~ k («, e) fc . If now (ijy) — 0, the 
point c is on a tangent to the curve £ («» x) n — 0 at 

its Ar-fold point b. Hence all sections tj of M t on y correspond 
to curves of |C«| with a fixed tangent at b in the direction 
be. As c varies along a line c-\-Xc' not on b, the coordinates 
y t are expressed as rational functions of degree lc in the 
parameter X and the points y which correspond to the various 
directions at b run over a rational curve on M a of order 7,. 
It may happen however that the directions at b divide 
into oc 1 sets of t each such that any curve a which passes 
through b with one direction in a set of 7 must have 
branches in each direction of the set. Then the rational 
curve on M a which corresponds to the directions at b is a 
t- fold curve of order k lf where k = tk x . We call these base 
points the fundamental or F-points of the rational trans¬ 
formation ( 1 ); and the rational curves which correspond to 
directions about them, the corresponding principal or P-mrves. 

The second type of exceptional point lies on M t and 
occurs when the linear system \C„\ has in the plane a 
P-curve i. e. a curve which meets the curves of the system 
only at the base points. If x is on the P-curve the system 
(ao r ~ l ) of jC'nl on x contains the P-curve as a factor and 
the residual variable part | C m \ will meet the P-curve in in¬ 
variable points. Since |C m | is the same for all positions of 
x on the P-curve the surface M t has a fr-fold point corre¬ 
sponding to the P-curve in such a way that the oo 1 directions 
at the Ar-fold point correspond to the oc 1 points on the 
P-curve. 

The simplest example of M t in S r is the quadric in S,, 
the map of the plane by the complete system of conics 1C, j 
on two base points, B(b lt 6»). The line of the pencil on b, 
with parameter t is cut by jCij in one variable point and 
thus maps into a generator t of the quadric; similarly the 
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lines on b» map into the cross generators r of the quadric. 

If t 0 , t 0 are the parameters in these respective pencils of 
the P-curve, b t b if then directions at b, have a variable t but 
common r 0 . Thus the P-points b lt b t map respectively into 
the generators r 0 , t 0 which are the P-curves on the quadric. 
Points on the P-curve b, b* have parameters to, r 0 and map 
into the intersection P of the two P-curves on the quadric. 
The transformation is reversed by projection of the quadric 
upon the plane from P. The generator r 0 on P cuts the 
plane at b t ; t 0 on P at . The directions at P in the tangent 
plane project into points on b, b*. A general plane section 
projects into a conic on b 1} b t . 

3 . Linear systems (r = 2, D = 1); Cremona trans¬ 
formations. If |C» | is a proper net for which D — 1, if 
C is a general irreducible curve of the net, and C, C" two 
other curves which with C define the net, then C is but by 
the pencil C' in a single variable point and therefore 

is rational. Moreover the net is a complete system. For 
if C" were a further independent curve with the same be¬ 
havior at the base points, a member of the net C'-f AC , "+pC"' 
could be determined with two variable intersections, and there¬ 
fore a part common, withC. From the relation r = I) —p-f l+s B , 
valid for complete systems, in which r = 2, D — 1, p = 0, 
we find that s n = 0. Such a net defined by the requirements 
that the general curve is irreducible, and that r — 2, D= 1 
is called homcdoidal. 

Let the homaloidal net in S x be defined by its base points 
pi, pi, ••■,Pq of orders n, r%, • • •, r e . From the values of p 
and D as in i we find that 

m r? + i+-+»* 

ri + V 2 + • • • -f = 3 (n—1). 

The mapping 

(2) yi ~ (a, x) n (i = 0,1,2), 

is now from point x of S x to point y of the plane or 
8 V . The lines, iny) — 0, of S v are in projective corre¬ 
spondence with the curves, 2 ( a « x)* = 0, of the homaloidal 
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net. To the variable intersection y of two lines r\, f in 
S y there corresponds the variable intersection x of the two 
corresponding curves of the net. The transformation thus 
established between the points of the two planes—valid through¬ 
out except for a finite number of points—is called a Cremona 
transformation T. For .proper choice of integers n, r t , q the 
net in S x is determined when the q base points are selected. 
The projectivity with lines in S y involves no new absolute 
constants. Thus T depends upon 2 q — 8 absolute projective 
constants. 

Lines in S x are mapped into rational curves of order n 
in S y which in general are irreducible. These curves con¬ 
stitute an algebraic system of dimension two such that on 
two generic points y there is a single curve of the system. 
Thus the system is a proper net for which r — 2, D — 1, 
i. e. a homaloidal net in projective correspondence with the 
lines of S x . We may then solve ( 2 ) in the form 

(3) xt = {fii y) n (i = 0,1,2). 

If this net in S y has base points q\, ■ • •, q a of orders si, ■ • •, s„ then 
T has 2 <x —8 absolute projective constants whence a=q. 
As before 

( 4) + -= n 2 — 1, 

Si 4- Si -f- • ••-(- Sy = 3(n— 1). 

We call pt, • • •, pq the fundamental points or F-pomts of 
the transformation T from S x to S y -, and similarly q { , q 9 
the .F-points of the inverse transformation T~ l from S y to S x . 

As in the more general mapping of 2 , directions at the 
jF-point pi (i= 1 , •• -, (?) of order r, in S x correspond to the 
points on a P-curve, P„ of order r< in S v . To the pencil 
of lines on pt there corresponds in a pencil of variable 
rational curves of order n — r„ each taken with the fixed 
part Pi which is cut by the variable part in the point which 
corresponds to the direction at p, on the variable line. Thus 
a P-curve in S y is the fixed part of a degenerate pencil of 
the net in S y . Conversely the points of such a fixed part 
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must correspond to a single point — necessarily an P-point — 
in S x .. The orders also of such fixed parts determine the 
orders of the P-points in S x . Thus either net once given 
determines the nature of the other net as well as (for n > 2 
and q > 4) the position of the P-points of the other net 
when four of these have been chosen. 

Let the P-curve P t in S u which corresponds to the P-point 
Pi in Sx pass through the P-point qj (/ = 1, • •p) in S u 
with say a v branches. Then there are « u directions at 
qj which correspond to directions at p t . Hence the P-curve, 
Qj, in S x which corresponds to directions at qj in S y also 
passes a v times through p t . 

When the P-points of T and T~ l are in general position, 
the P-curves have the following properties: (a) they are 
rational; (b) they have multiple points only at the P-points; 
(c) they are completely determined by their behavior at the 
P-points; (d) they meet the general curve of the net only 
at the P-points; (e) they meet each other only at the P-points; 
and (f) as an aggregate they make up the jacobian of the 
net. The last of these follows from the fact that the jacobian 
is the locus of double points of curves of the net. The 
others are immediate consequences of properties of T or of 
the relations 3 (4). 

4 . Further relations on the integers n, r,, Sj, « v as¬ 
sociated with T. With reference to a given Cremona 
transformation T and a given set P„ of m discrete points 
Pi> • ■ ■> I*?, • • •, Pm in S x of which the first q are the P-points 
of T, any given curve C x has a „singularity complex 1 * 
(S. Kantor , 87 pp. 293 -316) which consists of the set of integers 
(positive or zero), 

Yo, Yi, • ••, Y(>, r e +i■ Ym 


where Yu is the order of C x ; Yi, ■ ■ ■> Yy the multiplicities 
of C x at the P-points lh, ■ ■ - , p ? of T ; and y$+ 1 , • - •, Ym the 
multiplicities of C x at the m — p further points of Pm which 
are ordinary points for T but which for some reason or other 
we may wish to notice. 
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The curve C x is then transformed by T into a curve C' y in 
S y with the singularity complex 

Yo, Yl, ' • - I Yg > Yg-t-1, •••) Ym 

with respect to a set of points Qm of m points in 8 y of 
which qi, •••< q ? are the 2^-points of T~ l and q e +i, •••. q m 
are the correspondents or images under T of the ordinary 
points pg+i, •••, p m . Again yo is the order of C' y and y[ 
0 — 1, •••, wi) the multiplicity of C y at q u Two planar 
sets of points Pm, Qm so related that g points in each set 
will serve for P-points of T and T~ 1 respectively while the 
remaining m — g points of each set are corresponding pairs 
of T and T -1 will hereafter be said to be congruent sets of 
points under T. 

A line is transformed by T into a curve of order n with 
a point of order sj at qj (j — 1, • • •. g). These orders are 
multiplied by y 0 for the transform of C x of order y„. However, 
for each branch of C x through p„ the curve P, separates 
from the transform. At ordinary corresponding pairs the 
behavior of C x and its transform is the same. Hence the 
singularity complexes r and y of C x and C' u are connected 
by the linear transformation S: 

Yo = ny 0 — r, y x - ... — r i y l — ... — r e y e , 

(1) S: Yj = SjY» — aijY,— ••• ~a tJ Y l — ■■■ — «ojYg, 

Yg-tk == Yg+k 

0 = 1, • e; k = 1, •••, m — g). 

It is clear that two curves C x , D x with complexes y, d will 
have the same number of intersections outside the set Pm in S r 
as their transforms have outside the set Qm in 8 y , i. e. 

Y o<*o — Y\t - Ym^m — Yo <*o —Y l - —Ym <*m- 

Thus 8 has the invariant quadratic form 

( 2 ) Q=yI — y\ — yI - Y‘i 


(m e). 




i. l.NlfcUKKS n, ft, Sj, at] ABbUOiAl&U W11U J. 


II 


Moreover the genus of C x is invariant under T whence 

m 

O'o — 1) (ro — 2 )— 2y*(yi — 1) is invariant. By combining 

«=i 

this with (2) we find the invariant linear form 

(3) L = 3 y 0 — n — r* -— Yrn. (m Si ?). 

As an easy algebraic consequence we have 

(4) The invariance under the linear transformation S of the 


forms Q, L furnishes the following relations on the in- 

tegers ( positive or zero) n, 
Cremona transformation T: 

l'l, Sj, K,j 

associated with the 

2,r; =»*-l. 

Zjs; 

— n i — 1 , 

^'i m== 3 (w 1 

2,* 

= 3(» —1), 


Zj 4 

^ »f + l. 

a >i == 3 Sj 1, 

ZjJ U >j 

— 3 r, 1 , 

« y r, — nsj , 

2j a V Sj 

= nr,, 

a V a tk Sj Sk, 

2j «V «<U 

= r, ric 


(t,j = l, •••, e). 


The integers n, r t for n, sf are subject also to a series of 
inequalities, which when the r’s are arranged in order of 
magnitude, 

n > r t ^ r s > • • • i> r $ , 

take the form 

n f i\ +»*> 

2 n i> r, + r* -f-+ r 5 . 

(5) 3» >2»i+ »*+...+rj, 

3 m 2; r, -f ? * 4-+ »•#. 


These express respectively that the net does not necessarily 
contain as a factor the line p, p t or say the curve (12)\ 
nor the curve (12345) 8 , nor the curve (1* 234567)’, nor the 
curve (123456789) 8 , etc. The first case of numbers n, r, 
which satisfy the two relations 3(1) and which is ruled out 
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by (5) is n — 5; t\, • • r 9 — 3, 3, 1, • • •, 1 . Whether the 
equalities 3 (1) and the inequalities (5) are sufficient to ensure 
that further ifitegers sj, a,j can be determined which satisfy (4), 
and whether the satisfaction of equations (4) is sufficient to 
ensure that a transformation T with the corresponding set 
of integers exists, are questions not yet answered. 

A variety of properties of this set of integers associated 
with T have been given by Clebsch, Bertini, Montesano, and 
others ( s * Chap. IV, §§ 1 . 2 ). 

5 . On the nature of the Cremona group and its 
invariants. If T x is a Cremona transformation from point x 
to point x, T 2 another from point x to x"(x, x', x" all in 
the same plane), the product T x T* is a Cremona trans¬ 
formation from x to x". The totality of all Cremona trans¬ 
formations in the plane (including as particular cases the 
projective transformations) constitute the Cremona group in 
the plane. S. Kantor 40 describes this group as one whose 
elements contain certain continuous parameters or,, a*, 
and certain discontinuous parameters « 2 , •••; each set of 
parameters being infinite in number. The parameters a vary 
with the type of T. We say that two transformations with 
integers n, r, and ri, r\ are of different type if n 4 n'; or if 
when n — n the n are not merely a permutation of the j . 
When the type is fixed the continuous parameters n of that 
type vary with the choice of the direct and inverse /’-points 
subject to the 2 q — 8 relations which connect them. We 
obtain in the next two sections a separation of these two 
types of parameters in so far at least as concerns certain 
sub-aggregates of the Cremona group. 

The Cremona group in the plane is more amenable to general 
treatment than the similar group in higher spaces as a con¬ 
sequence of the theorem of Noether (cf . 14 Cap. IV, 7) that T 
can be expressed as a product of quadratic transformations. 
Perhaps a simpler statement is that the Cremona group can be 
generated by collineations and a single involutorial quadratic 
transformation A liS with /’-points at p x , pt, p» and P-curves, 
Pi = Pjfk (i — 1, 2, 3). 
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There is no simple basis for an invariant theory of the 
Cremona group. It is evident that a linear system. | C y J, 
of curves is transformed into a linear system |Cy,-| with the 
same r, I), p. But these numbers are merely arithmetic in¬ 
variants of the system. Two systems with the same in¬ 
variants r, I), p are not usually conjugate under the Cremona 
group. But a complete linear system defined by a base B is 
transformed by T into a complete linear system defined by 
a base B' and the two sets of points B, B' (with the inclusion 
perhaps of base points of zero multiplicity) are congruent under 
T as defined in 4. Thus the planar set of m points p, , • • ■. p m , or 
Pm, usually discrete, as the carrier, actual or potential, of an 
infinite variety of complete linear systems, seems a natural 
basis for an invariant theory. This notion will recur frequently. 

A complete linear system, defined on a set P«, consists of 
a continuous aggregate of curves. We shall have occasion also 
to discuss the discontinuous aggregate of principal curves or 
P-curves (cf. 9, 56) defined by Pm, an aggregate which is 
infinite for m > 8. 

6. Types of Cremona transformations. The arith¬ 
metic linear group, If the set of points P,i is con¬ 

gruent to the set of points Qm under P, and if Qm is con¬ 
gruent to lC m under r J\, then Pm and id, are congruent 
under the product T, 7 \. A curve C x with complex y at P», 
passes under 1 \ into a curve Cy with complex y at Qm . and 
this under into a curve with complex y” at P~ m ■ Then y 
is expressed linearly in terms of y by .S’, (4 (1)), y" in terms 
of y' by St , and y" in terms ot y by the product .S', S., . The 
class of all planar sets QL congruent to a given set Pm has 
tlie property that any two members of the class are congruent 
under a definite transformation T, localized by the two sets, 
with its q m direct and inverse P-points in the two sets. 
These transformations T regarded as planar transformations 
constitute a groupoid (cf. 6C p. 5 ) rather than a group,, i. e.. 
elements T defined by Pm- Qm and T' defined by Pm , (/J 
have a product TT' defined by P,t, Qm only when p‘; n ' co¬ 
incides with Q~ m . 
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The elements S however are merely descriptive and are 
independent of the position of the sets of points. If m is given 
they constitute a group which expresses the various ways in 
which curves or linear systems of curves defined at one set 
of m points may be transformed into similar systems defined 
at another set of m points. We call this group of linear 
transformations with integer coefficients, the group g m ,i and 
seek a system of generators. 

It may happen that the sets Pm and (tf m are congruent 
under collineation (y'o — yo) but in such wise that the points p 
in natural order correspond to the points q in some permuted 
order. Thus g m ,i contains the permutation group of y u ■ ■ ■, y m 
whose elements we shall indicate by writing their cycle form 
in terms of 1, • • •, m. Also Pm, may be congruent under 
the quadratic transformation A lta so that g m<s contains the 
element 

y’o = 2y 0 — yi~y i — y s , 
y i — ro —yt — ys, 

(1) -lj S3: y >2 = yo—y, -ys, 

y't — y« — yi — rt , 

y't — y. (* = 4, • • •, m). 

Since the ternary Cremona group is generated by collineations 
and A iM there follows: 

(2) The linear group, g m> i is generated bg the permutation 
group 11 of fi, •••, y m and the element A] 23 . 

We mention some examples. The quadratic inversion with 
center and conic of fixed points on pi,p& has S ~ A lis ■ (23). 
The quadratic transformation has S — (34) • A 12S • (34). 
The cubic involution with double F-point at pi and simple 
F-points at pi such that the P-curve of p t is the line 
pi p, (i = 2, • • •, 5) has S — Ai 23 • A U5 • (23) (45). Similarly 
the Jonquiferes involution of order n has 

S = Ana • -^4145. Ai'in— 2 , 2 »—i • (23) • • ■ (2 n 2, 2n 1). 

Since T preceded or followed by a collineation is a trans¬ 
formation T’ of the same type as T itself we have the 
theorem: 
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(3) The types of Cremona transformations with q < m F-points 
are in one-to-one correspondence with the double cosets of 
the group g m , 2 with respect to its subgroup II of order m ! 

We recall (cf. Miller, Blichfeldt, Dickson 441 pp. 25-26) that 
a resolution of g nit2 into double cosets with respect to H has 
the form ^ 

g m , 2 = //•//+ ns t 11+ns t n+ ... 

where 8, is so chosen as not to lie in a preceding double 
coset. No element of g m ,-2 in one double coset is found in 
another but the elements within a coset may each be repeated 
It times. If T, has « u .F-points of zero order (ordinary 

points), «, simple F-points, ., a, .F-points of order 

j (a fl + «, -f- ... -f- uj — m) then in the double coset IISill each 
element occurs Jc — « 0 ! «i! • • - uf. times. 

The only sure method of finding actually existent new 
types is by constructing products of known types i. e. by 
finding products of elements of g m< -> (cf. 6 * Chap. IV, § 2j. 

In order to identify g mj2 with certain known groups we 
shall frequently use a certain conjugate set of involutions, in 
i/m ,2 which generates the group. Any element of g m ,- 2 , as a 
linear transformation, has a set of “multipliers”. For an 
involution these are ± 1 • The subgroup II of g m ,2 is generated 
by transpositions of type (12). For Yi —It the transposition 
has one multiplier — 1 and for Y\ + rs and every other y a 
multiplier +1. Hence (12) is a central involution with 
space of fixed points y t — y s — 0 and center at the pole of 
this fixed space with respect to the invariant quadratic 
form Q [4 (2)]. Thus the involution is defined by its space 
of fixed points yi — y 2 — 0 and has the determinant — 1 . 
We determine the conjugate involutions by the fixed spaces 
conjugate to y t — y 2 — 0. Under A 12S , y 3 — y l becomes 
y n — y 1 — Yi — Yi and under (34; this becomes y 0 —Yi — Yi~Ys- 
Hut -* 4.123 (64) -*4i23 —— and Ams — (34) H .124 (34). Hence 
* 1 123 is in the conjugate set of involutions and is defined by 
Yu — Yi — y s — y 8 . Similarly the qnintic transformation 
-4 i.8 H 45C Hi 83 is in the conjugate set and is defined by 
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2 Y 0 — Yi — y* — • • • — Ye • Thus we find a sequence of con¬ 
jugate fixed spaces 

n — r% , 

ro— n — Ya~ Ys, 

2Yo~ Yi — Ya~ . —Ye, 

(4) 3^o—2n— Ya— .— Ye, 

*Yo — 2 yi — 2y t — 2y» — y*- Ye, 


Co Ye ~ Ci Yi —. — c m Ym, 

together of course with all that arise from these by the 
operations of II. We observe that the coefficients c of the 
general form satisfy, in the early cases, the relations 

$ — c?— ... — cL - — 2 , 

/tv 01 m 7 

(5) a _ ft 

3 Co C\ ■ • • Cm — 0 • 

Since according to 4 the left members are invariant under 
c/m, 2 , the coefficients c satisfy these relations in all cases. 
If the general fixed space (4) is transformed by it is 
reproduced along with the additive term 

(6) (Co Ci Cj Cj) (yo Y 1 Ya Y s)• 

With the aid of this simple rule we find that the entire 
set of conjugate generating involutions for m — 9 is defined 
by the forms, 

A{k) = 3fcy„ — (&+ l)Yi — k(/i-\ -4-Yk) — (& — l)Yo, 

( 7 ) B(k)—(3k-\- l)Yo—(k+ l)(Yi -h Yt-hYs)—k(Y*+ +Y»), 

C(k) — (3& + 2)y 0 —(&+ l)(yH-fy 8 )— kiYi+Ye fy») 

(* = 0 , 1 , 2 ,.-.). 

Indeed for k = 0 we find respectively the first three forms 
in (4). If then these forms are at most permuted under 
typical quadratic transformation the conjugate set is com¬ 
plete. The form A(k) is transformed by A lta , ^4 1S9 , A t8lJ 
A g into a type C(k —1), A{k), A(k), B{k) respectively; 
B(k) is transformed by A tgs , A lt4 , A USf A 4SS into a type 
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C(k — 1), A(k), B(k), C(k)\ and C(k) is transformed by 
Am, -4.127 > Ans, Ai sq into B(k), C(k), A(k+1), B(k +1) 
respectively. Hence the infinite set (7) together with those 
which arise from them by permutations of n constitute a 
complete conjugate set. 

The specific form of the element of g m , 2 defined by the 
linear form 

(8) CoYo — CiYi - Cm Ym 

in the above conjugate set is 

K = (<3+l )r 9 — %c 1 r 1 — . ~ c o c m r m , 

(9) y\ = C, r 0 Y- C t C, Y J-(«? -1 )r — - 

U = !,•••, « 0 - 

This is evidently true of the transposition, the quadratic, 
and the quintic transformation. To prove it true in general 
we verify that the transformation formed as in (9) from the 
transform of (8) by 4. m is the transform of (9) by .4, S3 . 

We observe that g m< «, generated by involutions of deter¬ 
minant — 1, must have an invariant subgroup of index 2 
whose elements have a determinant +1. 

Since for m — 9 the conjugate set of generating involutions 
contain an infinite number of elements there must be an 
infinite number of types of Cremona transformations with 9 
or more F-points. The number with 8 or fewer F-points is 
finite. They are given in the following table. 


A . It* (\ \ ft, T );j Dd P? Pd Pb Ea E, Eg Eg Eg Eg Eg Eg 


«i I 3 
«» 

“» ! 

«« 


4 3 0 6 3 
1 3 6 0 3 

I 1 


0 0 
3 0 


3 

4 

0 

1 


1 I 


0 

5 

2 

0 

1 


0 

4 

0 

4 


(10)/;,o En, AYn Ew E\, E\\ Eh Eli Eh E ,, Eu E„ En E,g E,g E„ 


«» 


«« 


0 

1 

5 

0 

2 


0 

0 

4 

3 

0 

1 


0 

1 

0 

4 

3 


0 

0 

3 

1 

4 


0 

0 

2 

4 

1 

1 


0 

0 

1 

3 

3 

1 


0 

0 

0 

6 

0 

2 


0 

0 

1 

0 

6 

1 


0 0 0 0 
0 0 0 0 
0 0 0 0 
3 10 0 


2 
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Here A, B, C, D, E refer to 3, 5, 6, 7, 8 F-points and the 
subscript is the order. For given type, « t - is the number of 
i'-fold F-points. 

7- The continuous aggregate of Cremona transfor¬ 
mations of given type. The Cremona group Q m 2 in 

^ 2 (m-4). If T has q F-points, the projective conditions on the 
sets of points Pm, Q~ m that they may be congruent under T 
coincide, when m — p, with the 2q — 8 projective con¬ 
ditions on the 2q F-points of T, T~ l ; and, when m — p-f 1 
and the pair of images p e +i, §o+i appears, with the 2g — 6 
projective conditions which define the transformation. Hence 
given the nature of T and the distribution of its F-points 
in the given set Pm, given also four points of the set Qm 
we seek to determine the position of the remaining points 
of Qm- 

If we regard the planar coilineation group C as known 
and are primarily interested in Cremona transformations only 
in so far as they disturb projective relations we then would 
he concerned only with those properties of T which it has 
m common with the entire aggregate CTC i. e. the double 
coset of the Cremona group with resped to the group of eollt- 
neations. If we utilize C to place the first three points of 
Pm at the reference points, the fourth point p 4 at the unit 
point, and if further we reduce the individual factors of 
proportionality in the remaining points to one common to 
all by making the last coordinate of each point the same 
quantity u, then the set Pm is defined by a value system: 

(1) P: x,, y x , u (i — 5, ■ • m). 

The set Pm is then determined by the 2{m — 4) ratios 
x t : y, ■ Xj: yj: ■ ■ ■: u i. e. by the homogeneous coordinates of 
a point P in a linear space We have thus mapped 

the ordered sets Pm upon the points P of ^2o»--4) by means 
of projective invariants of Pm. If we denote by (ijk) the 
determinant of three points p%, j>ji Pk and set 

7t — (125) (126) ••• (12m), 

7ii= n/(12i) (i — 5, •••, m), 


(2) 
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the explicit values of the coordinates of P in _ 4) are 

.77 (134) (124) (230 

(3) #= (234) (124) (13i) nr,, 

n — (234) (134) n (i = 5, m). 

It is inevitable that such a mapping will itself have singular 
points and will present in particular cases the analogue of 
P-points and P-loci. For example all ordered planar sets 
for which p v , p if p 4 are on a line will map into a single 
point P in -2 

We utilize C' to reduce the set Q,i to a similar canonical 
form and obtain a point Q in -S'. Since Qm is projectively 
and rationally determined when P? n and the type of T with 
reference to it are given, and vice versa for T~* we have 

(4) If the sets Pm and Q,l are <ongruent under planar Cre¬ 
mona transformation their representative points P and Q 
in 2' 2 (m- 4 > are conjugate under a Cremona transformation 
1 in The dements 1 constitute a Cremona group 
O m ,2 in 

The generators of are obtained in the same way as 
those of g m ,2 ■ It may be first that the sets Pm and Qm are 
projective but not in the identical order. If Pm is reordered 
the representative point P in shifts to P' and for 

the ml possible orders we obtain ml points P' (including P) 
which form a conjugate set under a Cremona group G m , in - 
of order ml which is isomorphic with the subgroup II of g m , 2 • 
A set of generating transpositions of Q m , for the more general 
case Pm of m points in tf fc has been given by the author ( 17 1 §7). 
A sample for Pi is given below in (6). 

When pi, P 2 , p a ; <h, qt, qa are the reference points and 
Pt — qt the unit point, A 188 is merely 

x, = 1 lx,. 

This inverts the coordinates of the remaining points so that 
the explicit form of the element A, ss of 2 is 

(5) A lti : x'i —l/x t , y't —lhji, u' 1/n (i = 5, »»). 


2 * 
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The explicit form of these generators for (cf. 17 III § 1), 
when Xi, y b , x e , y e are replaced by x, y, z, t is: 



(12) 

(23) 

(34) 

(45) 

(56) 


x' = 

y 

xt 

u 

— X 

*<y 

z 

l/x 

(6) 

x 

nt 

u 

—y 

ux 

t 

1 !y 

Z = I 

t 

zy 

u 

— z 

zy 

X 

\!z 

f = 

z 

uy 

u 

— t 

tx 

y 

1 It 

?(' = 

u 

yt 


u 

xy 

a 

Mu 

A conjugate aggregate 

of 

points under 

(-Tin, 2 



presents in the plane the aggregate of sets (f m , projectively 
distinct and ordered, which are congruent to a member of 
the aggregate. Two members Pi, Qm define a ternary trans¬ 
formation T whose jF-points and ordinary pairs are in a pre¬ 
scribed position in Pi, Q' m . For any other set P'i' in the 
aggregate there is a similar T' with similarly placed points 
for which Pli, Q.f are congruent. Then T, T' yield the 
same transformation r in 2 for which both P, Q and P', Q' 
are conjugate pairs. As a conjugate set of points in - varies 
through 2 we find exemplars of all projectively distinct sets Pi. 
Thus the mapping of sets Pi in the plane upon points of 
converts the groupoid property (cf. 6) of congruent 
planar sets into the group property of points under O m , 2 ; 
and furthermore converts the independent variation in the 
plane of the m —4 projectively independent points of Pi into 
the variation in 2 of the single point P. 

From the formation of the generators above we find that 
(7) The Cremona group Q m ,i in - 2 (m- 4 > is isomorphic with 
the linear group g m , 2 - This isomorphism is simple except 
in the particular cases Os, 2 , Oi*, 0&,2 for which it is re¬ 
spectively 1 : 16, 1:2, 1:2. 

These cases of multiple isomorphism arise when for a general 
set Pi congruence under T implies projectivity. The author 
has proved ( ,7 II §§ 2, 3) that this occurs in only four cases: 
(l) under quadratic transformation, A m , the points pi,p t , 



8. CREMONA GROUPS 


21 


lh, lh, Pb are projective to q lt q t , q 8 ; q&, q t \ (2) under cubic 
transformation A liS J ltl> (23) (45), p lf • •■,/>* are projective 
to ; (3) under the octavic Geiser transformation 

(P„ of 6(10)), p lt •••, p 1 are projective to q t , ■■■, q 7 \ and 
(4) under the 17-ic Bertini transformation (E 17 of 6(10)), 
p ,, • • •, p s are projective to q,, ■■■, q H . In each case the 
addition of another ordinary pair destroys the projective 
relation. 

For sufficiently general sets Pm there are no other cases 
where congruence implies projectivity. Nevertheless we shall 
have much to do later with special sets of points both in the 
plane and in space for which further types of congruence 
imply projectivity. If Pm is such a set the point Pin J 2 (m _ 4 ) 
belongs to a conjugate set of points which is smaller in number 
than in general; or more precisely P is a fixed point under 
a subgroup of G m , ■>. 

8 . Cremona groups as Galois groups in certain 
problems. The simple case, preliminary to the above, of 
Pm, m points on a line, has important applications. We trans¬ 
form Ph by eollineation into the canonical form 

(1) 1,0; 0,1; 1. 1; ./ 4 . n\ «;•••; J m , u. 

Thus P) n is mapped into a point P in -„,_ 3 

P. 2.4 , . 75 , “ X'm , U 

Since Cremona transformations do not occur on the line, the 
G m , 1 reduces to the subgroup G m • determined by reordering 
the points of Pm. The ml points P obtained by transforming 
any permutation of (1) into the same form as (1) are a con¬ 
jugate set under in - wt _ 8 . This G b . in -2 was first 
observed by Autonne 1 , the in 2' 3 by S. Kantor 89 , and 
finally the G m . in - m -n by E. H. Moore 47 who recognized 
the ratios of the coordinates of P in the double ratios of Pm . 

It is clear that G mt is a form of the Galois group of the 
equation of degree m, ( «t) m — 0 , whose roots determine the 
points of Pi,. The author has used the group G&, to obtain 
a solution of the quintic equation 1S , and (? 6 i to obtain a solution 
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of the sextic' equation lft . The general principle involved 
may be stated as follows: 

(2) If a given algebraic problem (or geometric problem when 
stated in algebraic form) has a finite number of solutions 
with a Galois group of order k in the original domain ; if 
also by linear transformation of the original variables and 
parameters the original problem may be reduced to a canonical 
form C which involves r essential parameters a lf • • •, a r 
(not further reducible by such processes), and for which the 
solutions are all rationally known, then C may be obtained 
in k ways with parameters a®, af (i = 1, k) 
which play the role of k points in S r conjugate under 
a Cremona Gk which is isomorphic with the Galois group 
of the given problem . 

We apply this later to G &, 2 and the group of the 27 lines on 
a cubic surface, £ 7,2 and the group of the 28 double tangents of 
a quartic curve, etc. Our final problem will be to connect the 
Gio.it determined by a special set of 10 points in space with the 
group of the 120 tritangent planes of a space sextic of genus four. 

9. P-curves and discriminant conditions of Pj,. We 
call that aggregate of curves defined on Pm such that each 
corresponds to the directions about a point in some set Q.m 
congruent to Pm, the P-cunes of the set P~ m . Tliev are in 
fact the P-curves of the transformations T~ l . Bertini 4 show's 
that they are rational curves whose multiple points may be 
arbitrarily assigned. If we denote a complex r by its linear 
polar form as to Q, and ascribe to the directions about a point 
the multiplicity — 1 at the point, the polar form for jis Yi 
and the conjugates of this under g m .'z determine the types 
of the P-curves. Thus for m < 8 we have the types 
Y\ 

ro—n — rt, 

2 ro — n — rt -— 

3ro— 2 /, —Yi— ••• —Y:, 

4y 0 — 2 (Yi f Yi ~h Y») — (Y4 fi- +r*)» 

&Yo — 2(y 1 -f ••• +Ye)~ (Yifi-Ys), 

6yo — 3 Yi — 2 (Yt + • • • + Ya)- 


(1) 
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For m — 9 an infinite number of types may be read off from 
the values of /, in 6 (9) for the forms in 6(7) but these 
will not exhaust the types. The aggregate of P-curves of 
Pm defines a discontinuous division of the projective plane 7 . 
An immediate consequence of the definition is: 

(2) If Pm is congruent to Qm under T the P-curves of Pm are 
conjugate to those of Qm tinder T. 

If in Pm itself or in any set Qm congruent to it two of 
the points are made to coincide in some direction then there 
is imposed on the set Pm a projective condition which we 
call a discriminant condition on lf n . If P,t and Qm are 
congruent under A , H and if in Qm q t concides with q s then 
in Pm the. points p t . p t . p 4 are on a line. Thus in Pm there 
exists a complex whose polar form is y 0 — y ,— y s — y 4 and 
this transforms under A 1;S into the form y „— y 4 for the 
coincidence in Qm- Hence the types of discriminant con¬ 
ditions on Pm are (cf. 6 (4)) the same as the types of con¬ 
jugate generating involutions of g m .i. 

(3) The discriminant conditions on the set Pm are in one-to-one 
correspondence with the conjugate generating involutions 
of g,n ,'j. If such a condition is satisfied by Pm the corre¬ 
sponding (i'emona transformation T (whose S in g m> 2 is 
given in 6 (9)) degenerates into a collmeation. 

Indeed if p,. p a coincide the transposition (12) is effected 
by the identical collineation; and it p u p t , p s are given on 
a line .4 l2; , is a collineation. Any other condition is the 
transform of (/>, p 2 p 3 ) --- 0 by some transformation T and 
the generating involution corresponding to it is the transform 
of A x * 3 by T. But T~ l A itt T is a collineation if A t *3 is 
a collineation, provided the product is formed for congruent sets. 

We have characterized in the above a variety of linear 
systems, or particular curves such as P-curves, or conditions 
such as discriminant conditions, all attached to P«; as well 
as the conjugates of this variety as they appear in the con¬ 
gruent sets Qi,, in each case by a system of linear forms 
conjugate under g m , 2 . Thus y 0 , 2y 0 — y x — y t — y s , ■ ■ • re¬ 
present the types of homaloidal nets; y 4 , y 0 — y t — y 2 , - - - 



24 


I. TOPICS IN ALGEBRAIC GEOMETRY 


represent the 'P-eurves ; and — n, fo — n — r» — n, ■ ■ ■ 
represent discriminant conditions. More generally if 

< 3~ c i- -<*m = r+p- 1, 

3 Co Ci — • • ■ — c m = r —p -j- 1 

then c 0 y 0 — c, n — • • • — c m y m represents a linear system of 
dimension r and genus p. If the integer (positive or zero 
ordinarily) coefficients c are such that r and p are not negative, 
the system exists; if however r or p is negative the system 
is non-existent or virtual when Pm is general. We may, how¬ 
ever, as in the case of the discriminant conditions impose 
on Pm the requirement that a virtual system be existent with 
an actual dimension r and genus p. Then the conjugates of 
the form under g m ,2 express the nature of the conjugate con¬ 
dition on the sets congruent to Pm- 

io. Linear systems (r = 2, D> 1); birational trans¬ 
formations. If j Cn | is a proper net for which Z>>1 the 
pencil of curves on x passes through I) — 1 further points x 
each of which determines the same pencil. Necessarily then 
the system is not simple and the points of the plane divide 
into sets of D points in a planar involution. The mapping, 

(1) y t — (a,x) n (i = 0, 1, 2), 

furnishes for x an ordinary point in S x a unique point y in S y . 
For given y, determined by lines (qy) — 0, (q'y) — 0, 
(1) furnishes a group of points x which arise from the points 
on 2*1* ( a ix) n = 0, £ij' t (a,- x) n = 0 which are variable with 
q, q. We have thus a ( D, !) correspondence from S x to S y 
(cf. 58 Chap. V). 

Let f(x) be a given curve in S x which at one point p 
has the property that it does not contain any of the D — 1 
other points of the set to which p belongs. To the points x 
on f(x) there correspond in (1) the points y on a curve f{y) 
in 8 y ] to a point y on f {y) and on q, q the D points in 8 X 
of which in general only one is on f(x). This particular 
point x on the three curves f(x), ]?q(ax) n = 0, 2q'{ux) n = 0 
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can be obtained by rational processes in terms of ij, if which 
clearly can occur only in the combinations (5 rf)i — yi- Thus 
we find, for points x on the given curve f{x) a unique solution 
of ( 1 ), namely 

(2) r, = (At/)*' -(* = 0,1,2). 

Such transformations as (1), (2), one-to-one and birational 
between two loci of the same dimension will be termed bi¬ 
rational transformations. When this term is used it will be 
understood unless otherwise stated that the transformation 
is not defined outside the loci in question. The aggregate 
of curves which can be put into birational correspondence 
with a given curve and therefore with each other is called 
a class of algebraic curves. A given class defines the ag¬ 
gregate of birational transformations B which connect any 
pair of the class. This aggregate constitutes a groupoid. 
If a pair of the class is given B is uniquely determined un¬ 
less one curve, and therefore every curve of the class, admits 
birational transformations into itself other than the identity 
which is not true of the general curve. 

11. Linear series on an algebraic curve. Complete 
and special series. Under the transformation B in 10 
line sections of the transformed curve correspond to the 
variable part of the intersections of f (x) with curves of the 
net. We consider in general the sections of an irreducible 
curve fix) by the members of a linear system. First let 
those members of the system which contain / as a factor 
be dropped, leaving a linear system |CV, of dimension r. The 
curves of | CV | will have in general certain fixed intersections 
with f and in addition certain n intersections variable with 
the parameters of the system. We say then that CV | cuts 
fix) in a linear series g? whose 00 r sets of n points on fix) 
are in one-to-one correspondence with the curves of the 
system. If those curves of | CV i which pass through a generic 
point of / (x) pass necessarily through p — 1 other points of 
fix), the n intersections divide into n/p variable sets of p 
points. If /< > 1 the is composite ; if p — 1 it is simple. 
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If the system \C V \ is determined by the members («< x) v = 0 , 
the mapping, 

(1) y, — («i x) v (i = 0, 1, 2, r), 

establishes a birational correspondence between fix) and 
a curve C* (y) of order n in S r when g’j is simple; or 
a (ji, 1 ) correspondence between fix) and a C"T when g* is 
composite. We have then the theorem (cf . 64 Chap. III). 

(2) The aggregate of carves in hyperspace, space, the plane, 
and the n-fold projective line in-sheeted Riemann surface), 
which are in birational correspondence until a given curve 
fix) is represented by the aggregate of simple linear series 
9r (r ^ 1 ) cut out on fix) by linear systems. 

If some of the curves in (1) are dropped, a g”ir'<Cr) is 
cut out on / which is said to be contained in g n r . The 
curve Ce in is then a projection of C" in S r from r — r 
of the reference points in S r . If the S r - r i - 1 determined by 
these reference points cuts in k points, the order n of 
the variable part of < 7 ” reduces to n — Ic. A g’j which is not 
contained in a linear series of greater dimension but of the 
same order n is said to be complete ; and the corresponding 
Cr is said to be a normal curve, i. e. it is not the projection 
of a curve of the same order in a higher space. 

As a consequence of a theorem of Noether (cf . 04 Chap. V) 
it may be proved that every complete g " can be cut out 
on / by linear systems of adjoint curves of /. i. e. curves 
which pass through each s-fold point of f with multiplicity 
s — 1 at least. Moreover all the adjoints of given order 
cut out a complete g J?. If G is a set of a complete g’j the 
other sets are constructed by passing through the n points 
of G an adjoint of sufficiently high order l to contain G. 
This adjoint cuts / in a set H in addition to the s(s— 1) 

intersections imposed on the adjoint at each s-fold point 

of /. Then all the adjoints of order l on H cut / in the 

sets of the complete g* which contains G. That g* as 

thus constructed is unique is a consequence of the residue 
theorem. 
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If g” is complete and one of its sets A is divided into two 
sets B, C with respectively n u n t (n, -f n t — n) points, then 
B, C are residues of each other with respect to g*. The sets 
A of gr which contain B contain in addition oo r * sets C which 
lie in a complete g n r \ the linear series residual to B in g". 

Similai’ly the oo r > sets B, residual to C in g ?, lie in a com¬ 
plete g™' . The residue theorem states that, if B t , C x are any 

two sets of g'l ', g n T - respectively, the residue of either set 
with respect to g* is the complete series defined by the other. 
We say then that the series g”', g” 2 are residual with respect 
to each other in g 

Two sets A, At which determine, and lie in, the same 
complete g” are called equivalent. This is indicated by 
.1 =_ A i. The fact that A is made up of B and C is naturally 
written A ~ B + C. The residue theorem then states that 
if A r z B -f C and A s A t , B -j= B u C -r C\, then A t = 5, G\ , 
i. e. B t and C\ make up a set =~ ^4,. We customarily 
understand then by *4 ~ B + C that the complete g” defined 
by A is the sum of its complete residual constituents g *', g'f 
defined by B and C respectively. 

If / is of order m and genus p, the ad joints of order 
to — 3 of /—the so-called <? -curves—cut out a complete 
called the canonical series. It is the only complete 
series on / of order 2 p — 2 and dimension p — 1. For any 
complete g*, 

(3) n — r ^ p, n — r = p — i (i 0) 

If f>0 the g* is called special. Every special complete 
g ” is contained in the canonical series which is itself 
special with index of speciality i — 1. For given g*, i is 
the number of linearly independent y-curves on a set O of 
g" T . For example a quintic curve / with nodes at P x , P a (p — 4) 
has for y-curves conics on P u P a which cut/in the canonical 
series with index i — 1. The line pencils on the two 
nodes cut / in complete gf’s residual with respect to each 
other in g%, each of which has index i — 2. For, a set of 
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one fj/f is on two conics each made up of a line that cuts 
out the set and one of the two independent lines of the 
other pencil. 

If the canonical series is composite its sets are composed 
of pairs of points (/t — 2 ) and these pairs are in a g\, i.e. 
the curve / is cut by a pencil of curves in a variable pair 

of points. If conversely the curve has a g\ the sets of the 

canonical series are composed of p — 1 variable sets of g\ 
and the curve is called hyper elliptic. A rational curve {p = 0) 
has oc 2 « 7 j’s; ap elliptic curve (p — 1 ) has oo 1 gf’s; a hyper- 
elliptic curve (p>l) has a unique g\. For example on a 
conic the g*s are cut out by line pencils with vertex at 
each of the oo * points of the plane; on an elliptic cubic the 
gi s are cut out by pencils on the cc 1 points of the curve; 
and on a quartic with a node ip — 2) the unique g\ is cut 

out by the pencil on the node. 

Under birational transformation from fix) to fix') linear 
series pass into linear series of the same order and dimension 
and complete series pass into complete series. In particular 
the canonical series on /passes into the canonical series on /'. 

ia. The canonical curve. Birational moduli. By 
birational transformation of a given curve, fix), the number 
of constants which appear in its equation may be reduced. 
If M is the smallest number which can be obtained and if 
in this reduced case the constauts which remain will give 
rise, as they vary, to birationally distinct types then these M 
constants are termed the moduli of the given curve under 
birational transformation. We sketch a proof that 
( 1 ) The general non-hyper elliptic curve of genus p f 3 has 
3 p — 3 birational moduli. 

The given curve has a unique canonical series cut out by 
the ^-curves. When we map from the plane by means of 
this linear system, setting 

yi — (y-t x) m— ii — 0, 1, ■ • •. p— 1), 

fix) is birationally related to the canonical nine Cf -of 
order 2 p — 2 in S p ~i. When fix ) is given, the y>-system is 
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determined uniquely but the projectivity between the y-curves 
and the linear sections y t = 0 of Cp- 7 2 is at our disposal, 
i. e. the canonical curve is determined in -S^-i only to within 
a projectivity. If, by a birational transformation B, fix) 
passes into /' (x') the intersections of the canonical adjoints 
(y>x) m ~ B with f(x) pass into the intersections with fix') of 
its canonical adjoints Thus under B we have 

Vi — (9i x) m ~ a = (*/'. x') m '~ a ( f{x ) = 0, f (x) — 0) 

and image points x, x on f f determine the same point y 
on the canonical curve. Hence 

(2) All birationally equivalent plane curves have projectively 

equivalent canonical curves. 

The M absolute projective constants of Cp-f are then 
birational moduli of fix). If we select p — 3 points in general 
position on the canonical curve and thus adjoin p — 3 constants, 
the curve, projected from these points into an S s , becomes 
a curve of order p +1 and genus p with p ip — 3)/2 double 
points and therefore 4 p — 6 = M+p — 3 absolute projective 
constants. Hence M—3p — 3 as stated in (1). 

The problem of determining moduli of fix), i. e., constants 
attached to fix) and invariant under birational transformations, 
is thus reduced to the problem of determining absolute pro¬ 
jective invariants of the canonical curve. For example, 
a plane sextic with G nodes (p = 4) has for canonical curve 
a space sextic C», the complete intersection of a quadric and 
a cubic surface. When the quadric is not a cone and we 
name its points by the binary parameters t u : t ,; r 0 : r, of the 
two generators on a point, a section by a cubic surface is 
a double binary form 

(3) (a r) s (« tf = 0 

in the digredient binary variables t. r. This has 16 coeffi¬ 
cients whose 15 ratios may be reduced to 3 p — 3 — 9 b> 
digredient transformation of t, r. The absolute invariants 
of the form under such linear transformation are the moduli. 
It is true that the number of independent ones is nine but the 
number of those which are distinct from the point of view of 
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rational integral expression is of course much larger. We 
have then a large complete system of invariants connected 
by a corresponding large system of syzygies. 

In the case of hyperelliptic curves there is a pencil with 
parameter k which cuts out g\ and 2jp-f2 members for 
which the two points of a set coincide. The 2 p — 1 in¬ 
dependent double ratios of the 2 j> + 2 corresponding para¬ 
meters k are the birational moduli. For elliptic curves this 
modulus is the same for the cc 1 Rational curves, 

birationally equivalent to a line, have no birational moduli. 

13 . Moduli of a curve under Cremona transformation. 
In this and the following section applications of linear series 
are given. We observe that when f(x) is mapped (cf. 12 ) 
by its y-curves upon the canonical curve in S,,-i the plane 
of f(x) is mapped (cf. 2 ') upon a rational surface, Af s in 
We assume that p > 4, that the curve is not hyperelliptic, 
and that the ^-curves constitute a simple linear system in 
the plane. Then J/ a lies in space or hyperspace, is covered 
only once in the mapping, and the canonical curve is a simple 
curve on J/*. As before both the curve C]f\ 2 and surface 
Mi which contains it simply are determined only to within 
projective transformation. Also as before a Cremona trans¬ 
formation applied to the mapping system converts f(x) into 
fix') and the canonical adjoints of fix) into those of fix') 
(after deletion from the latter of possible fixed parts which 
are P-curves of the transformation), while the point y in 
Sp -1 determined by the transformed point x remains fixed. 
Thus the relation of Cjff, to f(x) is invariant-under 
Cremona transformation in the plane. If the rational 3 / 2 is 
mapped upon the plane in any way in such wise that y passes 
into x the linear sections of become the curves of the 
mapping system and fjff becomes a curve fix') for which 
the mapping system must be the canonical adjoints. But 
two distinct mappings of upon a plane give rise to 
a Cremona transformation in the plane. Hence 
( 1 ) The invariants or moduli of a non-hyperelliptie curve of 

genus p f 4 whose canonical adjoints are a simple linear 
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system are the simultaneous projective invariants in Sp-i 
of the canonical curve and a particular rational surface 
on which the curve is not multiple. 

We have here a companion theorem to that of 12 (2) 
which also brings the matter of invariants of a plane curve 
under the planar Cremona group into the domain of projective 
invariants. It is useful as a means of indicating the relative 
efficacy of the birational and Cremona transformations in the 
way of reducing a given curve to a canonical type. We 
express the situation as follows: 

(2) The class of curves birationally equivalent to a given 
cur re f (c) of the type described in (1) divides into a number 
of subclasses under Cremona transformation. If the canonical 
(uric in Sj >-1 admits no eollineaiions these subclasses are 
in one-to-one correspondence with the aggregate of rational 
surfaces M> which contain Cjf 1 2 simply. 

We give a few simple examples. If p — 4 the canonical 
curve is a C-j. It is on a unique quadric Q whence the curve 
and quadric have 9 projective absolute constants. A typical 
form of the plane curve is the quintic with two nodes. This 
has 10 absolute projective constants but only 9 Cremona 
moduli since one such quintic can be transformed by quadratic 
transformation with /'-points at the nodes and at one arbitrary 
simple point into oc 1 types which are projectively distinct. 
Again the C* is on oc 4 cubic surfaces. The curve and one 
such surface Jl/® have the 13 projective moduli which belong 
to Q and M*. A type of the plane curve is the sextic with 
6 nodes which likewise has 13 projective moduli. But the 
plane curve mapped by its canonical adjoints gives rise to Q 
and hi* together with an isolated “sixer” (Cayley), i. e. a set 
of G skew lines on if* which arise from directions at the 
6 nodes. Since there are 72 sixers on M* there are in the 
plane 72 6 -nodal sextics which are projectively distinct but 
equivalent under Cremona transformation (cf. Chap. III). Thus 
the projective invariants of Q and M* rather than the pro¬ 
jective invariants of only one of the 72 types of 6 -nodal 
sextics, are the proper Cremona invariants of the curve. 
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Marietta 18 finds necessary arithmetical conditions for the 
equivalence of two curves under Cremona transformation 
when they already are birationally equivalent. These are 
arithmetical criteria which distinguish the great variety of 
types of rational surfaces on 

The plane curves excepted under ( 1 ) are such as bring in 
planar involutions and multiple correspondences. These will 
not be discussed further. 

14. Residual linear series. Curves in determinant 
forms. Applications to the planar quartic. Let 

the complete g ” on f m with sets A be cut out by ad- 
joints of order v in a linear system | 6 V|. If A be divided, 
say A — B-\- C, the sets B and C define complete linear series, 
g'l' and = «)> each cut out by curves of \C V \. 

If B is a general set in <r' the curves of |CV| on B form 
a system, 

C = Co Aq + £1 A\ -j-- + Sr, A r t 

whose members £ are in one-to-one correspondence with the 
sets of g " s . This correspondence is determined when r a in¬ 
dependent sets C are associated with the reference C’s and 
when a further set, independent of any r 2 — 1 already chosen, 
is associated with the unit £’s. The curves A l are then 
defined to within a constant common to all. If B' is a second 
set in q n A the curves of I CM on B’ likewise are in corres- 

T l v 

pondence with sets C and therefore in projective correspondence 
with the curves £. This system can be written as 

f — Co Ac £l A\ -j- • - • -j- £r 3 Ar „. 

Curves in the systems £, £' with the same parameters £, cut 
out the same set C of g n r x . Then the determinant 

Ai Aj 

a; a' 

of order 2 v in x must either contain f m as a factor or vanish 
identically. For the corresponding members of the two 
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projective pencils, ft A- + £} Aj = 0 and U A[ -f tj Aj = 0, 
meet in c © 1 sets C which run over f m . The pencils either 
generate f m in the usual sense or they reduce to the same 
pencil after deletion from each of a fixed part. Such fixed 
parts determine a pencil which cuts out the variable sets 
determined by B, B'. We assume that this second case does 
not occur. The sets B of g" 1 can be put into similar corre¬ 
spondence with parameters , • • ■, ijr, • Then the curve of 
| C v | which cuts out a set B(r/) and a set C(C) will be 

(ax) v (bti) (cf) = Vitj — 0 

1 0 = 0 , • ■ •, r t ; j = 0 , • •, 

We interpret y, t] as dual coordinates in Sr t ; z, f as dual 
coordinates in S Tt , leaving x, £ for dual coordinates in the 
plane of/" 1 . For given 17 and variable C, (1) defines a system 
which cuts out a fixed set of g n r x and a variable set of g n r *, 
and vice versa. 

In the excluded case the form ( 1 ) factors for every x into 
two factors linear respectively in t; and f; in the general 
case it factors in this way when x is on /’". Then, for 
given Tj, ( 1 ) is satisfied by all f’s whose sets in y"* contain 
x and these sets are independent of y. Thus, for each x 
on /”*, ( 1 ) becomes (y>i)-(zO = 0 and the form sets up 
a mapping of points x on f m upon the birationally related 
curves C”' , 6 ’"* in S r , 8 r respectively. The two row deter- 
minants of the matrix \\A t j\\ contain /" as a factor, and its 
k- row determinants contain/" as a (k — l)-fold factor. We 
shall be interested primarily in the case r x = r t in particular 
applications, some of which we proceed to develop. 

The canonical curve of genus p = 3 is a non-singular plane 
quartic f*. Cubics in the plane, adjoints of order 3, cut it 
in a complete g J 2 . A set of 6 points selected on / 4 and not 
on a conic determine a complete / whose residual series in 
gf is g%. The form (1) for this case is 

(ax) 8 {btf} (c£) = 0, 


(2) 
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where r\, t are planes in S 3 (y), S 3 (: r) respectively. For x 
on / 4 , ( 2 ) factors into {yri)-(zt) = 0 and / 4 is mapped on 
the birationally related space sextics C 6 (y), C 6 (z). The curve / 4 
itself has 6 moduli and the choice of g e ‘ introduces 3 more 
since 6 points on / 4 determine / and one of its oo s sets. 
Hence C e (y), C 6 (z) have 9 moduli or 24 projective constants 
and are general space curves of order 6 and genus 3 (cf . 64 p. 369). 
For given i\ and variable x equation (2) is that of a point 
(;?£) = 0 which runs over a cubic surface on C 6 (z) the map 
of the plane by cubic curves on the set tj of g\. 

We may look upon (2) as a correlation from S(y) to S(z) 
which for given determines a point (zO — 0. The dual 
form of this correlation has coefficients which are three row 
minors of | Ag\ containing (/ 4 ) s as a factor; i. e. 

(3) ~ {uxY{a xf {((’af (bb'b" y){cc c”z)l(f l Y' 

= ihZj 0,J = (),••■. 3), 

where primes, seconds, etc. indicate equivalent symbols. The 
form (3) has 3-4-4 coefficients or 47 ratios and therefore 
47 — 8 — 15 — 15 = 9 absolute constants under digredient 
linear transformation of x, y, z. We recover the form (2) 
from (3) by rewriting (3) in dual form 

(4) (az) 3 (M(cO = {Xx)a'x)(X" x)(fl /S' /*'/) (y///“)•/,- 

(k a numerical factor). In (3) for variable x there is a net 
of correlations. The values of x for which the correlation is 
singular, i. e., for which \a,,\ = 0 , are those for which the 
dual form ( 2 ) factors into the singular points in either space. 
Hence 

(5) / 4 =24,a/ 

^ ' = {Xx)(rx)()."T)(k'"x)(/3/3'/}"0"')( rr 'y"/") = 0 . 

We have thus attained an end which we frequently shall 
seek; namely an expression for a given geometric configuration, 
such as / 4 and the residual g^'s on it, by means of an algebraic 
form (3) whose coefficients are unrestricted. 
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For given y and variable x in (3) the planes in S(z) turn 
about a point z whose equation is 

( 6 ) , = 0 . 

Similarly for given z the planes in S(y) turn about the point y 

(7) (11’).") (/MX*?) (yz) 0 r'e) l/'z) = 0. 

These are equations in either direction of the cubic Cremona 
transformation T between S(y) and S(z) determined by the 
F-curves C 6 (y) and C % (z). For given y, ( 6 ) is the equation 
of the image point (z£) = 0 ; foi given C, the equation of 
the cubic surface in S(y) on C s (y) which is the image of the 
plane (£z) — 0; in (7) these relations are reversed. The 
same homaloidal webs appear in ( 2 ) in parametric form; for 
given £ in ( 2 ) and variable x the point (rjy) — 0 runs over the 
cubic surface ( 6 ). 

An expression of /* as a four-row determinant whose 
elements are linear forms in x appears in (5) and evidently 
every such expression determines a form (3) and is associated 
with one of the cc s pairs of residual ylj’s on /*. A similar 
expression for f* as a two-row determinant whose elements 
are quadratic in x arises from two complete g^s residual in 
the g\ cut out by conics. The residual series determine a form 

(8) (ary (hr)(ft t) — ^ A tJ U tj (i,j = 0, 1) 

where t, r are digredient binary variables. For the binary 
variables there is no duality. The form ( 8 ) has 6-2-2 — 1 
— 23 projective constants and 23 — 8 — 3 — 3 = 9 ab¬ 
solute constants which arise from the 6 moduli of / 4 and 
the 3 involved in the choice of g\. Again f* is the locus 
of points x for which ( 8 ), as a form in t, v, factors whence 

(9) r - (ccxy(a’xy(bb')^n = 2 1 Ay I = 0 . 

A further development of this case is given in connection 
with the curve of genus four (cf. 5 °)- 


s* 
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We examine the case of symmetry in (8) which then is the 
polarized form of a quadratic in t, 


( 10 ) 

Then 

(ID 


(ax)*(&r) 2 — A 0 t%-\-2A 1 t 0 t 1 + A^rl = 0. 


r 


(ax)* (a'x)* ( bb'y 


Ao Ai 

A , A 


is expressed as a symmetric determinant. The two residual 
g [’s have coincided into a single g\ which is made up of the 
sets of contacts of a system of contact conics, the quadratic 
system (10). Two conics of the system with parameters i , %' 
have their 8 contacts on the conic (ax) 2 (br) (br r ) = 0. Let 
K denote a set of the canonical series i. e. a line section. 
The g* cut out by conics contains sets A such that 2 K ~ A. 
If the 8 points A are made up of 4 points B doubled, then 
2 -B ™ 2 K. An obvious case is B ^ K i. e. the line sections 
doubled are improper contact conics. A pair of double tangents 
furnishes a case for which 2 B 2 K but B^K. Moreover 
in any contact system (10) there are six pairs of double 
tangents with parameters determined from 


(12) (a a' a") 2 (fir) 2 (b' v) s (b" r) 2 = 0. 

Since there are 14-27 = 6-63 pairs of double tangents we 
find that 

(13) The quarlic / 4 has 63 systems of proper contact conics 
each containing six pairs of double tangents. 

Denote by A the two contacts of a double tangent. If 
Di, A and A, A are two pairs in the system (10) the 
four double tangents have their 8 contacts on a conic and 
are called a syzygetic tetrad. Any three of the four have 
their 6 contacts on a conic and are called a syzygetic triad ; 
three with contacts not on a conic are an azygetic triad. 
A simple reckoning with the sets shows that the conic on 
the contacts of a syzygetic triad cuts / 4 in the contacts of 
a fourth double tangent so that a syzygetic triad can be 
enlarged to a syzygetic tetrad in one and only one way. 
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Any two pairs from the 6 pairs of a contact system determine 
a syzygetic tetrad but the tetrad can be divided into pairs 
in three ways whence there are 63-15/3 — 21-15 syzygetic 
tetrads and 21-15-4 —28-45 syzygetic triads. Since 28-9-13 
triads can be formed from the 28 double tangents we con¬ 
clude that 

(14) The 28 double tangents of f l contain 28-45 syzygetic 
triads and 28-72 azygetic triads. 

We consider now the systems of contact cubics of f*. If 
C\ denotes a set of contacts then 2 C t 3 K. If C\ is on 
a conic, and the system therefore a syzygetic system, this 
conic cuts out a further pair A such that Ci 4 - A 2 K. 
Hence 2A^K and A is the pair of contacts of a double 
tangent. Conics on A cut out the g\ determined by C x . This 
maps f* into a curve on a quadric surface which cuts each 
generator three times and has a double point with generators 
as nodal tangents. The space sextic is then a special form 
of the space sextic of genus four (cf. 12 (3)) with an actual 
node. There are 28 syzygetic systems, one for each double 
tangent, and each system contains, according to (14), 45 
syzygetic triads of double tangents as degenerate members. 

When the set C, of contacts are not on a conic and the 
system of contact cubics is azygetic we have the particular 
case of (2) for which B ~ C and 2 B ~ A. Since the two 
y®’s now coincide, the spaces B(y), S(z) coincide and g, £ 
are planes in the same space. Then (2) is merely the polar¬ 
ized form of the quadric, 

(2°) (ax) 3 (bgf = 0, 

which furnishes for variable g the contact cubics of the 
system. Now (3) also is the polar form of 

(3°) (Ax) (fly)* = 0 

which for variable x is a general net of quadrics in S (y) 
whose planar equation is (2°). The cubic Cremona trans¬ 
formation T is now an involution whose pairs y, y are 
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apolar to the net (3°). The quartic/ 4 is the locus of points x 
for which the quadric (3°) has a node at y, and the square 
of this node, {UjY = 0, is given by (2°). The equation 
of / 4 is 

(5°) /*= {Xx){X'x){)."x){h"'x) = 24|a w | - 0, 

where |« y | is a symmetric determinant. 

If the base points of the net are or the set 

P 8 , a pencil of the net, determined as x runs over a line £ 
in the plane, lies on an elliptic space quartic curve E (£) 
on P 8 . The sextic locus, C 6 (y), the map of/ 4 by and 

the curve of F points of the involution T, is the locus of 
nodes of quadrics of the net or the locus of nodes of curves 
P(£). To the four intersections of £ with / 4 there correspond 
the four nodes of nodal quadrics in the pencil on E (£). If 
two of these nodal quadrics coincide, their nodes coincide at the 
double point of a nodal P(£) which corresponds to a tangent £ 
of / 4 . To a double tangent £ of / 4 there corresponds a bi- 
nodal P(£). Since this must be degenerate, and there cannot be 
two conics on Pa, it must consist of a line on, say p i jh, or 
line (12) 1 , and a cubic curve (345678)® which meet in the 
two points on C 6 {y) which correspond to the contacts of £. 
Thus the 28 pairs of contacts of double tangents of f* map 
into the 28 pairs of points where 0® {y) is cut by the 28 
lines ( PiPj) 1 (i,j — 1 , • - -, 8) . Since plane sections of C 6 (</) 
map contacts of the system a plane (piPjPk) 1 cuts C 6 (y) 
in the map of the contacts of an azygetic triad of double 
tangents. There are 56 such planes and therefore 56 azygetic 
triads in an azygetic contact system. On comparison with 

(14) it appears that 

(15) The quartic /* has 28 syzygetic and 36 azygetic systems 
of contact cubics. For each system of the latter land the 
quartic admits an expression as a symmetric four-row 
determinant. 

We recur in Chap. IV to the relations among these systems. 

The study of loci expressible as determinants goes back 
to Hesse ( 8 ® 1855) and has since frequently been renewed 
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(Cf. 50 II2, Chap. 31). Evidently this is possible only if the 
locus contains incomplete intersections defined by the vanishing 
of a line of first minors. Noether (Cf. 60 II 2 , p.929) has 
proved that a general surface in S 3 of order g > 3 has only 
complete intersections. Hence a general quaternary form of 
order cannot be expressed as a determinant nor can 

any general form in more variables. These results of the 
geometers have been overlooked in certain recent articles 28 ' 20 . 

15. Congruence of sets of points under regular 
Cremona transformation in space and hyperspace. 
The groups g m ,k, and e m ,k- In space we define the 
regular group of Cremona transformation to be that group 
generated by collineations C and the involutorial cubic trans¬ 
formation ^ 1234 , 

( 1 ) *1-1234 * ~ O' — 0 , •••, 3), 

with F-points at the reference points p ,, , qh, Pi and fixed 
point at the unit pointy. This transformation, or its more 
general type 6 '* 4 1S 34 C, has properties entirely analogous to 
those of the quadratic transformation in the plane. It has 
four F- points p lt • • •, p 4 and four inverse F- points q,, • ■ ■, q 4 
such that the oc 2 directions at p, correspond to the’points on a 
P-surface. the plane (qjqtcqi) 1 , and vice versa (i,j, 1c, l = 1, 4). 

It is determined by these two sets of F -points and one ordinary 
corresponding pair p s , q 5 . If then p a , q 6 is any other corre¬ 
sponding pair the two sets of six points 

Pi, Pi, Ps, Pi, Pi, P«, 

qi,q%, q$ , qi, q&, q& 

are projective in the order indicated. Hence * 4 12 84 is deter¬ 
mined to within projected ties by its F- points alone and this 
is true of any regular Cremona transformation. The element 
^1284 carries planes into cubic surfaces with nodes at q u ■■■, q 4 . 
The six lines ( q, qj) 1 are F- curves since they are on all the 
surfaces of the homaloidal web. The existence of these 
F- curves however is a necessary consequence of the existence 
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of the P-points. They all are of the second kind i. e. directions 
at a point of the P-curve correspond to points on a P-curve 
which is fixed as the point runs over the P-curve. This 
P-curve is itself an P-curve of the inverse transformation 
corresponding in a similar way to the original P-curve. 
S. Kantor 89 has studied these regular transformations in S s 
under the name of transformations without P-curves of the 
first kind. In hyperspace Sk the author has developed their 
properties ( ,7 II §§ 4, 5). 

In a linear space Sk an algebraic locus of dimension r and 
order n will be called a manifold or variety, more specifically 
an Mr or F”. A manifold of dimension one will ordinarily 
be called a curve C n ; and of dimension two a surface F‘ l . 
At the other extreme however, a manifold of dimension k — 1, 
which of course is defined by a single equation, will be 
called a spread . 

The definition of the transformation (1) and the regular 
group can be extended immediately to Sk and there they have 
like properties. Two sets of m points in Sk, Pm, Qm are 
congruent under . <K 4-j if Jh, ■ ■■, Pk+i and q u • • ■, q k ^ i are 
corresponding P-points of A and A _1 while pk+ 2 , Qk+P, •■•\Pm, 
q m are ordinary corresponding pairs. They are congruent 
under regular Cremona transformation in Sk if they are con¬ 
gruent under a sequence of elements A . 

A spread in Sk with singularity complex / at Pm is trans¬ 
formed into a spread with complex / at the congruent set Qm . 
Taking account of the ordering of the points and of the fact 
that congruence under A suffices to define congruence in 
general it is clear that 

(2) The various types of regular transformations in Sk are in 
one-to-one correspondence with the double cosets of the 
group g m ,k, generated by the permutation group T1 of Y\, ■■■, y m 
and A\,. .,k+i, with respect to //; where 

Yo = kr 0 — 2jrj 0 = F fc+l), 

^i,.. ,(£+i.- n ~ Qc— 1)^„— yjf-y, (*= i, 1), 

y'h — Yh (h = k-f'2. •••, m). 
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If the set Pm is mapped upon a point Pin a space 
by first bringing it into a canonical form similar to that of 
Pm in 7(1) and Pm in 8(1), the various points P obtained 
in - by reordering P„ in Sk are conjugate under a Cremona 
Gmi in —fc (m—k— 2 ) whose generators are given in ( 17 1 § 7). 
If Pm, Qm are congruent under A lt .., fc+1 , the points P, Q of 2 
are conjugate under the inversion of the coordinates. The G m , 
and this inversion generate the Cremona group G m ,k in 
2* 2 ). As before 

( 3 ) If the ordered sets Pm, Qm are congnient wider regular 
Cremona transformation in Sk, their representative points 
P, Q in Pki m -k- 2 ) are conjugate under an operation t of 
the Cremona group G m ,k which in general is simply iso¬ 
morphic with the linear group g m ,k- 
Further properties of types arise from the invariant qua¬ 
dratic and linear form of g m ,k which are 

Q = (A—l) Yl-Y'l— ■ ■ ■ —r m , 

L — (/.• +1) ro—ri— • • ■ —rm- 

These will be developed as needed. 

The elliptic norm-curve in Sk, an E k+ \ brings to light 
a useful form of g m ,k- An E k+1 on the {k -f-1) P-points of 
Ai,. ,k+i is transformed into a similar E' k+1 on the inverse 
P-points. This is birationally equivalent to E k[ 1 and there¬ 
fore projective to it. If then we follow Ai, .,fc+i by a colli- 
neation which sends E ,k+1 back into P fc+1 the set Pm on 
E h *' goes into a congruent set Qm on E k+1 and the elliptic 
parameters u'i of the points of Q» are expressed in terms of 
the parameters m , of Pm by the linear congruences ( 17 II § 6 ) 


n[ = Ut — 2 (u, -f • +«ft+i)/(A+ 1) 

(5'. j . 0 — F A+l), 

,fc+1 uj Uj — Qi— 1 )(mi+--- +Mfc+i)/(A+l) 
0 =k + 2, •••, m). 

The ambiguity which arises from the submultiple of a period 
merely leads to the projectively equivalent sets Qm on P 7c+I 
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This element A and the permutations of the w’s generate 
a group e m ,k simply isomorphic with g m ,k- It is the form 
this latter group takes in the invariant linear space L. The 
quadratic invariant takes the form 

[(H-i)*-t»(fr-i)](«J+ +«£) 

-f- U> — 1) («l + • ' • + Mm) 2 . 

For sets P9, Py and P« this reduces to an invariant linear 
form Mi + • ■ • + M m . For a discussion of these sets we shall 
find the group e m ,k particularly effective. 

The discriminant conditions on the set Pm are those which 
imply the coincidence of two points either in P m itself or 
in some set Qm congruent to P«, under regular transformation. 
The P-spreads of the set Pi' n are those loci of dimension 
1 : — 1 which either are the oo fc_1 directions about a point 
of Pm or correspond on Pm to such directions in a congruent set. 

16 . Associated sets of points. Apolar matrices have 
been mentioned in 1 in connection with apolar linear systems 
of curves. The product of a row of the one with a row of 
the other was an apolarity condition. The emphasis here 
will be laid on the columns. 

In Sk with linear spreads $ let the set Pm of m points in 
8 k be given by their individual equations, 

(lh ?) = 0 , ip, J) = 0, •. (p m $) - 0. 

Any k -\~2 are linearly dependent and the m points are there¬ 
fore connected by m — h —1 independent relations, 

. Qn (pi £) + <]'n(pi i) + ■ • • + q m i (pm ?) —- 0 

(? = 0, • ■ •, m — k — 2). 

If rj is a linear spread in S m -k-2 and if the relations (1 ) are 
multiplied in order by ip,, ■ ■ •, ij m - k -2 and added, a single 
relation, 

(2) + • ■ • -\-(q m rj) • (p m ?) = 0, 
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is obtained which is an identity in both ? and y. If the 
coordinates of p t , ■ • •, Pm are the m columns of one matrix, 
the coordinates of , ■ • ■, q m are the m columns of the apolar 
matrix. 

Two sets of points, Pm in ,% and QZ. ~ k ~~~ in S ni -u-‘>, are 
termed associated sets if their coordinates satisfy (2). If P' m 
is given, the relations (1) may be replaced by any m — 1; — 1 
independent combinations so that the set L ~ 2 is determined 

only to within projective transformation. The symmetry of (2) 
in both sets shows that their relation is mutual and is un¬ 
altered by linear transformation of either set. 

The properties of such associated sets have been developed 
by the author (cf. 17 1 §§ 1, 2; 21 )- We recapitulate some of 
these. 

(a) The set Pm on a line is associated with QZ~ S in 

and the linear set is projective to the set of parameters of 
the points q on the rational norm-curve K m defined by Q™ -3 . 

If m—1 of the points q are put, in any order, at a 
given basis in <S l TO _ s , the last point takes «<! positions, 
depending on the order, which are conjugate under the 
Cremona G m< i. 

(b) If r points (say p t . • ■ •, p r ) of Pm are selected, and 
a further group of s points (say q r +i, •••, q r + s ) of the asso¬ 
ciated QZn J are also selected, and if the further m — r — s 
points of each set are projected upon a lower space from 
either selected group then the projected sets P^r-s, Qm~*-s~ 2 
are also associated. 

A combination of (a) and (b) leads to: 

(c) The members of the pencil of Sl i’s on 1c — 1 of the 
points p each of which is on one of the m — /r + 1 other 
points p are projective to the parameters of the m — k- f 1 
complementary points q on the rational norm-curve E m ~ k ~ 2 
which they define. 

The proportionality of complementary determinants of the 
apolar matrices leads to irrational relations among the deter¬ 
minants which we will illustrate here only in special cases 
(cf. 17 I§2 (19)) but to which we shall return in connection 
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with theta relations. A product of determinants formed 
from is prefaced by P, from by Q. For associated 

sets P\, Q\ the determinant products P(ij)(kl) and Q.{zj){kl) 
are proportional. From the determinant identity 

P(12)(34) + P(13)(42) + P(14)(23) = 0 
for Pi we obtain the irrational relation, 

[P(12)(34). Q(12)(34)p + [P(13)(42) • Q(13)(42)] 1 / 2 

(3) + [P(14) (23) • Q(14) (23)] 1/2 = 0, 

which is the necessary and sufficient condition for the asso¬ 
ciation (or in this case the project!vity) of the two sets. 

For associated P 5 2 , Ql the line pencil from p b to the other 
four points is cut by a line in a P\ associated to the Q\ 
which omits q b , whence the sets satisfy three-term relations 
of the following type: 

(4) 8 

{i, j, k, l 1, 2, 3, 4). 

For associated P 2 , Qo the sections of the line pencils 
from pi to the first four points, and from g 6 to the first four 
points are associated Pi, ($ whence 

(5) Z [PUj 5) (Id 5) • QUj 6) {k 1 6)] 1/2 = 0. 

8 

Here however there is a new type of relation which arises 
from the four-term planar determinant identity; namely 

(6) Z [P{ijP) (J56) • Q{ijk) (Z 56)] 1/2 = 0. 

For associated P?, Q) there are then the two types, 

Z [P Hj 67) {k 161) • Q (i j 5) {k 1 5)] 1 ' 2 = 0, 

(7) Z [Pdjkl) «567) . Q ( ijk ) (f56)] w = 0. 

4 
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If the set Pm is put in canonical form its representative 
point P in —a ( wl — a— 2 ) is the same as the representative point 
Q in of the associated set Q n „ l f k ~ 2 provided the 

latter set is taken in inverted order ( 17 I § 6 ). Hence 

(8) The Cremona groups 0„ h k and m -kim-k-D 

coincide, and the linear groups g m ,k t g m ,m-k-v are simply 
isomorphic. In this isomorphism the groups T1 correspond 
identically and the generator Aj, ,k+i of g m< \ corresponds 
to the generator Akei, ,™ of g m , m ki- 

From this identity of G vli k and G m} m-k-i there follows that 

(9) The vanishing of ci discriminant condition on the set P k n 
implies the vanishing of a discriminant condition on the 
associated Qm k 2 ■ 

For example the 63 discriminant conditions on Q 7 may be 
indicated by the types (12)°, (123)', (123456)* which exem¬ 
plify respectively 21, 35, and 7 conditions. The corresponding 
conditions on P 7 8 are respectively (12)°, (4567) 1 , (1234567*)*. 
These latter require respectively that two points coincide; 
that four are in a plane; and that there is a quadric cone 
with node at m and on the other points. 

The associated sets, P4 +2 and Qn+i, may lie in the same 
space and, in special cases, may coincide in the identical 
order. They then will be termed self-associated. Hence we 
call the Pi which is the base of a net of quadrics a self- 
associated rather than, as customary, an associated set. The 
cases in which the two sets coincide in other than the identical 
order are discussed for h — 2 in ( 17 1 § 1) and for k — 3 in ( 4D ). 

17. Special coordinate systems. In a study of geo¬ 
metrical configurations attached to rational curves we fre¬ 
quently meet with forms symmetrical in a number of binary 
variables, which properly interpreted give rise to interesting 
loci. We illustrate the procedure in space S s which is suf¬ 
ficiently typical of 8 n (n — 2, 3, • • •). 

The rational norm-curve in S s , the twisted cubic C s , of 
order 3 and class 3, has points and (osculating) planes whose 
coordinates, for proper reference basis in space and on the 
curve, in terms of a binary parameter t 0 -.t u are 
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/ -* \ CCO t() y CC 1 

?0 = <1, ?1 = 


3<o t\, 

— t{ to, 


X2 — 3 to tl , 


Xs = tl ; 

s* = — 


?2 = 

The plane £(<) osculates C 3 at the point x(t). 

The binary cubic 

(2) (a t) 3 — a o to -f- 3 ffli to ti -l - 3 «2 to ti -j- a% = 0 


<o. 


then represents either a plane a 0 x 0 -f- *i + a 8 x t + «s #8 = 0 
or a point « 3 ? 0 — Saslt + Saifa— a 0 £ s = 0. Hence the 
equations, 

Xq — do , X\ “ 3 dj i x% - 3 , Xj " do, 

?0 === d()l Si = fflj, Si == d 2, Ss == dg, 


furnish, for given cubic in (2), the point x such that the 
parameters of the three planes of C s on x are roots of («i) 9 ; 
and the plane S which cuts C s in three points whose para¬ 
meters are the same roots. The coefficients a 0 , . • ., « 3 in (3) 
may of course be replaced by symmetric combinations of 
the roots or linear factors of (a t ) 8 . When these all become 
equal equations (3) reduce to (1). 

A given cubic determines therefore a point x or plane S 
which correspond in the null system set up by C s (a polarity 
in even spaces). The plane S of (atf and the point x of 
(/St) 3 are incident if («/d) 8 = 0, i. e. if the cubics are apolar. 
The four planes £ of (at) 3 , •... (df) s are on a point if 0 = A 
— {a/3) (ay) (ad) (fly) (/3d) ( yd ); the four points x of the same 
cubics are coplanar if 94 = 0. 

A surface, (<5x) n = 0, of order n in x will by using (3) 
be converted into a form of order n in the coefficients of 
the variable cubic (at) 3 . If the coefficients be replaced by 
symmetric combinations of the roots t u t s , t 3 the form becomes 
a symmetric form of order n in the binary variables, 

(4) (**)» = ( 0l k) n (a, <,)” (a, U) n = 0. 

This we call the parametric equation of the surface; if t s , t t 
satisfy the symmetric form, then the point x of intersection 
of the planes t u U, t a of C B is on the surface. The surface 
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is called the parametric surface or spread of the symmetric 
form. It occurs frequently in Meyer’s Apolaritat 44 . 

A second procedure is to use the completely polarized 
form, (do;i) (da^) • • • (da:„), of (dx) n and replace Xj by tj from (1). 
Again a symmetric form, 

(5) («i fi) 8 (a.2 fc) s ■ • • ( a n t n ) 3 — 0, 

is obtained. If <j. •••, t n satisfy (5) the n points of V s with 
these parameters are apolar to the surface (dx) n . If a cubic 

(«' t) s = («"<)* == ... = (a‘«<) s 

is such that 

(ui a ') 8 (02 a ") 8 - • • («» « (,i> ) 8 = 0 

the point x is on (6x) n = 0, and this surface is called the 
apolarity surface or spread of the symmetric form (5). Thus 
a given symmetric form represents either a parametric spread 
or an apolarity spread and these in general are in different 
spaces. For example the symmetricform(a 1 /i) 4 (a 2 f 2 ) 4 (a 3 ^) 4 —0 
has for parametric spread a quartic surface in S s referred 
to and for apolarity spread a cubic spread in S t referred 
to C*. Some examples are studied minutely in ( 14 ). 

Another special coordinate system in S s is based on the 
existence of a proper quadric Q. This with generators t, r 
isolated in the simplest fashion has the following point, plane, 
and parametric equations, 

(6) x 0 x H — x x Ti = 0; ?s — ?i ?a = 0; 

Q: x 0 = — r 0 t u x x — r 0 f 0 , Xi — r !<!, x 3 — —r 1 t 0 -, 

£0 rih), =■ r 1 ti, i 2 == tyto, ig = T o fi • 

A bilinear form 

(at) (a t) = (loo r 0 t 0 + a 0[ r 0 t x + <*10 r x t 0 -f a n t, f, = 0, 

represents either a point or a plane (pole and polar as to Q) 
by virtue of 

£0 aio, Xi (in j — ^00 j ^-3 == ®oi •> 
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If (ai) (at) = 0 represents a plane, the values t, r determine 
in (6) points on the plane section of Q; if a point, they 
determine planes on the point section of Q. 

If for two bilinear forms, (at) (at) and (br) (fit), the in¬ 
variant (a b) (a fi) vanishes then the forms as points, or as 
planes, are an apolar pair of Q; but as point and plane, 
are incident. Four forms represent four planes on a point, 
or four points on a plane, if 

(b c) (a d) (c a) (b d) (c a) (b d) (a b) (c d) 

(8) y) («<*) (>'«)(£<*) (ra) (fid) (afi)(yd) 

(ab)(cd) (be) (ad) 
(afi)(yd) (fiy) (a 6) 

A surface (6x) n ~ 0 may be replaced from (7) by a form 
of degree n in the coefficients of the bilinear form; or it may 
be polarized n times and the variables be replaced from (6) 
by n pairs of variables t, t ; and the coefficients a tJ be intro¬ 
duced later by an apolarity process. In general the quaternary 
notation is replaced by a double binary notation (cf. 84 for 
examples). The next coordinate system of this character 
would occur in S& in connection with a binary-ternary notation. 
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TOPICS IN THETA FUNCTIONS 

In the discussion of geometric configurations defined by 
sets of points in the plane and in space we shall have occasion 
to use relations which exist among theta functions in p 
variables as well as groups which are associated with them. 
The brief resume of these matters which we proceed to give may 
be supplemented from the accounts of Stahl (® 7 Chaps. 5-8), 
Krazer 41 , and Krazer-Wirtinger 48 . 

18 . Definition, periodic properties, and characteri¬ 
stics of the theta functions. We adopt for the constantly 
recurring exponential function the notation: 

(1) e* = E\z\. 

The general theta series in p variables u lr •••, u p has the 
form 

(2) &(u) = E\{am)*-\- 2(mu)\ 

in which (aw) 8 and (raw) are quadratic and linear forms in 
the integers m lt • • •. m p of summation and indicates 
a summation over all positive and negative values of these 
integers. Explicitly 

^ (« m ? = m~ + 2 a 12 ra 1 ra 2 -f a 22 m\ H-+ a pp m 2 p , 

(ra it) — Wi «i m t w 2 + • • • + m p u p . 

The p(p + l)/2 constants ay are the moduli of &(n). 
Separated into real and imaginary parts. 

(4) fly = Ty + iSij. 

The necessary and sufficient condition for the absolute con¬ 
vergence of (2) for all finite values of «i, u P is that 
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the real quadratic form {rmf be a definite and negative 
form in p independent variables. The distributive properties 
of the forms (3) expressed by 

(a, m + g) 2 — (am) 2 + 2(am) (ag)-\-(ag) t , 

® (m + g, u) = (mu)f(gu), 

are necessary to verify relations given below. 

The p quantities V \, •••, i’p form a simultaneous period of 
1} (u) if + ^ (m); a .simultaneous quasiperiod if 

— k It (u). Either type will be referred to as 

a period of the theta function. It. is then easily verified 
that has 2 p distinct periods, namely 


( 6 ) 


rti, 0, 0, • • •, 0 
0 , Tci, 0. • • ■. 0 


flu, 021 . 

12 , 022 . 


Opl 

flj>2 


0 , 0 , 0 , • • •, Tl l Ulp, (V>p , • ■ ■, Clpp 


(«v = «/»)• 


From these by multiplication with integers f, •••, 
*i, **, respectively we construct the general period 


(7) v — {ax) a f Ini 

for which 


(8) & (uf(ax)a-j-kni ) — lt(u) ■ E\ — (ax) 2 — 2(xu) 


This is proved by comparing exponents on the two sides 
when, for 0-(u), m-fx replaces m. They are 


(am) !J r2(m, u-\-(ax)a) 

= (a, m-{-x) 2 f2(m ~T *, u) — (ax) 1 — 2 (xu). 

If we set 

Ml = Vi fiw t , • • •, Up — Vp ft lUp 

and interpret v lt ■■ ■, v p , iv t , • - •, w v as rectangular coor¬ 
dinates in a linear real space Ihp then every system of 
finite complex values u,, • • •, u p defines a finite point a in 
Bip and conversely. In particular the 2 p periods of -tt(u) 
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define 2p points in i? 2p which, with the origin u = 0, form 
a proper (2p + l)-point in Rip, the analogue of a proper 
triangle in the plane. Hence the 2 p strokes from the origin 
to the 2 p period points serve as the axes of a coordinate 
system in E 2p . Thus for every point u — c in R 2p there 
will exist real numbers g t , ■ ■ ■, g v ; hi, •••, h p such that 


(9) 


C = ig, M = {gi, g p \ hi, hp) = (ag) a + hni, i.e. 
c = (ag) a, + hi Jt i, ■ ■ • , c p — (ag) a p -f h p ni. 


The 2 p numbers g, h are called the period characteristic of 
u = c. All points u whose period characteristics satisfy 

(10) O^0<1, 0< 1 

lie in the initial period cell C m with initial vertex at u = 0. 
The 2*p vertices of the initial cell are obtained from values 
g, h — o,i. 

Any point c can be expressed uniquely as 

(11) c == [g, h] = {*, 1} + {g, h'} 

where x, l as always are integers and g , h' satisfy (10). For 
all values of g', h' subject to (10), the point c in (11) runs 
over the period cell C x g-, and the point [g, ?<( of C x ,k is said 
to be congruent to the point {</, //} of the initial cell G’o.o- 
From (8) for u — {g, h'} we find that 

(12) ih({g, /*}) = H\g, h!))-E\—(ax)*~2(ax)(ag)—2ni(xh')\. 

Hence the behavior of &(u) in any cell C x ,k can be deter¬ 
mined when its behavior in Co.o is known. 

In the original theta function we make a change of origin 
for the variables, which does not affect convergence, by 
replacing « by u|c. If c is expressed as in (9) and if m 
addition we multiply by EKagf-}- 2 (g, u-\-hni) |, the general 
term becomes E\(a, m -f #) 8 + 2(m -\-g, u + hni)\. The re¬ 
sulting function is called the theta function with characteristic 
t g,h] = [gi, ■■■, g P ] hi, ■■■, hp). Such characteristics f g, h) 
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attached to the theta functions are to be distinguished from 
the period characteristics {g, /i) and will be called theta 
characteristics. Thus 
(13) The function 

&[g, h] (m) = »\gr, • • •, g P \ h, ■ ■ •, h P ] (u x , • • •, u p ) 
is defined by the series 

tt[g. A](m) = E\(a, m + g)* + 2 (m f g, u-\-hni)\ 

and is connected with the original theta function by the 
relation 

(A) &[g,h\{u) = #{u + {g, h}) ■ E\{ag)* + 2{g, u + hni)\. 

Other indispensable formulae which follow from this defini¬ 
tion are: 

v ; = V[g, h] (u) • E\ — {ax) l -2(*u) + 2{gl — hx)ni\-, 

(r s &[g,h](u-\-{g',h'}) 

1 = ^[gfg',h+h'](u)-E\—(ag'f— 2{g',ufh7iifh'ni)\; 

(D) + + = 0[g,mu).E\ t (gX)ni\- 

(E) u) - $\-g, ~h](u). 

Of these (B) gives the periodic properties of & [ g, h] (w); 
(C) the effect of a change of origin; and (D) indicates that 
integer changes in the characteristic at most produce multi¬ 
plication by a constant. It would suffice then to consider 
ah initio only functions with reduced characteristics, 0<g<l, 
0 < h < 1 , though others would eventually occur by using (C). 

19 . Theta functions of higher order. Theta relations 
and theta zeros. Functions 2 p-tuply periodic. A theta 
function of order n (n a positive integer) with characteristic 
[.(/,/(] is defined to be a uniform function, [g, h] (u), of 
Mi, Up, regular for all finite values of u, which satisfies 
for arbitrary integers x, A. the equation 

*n\g,h] (« + {*,*}) 

= &n\g, h](u)' E \— w(ax)*— 2n{xu) J r2{gl— hx)ni\. 


( 1 ) 
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If the moduli ay of the function are to be indicated we 
write it & n \g,h](u) a . When » = 1 , this is the function 
y[g, h] (h) (cf. i 8 (Bj). We verify, again by the use of 18 (B), 
that &n \y, h\(u) = (l>[g, ft] (u)) H is a function [ng, w/i](«); 
and furthermore that the functions, 

&Kff + e)/n, h](nu)na, ^[g,0i + a )/n](n)an, 

v n IC«7 + ?)/«, (ft + <*)/«] (u)a, 

where q, a are integers, all are functions [g, h\{u ) a . The 
following theorem, with obvious extension to any number of 
factors, is an immediate consequence of the defining equation(l): 

(3) The product of two theta functions of orders n,, n s with 

characteristics [g, h\, [g', //] respectively, is a theta function 
of order and characteristic \g -f g , h + //]. 

It may be proved (cf. Krazer 41 p. 40) that the most general 
function, & n [g, ft](w), can be expressed linearly with constant 
coefficients in terms of a set of n p particular functions, e. g. 
those of the first type in (2) for which q = 0, 1 , • • •, n — 1 ; 
and that these n v functions are themselves linearly independent. 
Hence 

(4) Between any n p + 1 functions, & n \g,li\{u), there must 
exist at least one linear homogeneous relation with coeffi¬ 
cients which are constant with respeit to u. 

By examining an expression linear in n r such particular 
functions we derive the relation 

, &n[g,h](u-\-{g',h'\) = O n [g + ng', h + nh'] (u) 

x E\ — n{ag'Y — 2 (g r , nufi-nti m-\-hni)\. 

Thus g, h! may be so chosen that \g-\-ng, h -f- nh'] = [0, 0 ] 
whence 

(6) The aggregate of theta functions of order n and charac¬ 
teristic [g, ft] may he converted into the aggregate of theta 
functions of order n and zero characteristic by a common 
change of origin and multiplication by a common ex¬ 
ponential factor. 

This theorem permits the use of the simpler zero charac¬ 
teristic in certain problems such as the determination of the 
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zeros in a period cell. Again from the definition there follows: 

(7) A function, lt n [g + * > h + (m) , where *, X are integers, 

is also a function &n[g, /*](«)• 

We ask for the number of solutions or zeros of the p 
equations, 

(8) #n, (»< — 6i) = 0, • • •, &n p (U — e p ) = 0, 

where the thetas are general functions of the orders indicated 
and with the same characteristic which may, according to (6), 
be fO, 0]. It is understood that a — en, e, 2 , ■ • e, p . Then 
(cf. Krazer 41 p. 43). 

(9) The p theta functions (8) of orders n x , • • •, n p and the same 

characteristic vanish simultaneously at N — . n p -pl 

points in a period cell whose sum satisfies the congruences: 

u = n x -nt . n p -(p — 1)! (el) e. 

Here (e 1) e = {e t + • • • + e p ) e and e, ej — e t j 4 e Jt . 

Any two distinct theta functions of the same order and 
characteristic such as two of the types given in (2) will have, 
according to (1), each period of the theta functions as a quasi¬ 
period with the same multiplicative factor and thus their 
ratio will be 2^-tuply periodic in the strict sense. It may 
be proved conversely (cf. Krazer 41 Chap. 4) that any 2^-tuply 
periodic function of p variables with no essential singularities 
at a finite distance, can, after proper linear transformation 
of the variables, be expressed as a quotient of two theta 
functions of like order and characteristic. 

■ 20. The half-periods. The odd and even theta 
functions. We ask for such points u in the initial period 
cell as will satisfy the congruence 2 u — jO, 0} or the equality 
2 m = {se, A}. This requires that u = {*/ 2 , A/ 2 } where 
0 < x/2 < 1, 0<A/2<1 and gives rise to the 2 2p solutions 
* = 0,1; X = 0 ,1. These 2 2p values of u in the initial cell 
are called the half-periods. They are in general proper but 
the particular one for which * = X = 0 is improper since it 
is a trivial period. We give these half periods a distinctive 
notation as follows: 
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(1) M. = {«, *'}* = {«i/2, - - • ; * P /2; 4/2, ■ •., 4/2} 

0, «' = 0, 1). 

In terms of a similar characteristic [ij] 2 the 2 2p theta func¬ 
tions of first order are defined by 

(2) #W,(«) = 2 M E\(a, m + ,/2) 2 +2(m-f ,/2, u+ n 'nU2)\. 
By specializing the relations in 18 we find that 

(3) & [i/] 2 (m -+ {2*} s) = #[«?]*(«) • E I — (Ax) 2 — 2(xu)+ (gx '— i{x)ni |, 

(4) {*}*) = >>[f] 2 (M) • E\ — («f) ! /4 — (f,« + e'm!2)\, 

(5) ^[^]s(u + (f} 2 ) = &\r[ -f 4*0*) 

■ £*!■—(a«) E /4 — (eu) — (f, f -\-e')nH2\, 

(6) V U + 2 £\ t (u) — S>[ri\(ii) • E\(nt')TTi\, 

(7) ^ 14s (~ m) — & [— r/ la («)• 

Formula (3) expresses the usual periodic property. Formula (6) 
shows that two functions and V [4*00 whose charac¬ 

teristics [4*, [r/] s are such that [4 = [4 mod. 2 will them¬ 
selves differ only by a constant factor and are not essentially 
distinct. The 2 2 *’ essentially distinct functions v44*00 are 
obtained from values ij = 0, 1; 4= 0, 1. Formulae (4), (5) 
show that the 2 2p essentially distinct functions are obtained 
by adding the 2 2p half-periods to the argument of any one, 
Thus the 2 2p functions form a homogeneous set. 

According to (7), & 00 = it- [0] 2 (u) is an even function. 
For any other function, it 00, we have from (7) and (6) 
that 

^ll]s(—«) — — 4*00 — ^[— + 24*00 -E\ — (nn')ni\ 

= (— 1)<OT'> #[*],(»). 

Thus the function is even or odd according as (i if) is even 
or odd. From an easy enumeration there results: 

(8) Of the 2 2p essentially distinct theta functions *44*00 of 
first order and rational characteristic with denominator 2, 
the 2 p—1 (2 P +1) functions whose characteristic satisfies the 
congruence 
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-f -Vp%=° mod.2 

are even and the remaining 2 p “ 1 (2 P — 1) functions are odd. 
With respect to odd and even theta functions of any order 
the following theorem (Krazer 41 pp. 357-362) holds. 

(9) If y- n [g, ft](w) is an odd or even function of u it is neces¬ 
sary that [g,h] in reduced form he one of the 2 2 p charac¬ 
teristics [t^t. If E is the number of linearly independent 
even functions with given characteristic l^] s , 0 the number 
of odd functions, then for 
n even ; fyl, — [0], 

E = (nP+ 2P)/2, 0 = (nP—2P)/2, 

E = n p /2, 0 = nP/2; 

n odd ; [»/] 2 even i. e. = Omod. 2, 

E = ( w p+1)/2, 0 = (hp— l)/2, 

fa]* odd i. e. fai?‘) l mod. 2, 

E = (n p — l)/2, O = {nP+ 1)/2. 


21. Integral linear transformation of the periods, 
and of the period and theta characteristics. The 

vertices of the period cells were built up from the 2 p strokes 
from the origin to the values of « given by the period scheme, 
18 (6). We seek a new set of 2 p strokes which will furnish 
the same network of vertices. It is convenient to begin with 
the following more general expression for the 2 p periods in 
which they are divided into two sets of p periods: 


“11, 

“21 , • 

' • •, “pi 

“n, 

“21, • • 

■ • “pi 

“12, 

“22, ■ 

• • •, “p2 . 

1 

“12, 

f 

. * • 

■, “p2 

“1 P> 

«2p, 

• • • , “pp 

“Ip, 

“2p. • 1 

• , “pp 


The 2 p new periods «, «' must then be integral combinations 
of o), w' with determinant ±1, since the old periods must 
be similarly expressible in terms of the new ones. Hence 


“ik — ^^fi( a kp + ftkfi “yt) > 

“ifc — 2sfi (iku ”)” ^ku w if) . 


{fi, i,k = ],■■■, p) 


( 2 ) 
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A point u of a cell with period characteristic g, g with 
respect to <*>, »' will have a characteristic g, g' with respect 
to w, From 

« — {g,g'\ = ^£ v (.qvO'iv + g' v a>'i V ) 

— {g^g') — 


the contragredience of g, g' with «, «' is evident and we 
find that 

^ g^ = 2* ( a rggv ~(- yi'/igy), 

gu == (fty.u g y ^yg g v) • 


If these new periods are such as will serve, after proper 
linear transformation of the variables, to define new theta 
functions, the 4 p l integer coefficients in (2) must satisfy 
certain relations (cf. Krazer 41 p. 131). These are 


( a p YqS a <>jY()i) — o, dpj ftnj d, n ) — 0, 

(4) V/' JS a \ J 1 i f l=j 

2j?( a (n duj — flnj /Q>) — | 0 if i ^ y 

from which there follows (Stahl U7 Chap, 8) 

(y>o djo Yjo d«o) — 0, (“i t> a jQ &p) == 0. 

2o (««p — &o rj(.) =• { q lf * 7 


(o) 


if i + > ‘ 


These relations may be stated in a very convenient way 
with respect to the transformation (3) on the period charac¬ 
teristics (Stahl a7 p. 331). 

(6) Two period characteristics , {g, g'\, {h, li), transformed as 
in (3) into [g, g'), { h , h') respectively, have the simultaneous 
absolute invariant, 


2 


gt g't 

h, K 



g_> gj 

hi K ’ 


i.e. \g,h\ = | g, h |. 


Under integral linear transformation of the periods a linear 
theta function -g[g, g'](u) a is transformed, to within an ex¬ 
ponential factor, into a linear theta function, g'](u)a for 
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which (cf. Krazer 41 pp, 166, 180) the transformed theta char¬ 
acteristic [g, f'\ is expressed in terms of the original theta 
characteristic [g, g] by 

*7~ ( a gy ftftv @v ~\~ a fiv fifiv/i), 

g'/tt — (— Yuv g* + &UV g’r + Ygy $yvl 2). 

An obvious peculiarity is that the coefficients «, fi, y, d of 
the original transformation ( 2 ) do not occur homogeneously. 
This complication is removed for congruence modulo 2 in 24 . 

22 . The finite geometry defined by the reduced 
half periods. Under integral linear transformation of the 
periods a half period with characteristic {«}* is transformed 
into one with characteristic |7) s (cf. 21 (3)). If all such half 
periods both original and transformed, are reduced (modulo 
the periods) to half periods in the initial period cells then 
it is sufficient to take the transformation from e, e' to J,s' 
with coefficients reduced modulo 2. The effect of this from 
the standpoint of group theory may be expressed as follows: 

( 1 ) The group I {21 (3)) of integral linear transformations on 
the period characteristics contains an invariant subgroup 1 1 
which consists of those transformations which reduce modulo 2 
to the identity. The factor group of I t under I is represented 
by the elements (3) which are distinct when reduced mod. 2. 

According to 21 ( 6 ) this group is defined by the invariant 
i<7, li j. It also leaves the improper half period [g, g \ — {0, 0} 
unaltered. If then we represent the proper reduced half periods 
with £, e’ — 0 , 1 as points in the finite geometry (mod. 2 ) 
of an S?p — 1 , the group of the reduced half periods becomes 
a confirmation group with an invariant of the type given. 
Thus (cf . 18 p. 247): 

(2) Under integral linear transformation of the periods of the 
theta function in p variables the reduced proper half period 
characteristics are transformed like the points of a finite 
space Sip —1 (mod. 2) under the group Gnc, isomorphic with 
the factor group in (1), of collineations which leaves un¬ 
altered the proper null system 

c — On y[ — x[ yi) -f (x 2 y'i~ x't y 2 )- 1-(- (x r y v — x' p yfi). 



22. THE FINITE GEOMETRY 


59 


This null system coordinates to a point x, x' in S 2p 1 its 
incident null space, S 2p - 2 , whose equation in variables y, y 
is given by C = 0. We identify a period characteristic {f, «') 2 
with the point x = e’, x' — e or with the null space, 
( e r av + av) ~ 0 (mod. 2), of this point in C. According 
to (2), properties of sets of period characteristics, invariant 
under period transformation, are projective properties of the 
corresponding sets of points in S 2p -1 with reference to the 
given null system C. We outline first these projective proper¬ 
ties and translate them later to period characteristics. 

The following facts result from easy enumerations (cf. 16 § 2)• 

(3) The number of points in a finite space Sk (mod. 2) is 

H k = 2 ,£+1 — 1. 

Given n linearly independent Sk-i's in S k the number of 
points on m of the S k -\'s but not on the remaining n — m 
is 2 fc ~’ ,+1 if m < n ; and is H k -n if m — n. 

In S k (hfi- 1) linearly independent points constitute & point 
reference basis and the (f +1) -Sk-i’s on each set of Ic points 
constitute an Sk-i reference basis. Either basis determines 
the other and the two make up a >eference basis in S k . 

(4) The number, R k , of reference bases in Sk is 

R k = 2 k H k Rk-i/(k+1) = 2^ HkH k -y ■ ■ • Hf(k+ 1)!. 

(5) For h < k the number Hf ’ of spaces Su in S k is 

Hl h) = HkHk-i ■ ■ ■ Hk iJHnHh-i • • • Hi . 

We shall be concerned mainly with a space S 2p - 1 of odd 
dimension with coordinates xi, •••, x p , x[. •••, x P . This 
reference basis determines a unique space, £(x-\-x') = 0. 
not on the reference points. The 2 p -f-1 spaces are dependent 
but any 2 p of them are independent. If one of the spaces 
is isolated, there is a unique point (cf. (3)) on the one space 
and not on any of the remaining 2 p spaces. Hence the set 
of 2p-j-l spaces determines a set of 2p + l points each set 
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ordered with respect to the other. Either set constitutes 
a basis in Sip-i and the two make up a self-dual basis. The 
peculiarity of the odd dimension is that corresponding point 
and Sip -2 of a self-dual basis are incident. 

(6) The number of self-dual bases in Sip- 1 is 

Nb = Rip-i/ifp + l) = 2PUp-»Hi p - 1 Hip-i - Bi/(2p + l)l. 

The order of the collineation group On in Sip-i is 
N= {2p -(-1)! Nb. This group is augmented by N cor¬ 
relations to the correlation group of order 2 N in Si p - 1 . 

Those correlations for which corresponding point and Si p -1 
are incident — the so-called null systems — are of particular 
interest. They all are of one type and each may be deter¬ 
mined by the fact that it interchanges corresponding point and 
S 2 P -2 of a given self-dual basis. If C is given an enumeration 
of its invariant bases leads to the theorem: 

(7) The number of self-dual bases invariant under the nidi 
system C is 

Nbc = 2* 5 Hip-, Hip-, • ■ • Hf{2p+\)\ 

All proper null systems are conjugate under On and each 
is unaltered by a group Onc (cf. (2)) of order 

Nc — 2 p Htp -1 Hip—v, Hi. 

Under On in Si P -i two spaces of the same dimension are 
conjugate; under Onc this is no longer true. Two linear 
spaces in S 2p -1 are called skew if they have no points in 
common. If an S r -1 is determined by x {1 \ ■ ■ ■, x {r) the null 
Sip -2 s of all points x in S r -1 meet in an S ip - r - 1 , the nidi 
space of S r -i, the common part of the null S 2 p~ i’s of the 
r points x (i) . If the null space of S r -i contains S r - 1 , then 
S r -1 is called a null S r -i. For example any line on x and 
in the null S ip - 2 of a; is a nidi line ; any other line on x is 
an ordinary line . A null space of greatest dimension, an 
Sp-i, is called a Oopel space. The null space, S 2p - r -i, of 
a given S r -i will in general have a space S m - 1 in common 
with S r - 1 , which will be called the null subspace of S r - 1 . Then 
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(8) Two spaces of the same dimension in S 2p —i are conjugate 
under Gxc if and only if their null subspaces have the same 
dimension. An 8 ,—i with a null subspace S m -\ (r — m neces¬ 
sarily even) has a reference basis of the form 




>+*®, >/"“>+ + 


y f 


where the points y, z form part of a self-dual basis of C. 
The number of spaces of various kinds and the order of 
the subgroup of Gxc which leaves a particular type unaltered 
have been determined by the author (cf. 16 pp. 250-251). 

We indicate the translation from terms in the finite geo¬ 
metry to the. corresponding terms in the exposition of the 
characteristic theory given by Krazer ( 41 Chap. VII). 

Point in S 2 p-\ • Proper Per. Char. 

Two points on a null (ordi- Two syzygetic(azygetic) Per. 

nary) line. Char. 

Points of a self dual basis Fundamental system (F.S.) of 
of C. 2/> + l Per. Char, (every 

pair azygetic). 

(9) S r - 1 . Group E r of Per. Char, of 

rank r . 

Space in Szp-i skew to .S’, _i. Group H conjugate to E r . 
Null subspace of S r . i. Syzygetic subgroup of E,. 
Null space of 8 r -\. Group adjoint to E,. 

Null S r —i . Syzygetic group E r . 

Gdpel space. Gdpel group. 

The following theorem (cf. 16 § 1) is of particular importance 
in the applications. 

(10) The group Gnc of the null system is generated by a com¬ 
plete conjugate set of H^p—x involutions each attached to 
a point of S 2p - j. The involution l x attached to x leaves x 
and every point on its null S 2 p-z unaltered and inter¬ 
changes the further pair of points on every ordinary line 
through x. 

23 . The basis notation for the half periods. The 

2 p + 1 S 2p - 2 ’s of a basis, B 2p +t, are linearly related. If their 
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equations are respectively y t — 0 (t = 1, • - 2j; + 1), this 

relation is = 0. In this superfluous coordinate system y, 
the 2 p +1 basis points are 
(1) y» = 0, yj = l(y + 1). 

This t-th point (a = 1, - , 2p-j-l) is on y t = 0 but on no 

other iSop-i of the basis. If C has P 2p + 2 as an invariant basis 
its equation is 

C = yi y[ + yi y’ 2 +-h ytp +1 y'tp+i — 0 

K) (2</ = o, Sy'= o). 

For Cy= y ’ — y\ ~ (J£ y.) 2 = 0 (mod. 2), and, due to 
£y — 0, the null S^p -2 of the point (1) is y t — 0. 

The point (1) will be named P<, 2p+2 . The line joining two 
basis points contains a third point called a residual point of 
the basis. The residual point Py on the line through P,, 2jH - 2 , 
Pj, 2 p +2 is P y — Pi. 2 p+ 2 4- Pj, 2 P +2 and has coordinates 

(3) y , = y J= l, 0 (A- A:^)- 

The 2p+ 1 points P 12 , Pis, • • •, Pi, 2j >-f 2 themselves evidently 
form an invariant basis B x of C; and from symmetry there 
exist similar bases Ih, ■ • ■, . A point Py is in the bases 

Bt, Bj and these two bases have no other common point. 
This set of 2jo-f 2 bases is symmetrical since any one of 
the bases and its residual points detennine the set. The 
involution l x (cf, 22 (10)) attached to the point P», 2 p+ 2 in (1) 
is y't — y t , yu = yk 4* yt (k 4 i)- This interchanges B t and 
B ip+ 2 and leaves each of the other 2 p bases unaltered. The 
involution attached to P v in (3) is y't — y Jf y'j = yt; ylc — yk- 
This interchanges B t and Bj and leaves the others unaltered. 
Hence (cf. 16 p. 271). 

(4) The 2p -f 1 points of a basis and the p(2p-\-\) residual 
points of the basis form a basts configuration B C, i. e., 
a set of (p + 1) (2 p + 1) points _ which can be divided in 
2p 2 ways into a basis and its residual points. Each 
point of BC is in two bases Bt, Bj and is denoted by Py 
( i,j — 1, • • •, 2p -|- 2). The configuration is unaltered by 
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a 0&p+ 2 ) 1 , symmetric on the 2p -f- 2 frases, a subgroup of 
Gkc which is generated by the involutions attached to the 
configuration points. The involution attached to P t j effects 
on the bases and the points an interchange of the subscripts. 

The points of S 2p -1 not included among the points of B C 
will have 2 k (1 <k<p) coordinates y= 1 and the others 
zero. If the 2k unit coordinates are say the first ones the point 
is the sum Px 2 + is 4 + ••• + P-ik-i.nt, but it is equally well 
the sum P 2 k+i, 2 k +2 + • • • + Pip+i^pri- Evidently also the 
order in which the subscripts are paired in these sums is not 
material so that the point in question will be denoted by 

P 11284- ,2k — Puc+l, ■ ,2p4-2. 

Hence fcf . 18 § 1): 

(5) The points in the finite geometry are named by an even 
number of subscripts from the set 1, 2, • • ■, 2p + 2 in such 
wise that complementary sets of subscripts denote the same 
point. The linear condition is 

Pa + Pb = Pab 

where like subscripts in the sets a and b cancel in ab. 

The following theorems are easily verified: 

(6) Tuo points P a , Pb of S 2p - 1 are syzygetic or azyyetic ac¬ 
cording as the sets of the subscripts, a, b, have an even or 
an odd number of subsodpts in common. 

(7) The number of basis configurations belonging to C is 

N bc = 2P S Hip-i H 2v - 8 • • • H 1 j(2p + 2)!. 

By virtue of (5) the basis notation reduces the construction 
of the linear space S 2p -1 to a purely tactical process. Ac¬ 
cording to (6) the same is true of the null-system C. 

24 . Theta characteristics as quadrics in the finite 
geometry. The 2 2p odd and even theta functions of the 
first order, are defined by characteristics [g, g'} with 

denominator 2 and numerators 17 , r/ = 0 , 1. If to these the 
period transformation of 21 is applied they become new theta 
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functions of the same order and type whose characteristics [ ^ ]* 
are connected with [*?]* by the relations 21 (7) 


( 1 ) 


*1 ft - ( a pl / *1* ftflV *jv ~\~ n fXV ftfiv) , 

*1 y == ( Y uv fjv "i - & uv T(V "T Y U.V ftfiv). 


In this transformation with integral coefficients the essentially 
distinct new characteristics [ 17 J are obtained by reducing rf, ij' 
modulo 2. Then 


( 2 ) a = a 2 , • • ■, 

V / [lY [lY > ’ 

and ( 1 ) can be written 


■ft 


fiv 


ft, 


fjvl 


(mod. 2 ), 


(3) 


= 2* n v + P uv n'y + « u „ ft uv ), 


[iv *r 


[*V 1 fXV' 


(r\ v n v + & ur n'y + >> <*„„), 


[IV l v 


' [IV [IV / 


in which the coefficients a, ft, y, d of the transformation occur 
homogeneously. 

Then we observe that if the half periods (i. e. the points 
in the finite geometry) are transformed by 21 (3), 


(4) 


Xfx - Xy ~\~ Yvfl Xy), 

Xu = ^^y (ftvfi Xy “I" dyu Xy), 


the quadric 

( 6 ) 2y (Xy K + Vy 4 + r ty X 'y) 

is transformed with the help of 21 (4), (5) into the quadric 

2y % + ?„ x l X 'y) 


where tj, y' are expressed in terms of »/, r/ by precisely the 
equations (3). The 2- p quadrics obtained from (5) by variation of 
fj, rj' = 0 , 1 all have the same polar system 

^y(x y y'y + x'„y,,) £= 0 , 

which coincides modulo 2 with the null system, 
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C ^^v(xv y v 0 Cy yv) — 0 , 

of 22 (2). Any two of these quadrics with coefficients [iy], [£] 
respectively differ by the square of an S 2p - 2 , 

2y [(?,, — + ft' v ~ O x'*] = [(?„+£,+ 

the null space of the point x = r/f- x = t /-|- f. 

The particular quadric, 2* x v x ' v — 0, is identified with the 
original even theta function, it-{u.) — ^[0] (u). The 2 2p — 1 
remaining odd and even theta functions, ^ [«/],> (?<), are identified 
with the quadrics (5). If the half period {f} 2 is identified as 
above with the point a: = t, x = t, then the theta function 
+ £ }i (u) = k ■ ^[^] 2 (m + {f| 2 ) is to be identified with that 
quadric which arises from (5) when the square of the null 
space of the point x which corresponds to the half period {e} 2 
is added. Then (cf. 16 § 4) 

(6) Under integral linear transformation of the periods the 
2 2p theta characteristics are permuted isomorphically with 
the 2 2p quadrics (5) in Si p -i {mod. 2), whose polar systems 
coincide with the null system C, under the collination group 
G nc of C. 

The 2- p quadrics are of two types (cf. 27 Chap. 8; 16 § 3) 
according to the number of points which they contain. If 

(7) Ep — 2J>-> (2 P + 1), O p = 2 p ~ l (2 p — 1), 

then there are E v E-quadrics each containing (E p — 1) points, 
and O p O-quadrics each containing (O p — 1) points. If to 
a quadric of either type there be added the squares of the 
null spaces of each of its points then all the quadrics of 
that type are obtained. It may be proved readily that the 
quadric (5) is an E-quadric if 

(8) ij\ iji • • • + ijp rip — 0 (mod. 2), 

whence according to 20 (8) the E-quadrics correspond to the 
even and the O-quadrics to the odd theta functions. Many 
properties of these quadrics with respect to their incidence 
with linear spaces have been developed (cf. 16 §§ 3, 5). 


5 
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Prom the relation + «] s (n) = k • + {*}») there 

follows that d[i ]\*(«) vanishes for u — {e}* if [ry -j- e] s is the 
characteristic of an odd function. But [jy -f e) s corresponds 
to an O-quadric either if l^] s corresponds to an O-quadric 
and {f } 8 to a point on it, or if [j ?] 8 corresponds to an i?-quadric 
and {e} g to a point not on it. Hence 

(9) An even function vanishes for a half period if the corre¬ 
sponding E-quadric does not contain the corresponding 
point ; an odd function vanishes for a half period if the 
corresponding O-quadric does contain the corresponding 
point. 

Thus it is clear from (7) that either type of function 
vanishes for the same number, O p = (2 p — 1 ), of half 

periods if for the odd functions the improper zero half period 
be included. 

25 . The basis notation for theta characteristics. 
To the coordinate system yi, • • *, yip-n of 23 there is attached 
a definite quadric, K ~ £ y, yj = 0 (i, j == 1 , •. •, 2p -f 1; i <j), 
which is characterized by the fact that it contains none of 
residual points of the basis B 2p + 2 . The 2 2p quadrics then 
have equations of the form, 

K+ylf - Vyl = K+y* r+1 + -1~!/o p+1 - 

The following set of four theorems (cf. 18 § 1) may be verified 
without difficulty: 

( 1 ) If B is the basis configuration of 23 (4) with bases 
Bi, • ■ •, Bi P +2 every quadric Q belonging to C is uniquely 
determined by a separation of the bases of B into two 
complementary sets of p + 1 — 2 k and p + 1 -f- 2 k each. 
Q contains only those points Pq of B which belong to 
bases Bi and Bj drawn from different sets. Q is an E- or 
an O-quadric according as k is even or odd. The partiadar 
quadric Q determined by the separation Bi, B p +i- 2 k‘, 
Bp+‘i—ik, B 2p +2 will be denoted by 

Qi, - ,pn-2k = Qp+2-2k,. -,2p+i = KAr^y^ = 0 
(i — 1 — 2k). 
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In accordance then with 24 ( 6 ) we shall adopt a similar 
notation for the 2 2 ^ odd and even theta functions. 

(2) If the notation of 23 (5) for a point he adopted also for 
the square of the null space of the point then 

Qaf Qb — Pal, QafPb — Qab 

where like subscripts in a and b are cancelled in ah. 

If P is interpreted as a half period, Q as a theta function, 
this theorem expresses the change in the function when the 
half period is added to the argument (cf. 24 ). 

(3) If in (2) Q a , Q b are both E-, or both 0-, quadrics the 
point Pat lies on both; if however Q a , Qb are of different 
type, Pab lies on neither. 

An easy test for type is given in (1), i. e. k = 0, 1 (mod. 2). 
In connection with 24 (9), (3) furnishes a criterion for the 
vanishing of a theta function for a given half period. 

(4) The involution (cf. 22 (10)) attached to the pomt Pab in (2) 
interchanges the quadrics Qa, Qb if they are of the same 
type and leaves each unaltered if they are of opposite types. 

This theorem in conjunction with 22 (10) enables one to 
pass from a given basis configuration to any other and 
thereby to obtain all the conjugates of a given figure in the 
finite geometry or of a given arrangement of theta and period 
characteristics. 

We illustrate the notation for the smaller values of p. 
When p — 1 , Si v -i — Si contains but three points which 
make up only one basis. Nevertheless the basis notation 
with 2p -f 2 = 4 subscripts persists. We name the three points 
or proper half periods by P 1S = P 84 , P 18 = P g4 , P 14 = P 88 ; 
the three even theta functions by & 1S = d Si , — # i4 , 
»>i 4 = #j) 8 ; and the odd theta function by & = ^Mi- 
According to (3) and 24 (9) ^ lg vanishes for u — P t2 ; while 0- 
vanishes only for the zero half period. The involution attached 
to Pi t leaves P lt unaltered and interchanges P 18 and P u - 
The three involutions generate a G e which is symmetric on 
the three'half periods and three even functions, and which 
leaves the odd function invariant. 
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When p — 2, the 15 points in 8 t make up a single basis 
configuration with bases B x , • ••, B e whence the 15 half 
periods are of the type P 12 . There are 10 even functions 
(cf. (1) for k = 0) of the type ^i 28 = and 6 odd 

functions of type ^ — ^ 2848e . The function ^ 128 == 
vanishes for the 6 half periods of types P 12 , P 48 ; the func¬ 
tion for the 5 proper half periods of type P 12 as well 
as the zero half period. The modular group of period trans¬ 
formations of order 720 is simply isomorphic with the per¬ 
mutation group of the six bases. 

When p = 3 with B = B v . ■ • B a there are 28 half periods 
of type Pis and 35 of type P 1284 = P 8878 . There are 35 even 
functions of type ^ I284 = ^ 5e78 ; 28 odd functions of type 
— # 848678 ; and one even function of type 3- = 

The even theta function ^ 1284 = ^5678 vanishes for 12 half 
periods of type P 12 and 16 of type P 1288 = Pm s; the even 
function & for the 28 of type P l2 ; while the odd function ^ 12 
vanishes for 12 of type P 18 , 15 of type P, 8S4 , and the zero 
half period. The basis configuration isolates one of the 36 
even thetas and the modular group is of order 36.8!. 

When p = 4 and P ~ P 7 , •••, P 9 , P 0 the 255 half periods 
comprise 45 of type P 12 and 210 of type P m4 . The even 
functions comprise 126 of type ^ 12845 = ^«789o and 10 of 
type -V, the odd functions comprise 120 of type i\ 28 . The 
even function vanishes for 20 half periods of types 

Pi*, P« and 100 of type Pi« 7 b', the even function vanishes 
for 36 of type P 25 and 84 of type P m4 - , the odd function 


vanishes for 21 of type P lt , 63 of type 35 of 

type P 4567 , and for the zero half period. The number of 
basis configurations is 2\9.51 (cf. 23 (7)) and the order of 
the modular group is 2 8 .3 S .17,10!. 


The basis notation has been frequently used and, in early 
cases at least, could hardly have been overlooked for tactical 

~nt H o?T: r ’ J has usuall y been developed from the 
^andp oint of theta characteristics. It is clear from the geo- 

Mj^^t that its real origin is in the basis configuration 

of period characteristics alone. An im- 
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portant advantage of the geometric approach is the marked 
difference between a theta characteristic (a proper quadric) 
and a period characteristic (a point or the square of its 
null space). 

26. Systems of theta characteristics. Projection 
and section of the null system. When the 2 2 * theta 

characteristics are represented by the proper quadrics 

Q[y , r /1 = Z v (Z r or'„ + >/„ 3.% 4 - t,' v x’J) 

it is clear that the theta characteristics alone do not form 
a linear system. For 

Q[y, v'\ + QIC, a = Zy {(?„+ t„) 4+ Wy + O K 2 }- 

This sum of squares is the square of an S 2p -2 and such spaces 
are permuted under Gnc like their null points, i. e., like period 
characteristics. But the 2 2p quadrics and the 2 2p — 1 squared 
Sip -2 s together constitute a linear system B 2p of dimension 2p. 
The sum of j members of B 2p is a proper quadric or a squared 
$ 2 p —2 according as the number of summands which are proper 
quadrics is odd or even. A linear system F h of dimension k 
contained in R 2p may consist only of 2 k + 1 — 1 squared S 2p - 2 & 
and then behaves like a system of period characteristics. If 
however Fk contains one quadric it must contain 2 k quadrics 
and 2\ —1 squared S 2p - 2 &. If these be replaced, as is con¬ 
venient, by their null points, the null points fill up a linear 
space Sk-i called the allied space of Fk ( 16 §§ 5, 6). Two 
systems Fk and Fh with the same allied space and a common 
quadric coincide. Hence the 2 2p quadrics can be distributed in 
a single way into 2 2p ~ k systems Fk with a given common allied 
space. A Gopel system Fk has a null space as its allied 8k- 1 ; 
a Gopel system has a Gdpel space as its allied S p - 1 . 

We give a few examples of systems which contain quadrics. 
Of systems F 0 there are two types; an ^-quadric, and an 
O-quadric. Of systems F x with two quadrics Q a , Qb and 
allied space $„ — F a b there are three types according as the 
two quadrics are both JS'-quadrics, both O-quadrics, or an E- 
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and an O-quadric. In the first two types P 0 & is on both 
quadrics; in the third, on neither. Systems F t determined 
by three quadrics Q a , Qb, Qc contain a fourth quadric Q a bc and 
the allied space S t contains three points P a b, Pac, Pbc . They 
divide first into two types according as the three collinear 
points P are on a null or an ordinary line. The four quadrics 
are then called a syzygetic or an azygetic tetrad respectively. 
Since any three determine the fourth, the three are also 
termed a syzygetic or an azygetic triad as the case may be. 
At least two of the four quadrics, say Q a Qb are of the same 
type. Then in the syzygetic case the involution I a b attached 
to Pab interchanges Q a , Qb and leaves P ac , Pbc each unaltered 
(cf. 22 (10), 25 (4)). Hence Q a +Pac — Qc and Qb+Pac = Qabc 
are also interchanged and are of the same type. Thus the 
system contains 4, 2, or 0 P-quadrics. In the azygetic case 
lab interchanges Q a , Qb and also Pac , Pbc whence Q c = Q a -\-P a c 
= Qb+Pbc is invariant and similarly Qabc is invariant. Thus 
Q c and Qabc are of different type and the system contains 1 
or 3 E- quadrics. For p = 3 and a syzygetic tetrad with 
allied = P lt , P 84 , P , t8 4 the three types of tetrads are 
exemplified by , ^ 2357 > ^ 1457 » ^ 2457 ; , ^ 12 , ; 

^is, ^ 23 , ^ 24 - In the azygetic case with S x — P 1S , P, s , 

P 2 S the two types of azygetic tetrads are exemplified by 
^ 1456 , ^ 2450 , ^ 8456 , ^i 2 , *is, ^*8- In general two 

systems P\ and Fv each containing proper quadrics ar,e con¬ 
jugate under the Gnc of period transformations if first their 
dimensions k, k! coincide; if second their allied spaces Sk-i, 

Sv_y ate, (yi. 22 {%))-, and if finally they have the 

same number of guadrics of each type JS, O. 

Doubly periodic functions of the second order can be con¬ 
structed from the 2 2p functions by forming ratios in two way: 

(1) &a(u)/-d-biu), if a (tt) (u)/(u) &abc («). 

The first ratio is .an even function with characteristic 
aa ib — 0 (cf. 19 (3)); the second has the characteristic 
J|^^^^^^even according as P ab , Pac, Pbc is 
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A fundamental set (P. S.) of 2p + 2 quadrics is any set of 
2p 4- 2 quadrics subject to no other relation than the vanishing 
of their sum and such that any three are azygetic. A dis¬ 
cussion of these will be found in ( 16 § 6) with references to the 
corresponding arithmetical development of Krazer ( 4) Chap. 7). 
We note here merely that every F. S. is obtained by adding 
to one of its quadrics the squared S* p - 2 ’s of a self-dual basis 
of C and contains s O-quadrics where s = p mod. 4. A normal 
F. S. is one in which all or all but one of the quadrics are 

of the same type. According as p =h 0, 1, 2, 3 (mod. 4) the 

normal F. S. contains 2p-\-2 .E-quadrics; one O-quadric and 
2p-f-l .E-quadrics; 2p-\-2 O-quadrics; one .E-quadric and 
2p -f-1 O-quadrics. For example a normal F. S. for p — 1 is 
O-m, ^ 14 ; for p — 2 is If, ■ ■■. >V, forp = 3 is 

^ 18 ) • • •, ^18 ; and for p = 4 is , • • •, fr 9 , . The normal 

F. S. has usually been employed to introduce the basis notation. 

An important means of setting up configurations in the 
finite geometry, or sets of characteristics, is the operation 
of projection and section of the null system C, or more ex¬ 
plicitly C p . A null system in ordinary projective space is 
non-singular only when the dimension of the space is odd. 
If in such a space S 2 p-i a point P is isolated, the null lines 
on the point P, and therefore in the null S 2p -2 of P, are 
cut by any S 2p ~ 2 , C, not on P in the points of an £ 271-1 
(nr — p— 1). If P', P" are two points in 5W -1 they will 
be defined to be syzygetic or azygetic in the null system Cn 
in $ 2 : 1 —1 according as P', P" are syzygetic or azygetic in Cp, 
i. e. according as the plane P P' P" is or is not a null plane 
of C p . The null system C\ as thus defined in £ 2 . 7-1 is the 
projection and section of C p from P and by £ respectively. 

The subgroup qp of Gsc which leaves P unaltered has the 
order (22(7)) 2"‘ H ip ~ 3 ■■■Hi. It has an invariant subgroup I 
of order 2 2 r-i which leaves every null line on P unaltered. 
This subgroup I is abelian with involutorialelements(cf. 1B p.326). 
The factor group of I with respect to gr, i. e., the group of 
permutations on the null lines through P induced by gp, is 
the group Qnc k of the null system Cn in & 1 - 1 . 
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The 2 2 p~ 1 quadrics containing P are permuted in pairs by the 
involution attached to P. These comprise O n pairs of O-quadrics 
and E n pairs of P-quadrics. The quadrics of a pair have 
the same section by the null S 2p - 2 of P and the further 
section by f furnishes the On and E n quadrics whose polar 
systems coincide with the null system C n . These pairs of 
quadrics are called the Steiner set attached to the half period P. 

This operation of projection and section may be repeated 
in the space Sm- 1 or a like result may be obtained in the 
original space by projection from a null line and section by 
an <Sop -8 skew to the line (cf . 16 p. 261). Thus for p = 3 
and projection from P 78 there are six pairs of odd theta 
characteristics 0- i7 , h lfi , and ten pairs of even theta charac¬ 
teristics 

'hjkx ==r 'hmnR> &lmn1 {i> J > • • •> M 1 > ■ ■ ' > 6) 

corresponding to the six odd and ten even theta characteristics 
for p — 2. On further projection from P & 6 there is one 
tetrad of odd theta characteristics t'> ft7 , V<n, ; and 
three tetrads of even theta characteristics 

'tijbl • ^tjbS, >^i/67, ^y68 — <^W 68 > ^kUl7, thklbH, 

(l,j, k, l = 1 - - - -, 4) 
as in the case p = 1 . 

27 . Theta modular groups determined by sets of 
points. The linear group g m ,2 of 6 , and g m ,k of 15- associated 
with regular Cremona transformations whose F -points are 
found in a set P^ of m points in a projective space Sk, has 
elements with integer coefficients and determinants ± 1 . Such 
a group, in general infinite, is the source of a variety of 
finite groups when the coefficients are reduced modulo r. The 
situation is similar to that of the reduction of the period 
transformations modulo 2 and may be expressed as follows 
<cf . 19 ( 0 ). 

(1) The elements of g m ,k whose coefficients reduce mod. r to 
those of the identity form, an invariant subgroup {in general 
infinite) of g m k whose factor group is finite. A re- 
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presentation of this factor group consists of the elements 
of g m ,k which are distinct when reduced mod. r. 

These factor groups for r = 2 are intimately connected 
with the properties of sets of points under Cremona trans¬ 
formation. On the other hand the groups k are isomorphic 
with the group Gyc p for suitable choice of p, or with sub¬ 
groups of Gkc • A complete discussion is found in ( 19 ) with 
16 cases according as m, k =. 0, 1, 2, 3 (mod. 4). One case, 
tfio, 2 , will be discussed here in detail and for other cases 
references will be made as needed to the article cited. 

The group # 10,2 is generated by the transpositions of 
Yi- • ■ •, Y \0 and the element A m (6 ( 1 )). With reduction mod.2 
the variables y will be replaced by x and Aus has then the 
form 

A, as : x'i = T t + (a - 0 -f- Xj -f- ,r 2 + x 3 ) (1 — 0. •••. 3). 

Xj = Xj O' = 4. • • 10). 

Linear forms with coefficients reduced modulo 2 are of two 
types according as x„ does or does not appear. Set 

(3) J& 12 . -i — x i+#.H- fxc, ( 12 . ; = xo-fxif-X2-r - Vxi. 

Let B{1) represent the aggregate of forms B with l terns, 
which of course are all conjugate under the transpositions 
alone; C(l) the aggregate of forms G with l terms in addition 
to av On applying Ai S3 to B{1), the form B{1) is reproduced 
or is transformed into a form C(l') according as B{1) contains 
an even or odd number of the terms a*,, x t , x„. More precisely: 

(4) A form BO) is transformed by A ias into B(l), C(l + 1 ), 
B(l), ('Q — 3) according as BO) has 0. 1, 2, 3 subcripts 
in common irith A 1SS . A form C(l) is transformed by 
A 1SS into BO- j-3), CO), BO— 0, C(l) according as C(l) 
has 0, 1, 2, 3 subscripts in common with A , 83 . When either 
type is altered the subscripts of the transform are those of 
the original form and of A I23 with like subscripts cancelled. 

Let b l} )> s , b 3t bt denote those aggregates of forms BQ) 
for which l — 1, 2, 3, 4 (mod. 4) respectively; c 0 , Ci, c», c 3 
those aggregates of forms CO) for which l -- 0 , 1, 2 , 3 (mod. 4) 



74 


II. TOPICS IN THETA FUNCTIONS 


respectively. According to (3) a form B (I) has conjugates 
(7(7-j- 1 ), CQ — 3) and these in turn have conjugates i?(7 + 4), 
75(0, B(l — 4). Then as ( = 1, 2, 3, 4 (mod. 4) there are 
four conjugate sets of linear forms namely: 

(5) bi , c a ; b 2 , r s ; b s , c 0 ; b 4 , <\. 

Naturally the invariant linear form x 0 -\-x 4 +-f-x 10 (cf. 4 (3)) 

is excluded from the set r*. The transformation will be 
determined if its effect upon the forms b v and Co is known 
since these include the individual variables. 

In the basis notation of the finite geometry for p — 5 
with 2p-f 2 = 12 bases Bi, ■ ■B w , B«, Bp the linear forms 
of the first and third conjugate sets (5) will be identified 
with the points of S > p ~i as follows: 

(b) b i, Cj ,; Os. —• Pip, Punp ; Pimp. Pop- 

The identification of with Pip means that Bi corresponds 
to P.p, Bijkim to P V kimp ,•••; similarly for the other sets 
(i,j, •••,»« = 1, 2, 3, • • -. 10). Furthermore the transposition 
( x t , Xj) is identified with the involution attached to the 
point P,j ; and the element A 1S3 with the involution attached 
to Pm«. Then 

(7) The involutions attached to P v and Pm« 'permute the 
points P in ( 6 ) precisely as the corresponding transpositions 
(Xi, Xj ) and / 1, 23 permute the corresponding linear forms. 
This is evident for the transpositions and is easily verified 
for A 123 by comparing the effect of Ai 23 as stated in (4) with 
that of the involution P 12 3 a as given in 22 ( 10 ), 23 ( 6 ). 

Since the forms (6) in and Co contain the individual 
variables the element ot g™ 2 is completely determined when 
the effect on these forms is given. Since the points ( 6 ) 
contain all the points of the S ip -1 (p — 5) the transformation 
of <?jvc 6 is completely determined when the effect on the points 
is given. Hence g‘™ 2 is simply isomorphic with the group in 
the finite geometry generated by the involutions P v and Pn&a- 
These generators transform P l j into all the points of type 
P 12 , Pi, • ,6, Pi, -,10 , Pvsm, Pi, ,7, n, i. c. into all the points 
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not on the P-quadric Q a p (cl 25 ( 3 )). Such a complete conjugate 
set of generating involutions generates the subgroup of Gnc t 
which leaves Q, a p invariant ( 19 p. 325). The order of is 
2 Sb H d Hi HfrHs H x and the number of P-quadrics is 2 4 (2 5 +l)- 
Hence 

(8) The group gf^ 2 of transformations of g w 2 reduced mod. 2 
has the order 10! 2 13 - 31 • 51 and is simply isomorphic with 
that subgroup of the modular group) Gyc t which has an 
invariant even theta characteristic. 

This result is used later to prove that a ten-nodal rational 
plane sextic can be transformed by Cremona transformation 
into only 2 13 - 31 • 51 projectively distinct rational sextics. 

28. A remarkable system of equations. Gdpel 
invariants. F. Schottky ( 6a § 5) has devised an interesting 
set of equations which has enabled him to simplify very 
materially the numerous relations which exist among the odd 
and even theta functions. In many cases (to which we shall 
add others) he finds that these relations are equivalent to 
well-known projective relations which connect the coordinates 
of the sets of points, P*, discussed in Chapter I. 

Schottky first attaches to each half-period, or point in 
the finite geometry, a constant, say the constant e u to the 
point P u , where is a certain set of subscripts in the basis 
notation. Secondly he attaches likewise to each of the 
2 2p odd and even theta functions, or quadrics in the finite 
geometry, a constant, say the constant f m to the quadric. Q m . 
where again m is an aggregate of subscripts in the basis 
notation. 

The system of equations referred to then reads as follows: 

( 1 ) f m = (<?„) (P/u not on Q m ). 

The number of equations is the number. 2 2p , of quadrics Q m . 
The quantity r is a factor of proportionality. The product 
is extended over the 2 p_ 1 (2 p — 1) points P^ not on Q m when 
is even; or over the 2 p ~ l ( 2 p +l) points P M not on Q m 
when Q m is odd. 
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For p — 1 the system reads 

( 2 ) fis — re! t, / 13 — re 18 , /*» — re n , f= re 18 e 18 e 88 . 


(3) 


For p = 2 typical equations are 

Jiss — re i 2 ej 8 e 88 • £45 e 4 « egg> 

/ = ^ e 88 ^84 Css e 88 e 84 e 8 g e 88 e 4 5 ®*e e«6 • 


The solution of the system of equations (1) for the 2 2p — 1 
constants e^ in terms of the 2- p constants f m is 

(4) ^ = {n(A)/ri(/»)r v ( Q n on Pp, Q m not on P fl ). 

For, of the 2‘ 2p quadrics Q, 2 2p ~ 1 are not, and 2 2p ~ 1 are, on P fl . 
If then we insert on the right of (4) the values /given in ( 1 ), 
the r-P~ l in numerator and denominator cancel; and the 
factor eu occurs in each factor /of the numerator but in no 
factor of the denominator. Furthermore of the 2 2p ~ 1 quadrics 
on Pu, 2 2p ~ 2 only are on P^ whence occurs 2 2p ~ 2 times 
in the numerator and in the denominator. 

For example the values of the constants in the cases 
p — 1 and p — 2 are: 


(5) 


(p = 1 ) e , 8 
(p — 2 ) e 18 


(fir Ms ft*) 1 2 , 

J /a/t/s/fl/iss/m/m/m j 18 
'/ 1 / 2 / 1 S 4 / 1 S 5 /lSB /l48 /l46 /l56 ' 


Schottky uses for the value of f m , 


( 6 ) 


/ = 
J m 


ct 

m 


where c m = (0) if (w) is an even function. If how¬ 

ever (u) is an odd function the interpretation of the con¬ 
stant c m attached to it depends upon the number p of vari¬ 
ables. We shall find that the constants e M can be interpreted 
as the discriminant conditions attached to a set of r points, 
Pr, in S k (cf. 9, 15)- 

Of special importance are those products of the e/s whose 
conjugates under the group of period transformations contain 
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the constants c m attached to the odd functions (and thus as 
yet undefined) merely as a factor of proportionality. Such 
products arise from the aggregate of points in Gopel spaces 
whose types we proceed to tabulate. 
p = 2: The Gdpel lines (cf. 22 ) or null lines, comprise 
15 of type P,*, P S4 , P 56 . 
p — 3: The 315 null lines comprise 
210 of type P 1S , P 34 , and 

105 of type Pu 34 , Pum, Pi* 78- 
These combine into 135 Gopel planes which comprise 
105 of type P 1 », Ps 4 > Pss, P 78 , Pus 4 > Pi 2 J 6 ? P) 278 'i and 
30 of type Pan, Pur, 8 , Puss, Pi 357 , P 2457 . p 4 ts 7 . 
p == 4: The 255.21 null lines comprise 

18.35 of type P 12 , P 34 , P,^; 

45.35 of type Pi--, Ps4.,«- Ptsho; 

90.35 of type P* 3 4, Pi 25c,, Pur,® • 

The 255.45 null planes comprise 

70.45 of type P 12 , P 34 , P56, Ptsiki, P* 56 > Pusflt P1231 ■ 
105.45 of type Pi* 34 , P| 2. r ,(> , P127 .s, P 34 M>> Psjt.s, P5678, P90 • 
80 45 of type P12S4, Pus®, Psiso, Pisst. Pur,;, Ps» 6 «» Pusi • 
These combine into 255.9 GOpel P's which comprise 

105.9 of type Pi*, P 34 , Pft«, P?8> P90, Pus 4, Puss, Puts- 
P1290, P}458 7 Pi478 , P3490, P5678 , PjliHO , P78Dl)i 

150.9 of type Pl*S 4 , Pl 25 «, Pmc, PlSftT, P* 467' Pi367 , PllGT ■ 
Pboi Pftfl 78 , Puts, Puts, Puaxt Pises 1 P1133, P*333 ■ 

For p — 1 a Gdpel space is merely a point P* and the 
coiTesponding e is has the value (cf. (5)) 

(7) ci* — |^J(P)} /./Isps- 

In the numerator there occurs the product of all the con¬ 
stants/ m ; in the denominator those constants for which (?,„ 
is on P 12 . 

For 7 ; — 2 a typical GOpel space G is the line P», Pu- 
P 68 and the corresponding product of e„’s is 

(8) Cj< c a4 c 3 n — 
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Again there occur in the denominator those constants f m for 
which Q m contains the Gflpel line. Indeed we observe that 
if Q m contains G then, according to (4), f m occurs once in 
the denominator for each factor on the left and once to 
account for it in jfl (/) • If Qm does not contain G it meets G 
in one point only, and from (4) f m appears once in the de¬ 
nominator but twice in the numerator. 

In general a quadric either contains a Gflpel space G 
and is an A'-quadric or it contains 2 p_1 — 1 points of G and 
omits the remaining 2 p ~ l points of G. Hence by the same 
argument 

(si n*«v> - in</>r’lin</»>r' <«»»„<?), 

where is extended over the points of the GOpel space, 
n (fm) over the 2 p even quadrics Q m which contain G, and 
ri(/) is the product of the 2 2p constants /. 

If G u G t , ••• is the set of all Gopel spaces in the finite 
geometry we define the products, 

do) 

to be the Gopel invariants of the functions. They constitute 
a conjugate set under the group of period transformations. 
Their ratios are expressed (cf. (9) and (6)) in terms of the 
zero values of the even thetas. 

With respect to these GOpel invariants we prove the 
theorem: 

(11) If, for p — 1, 2, 3, 4 the three Gopel spaces, G u G t , G s 
of dimension p — 1 have a common null <SV_ 2 , and if the 
functions are abelian theta functions, then there exists 
a three term relation, 

= o. 

For p — 1 the three Gflpel spaces S 0 have no common S-i 
and the relation is merely 

e u i Cis i c*g = 0. 
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This (cf. (7), (4)) is a consequence of the relation (cf. 30 (4)) 
&12 - > 4 s " 4 * *^28 — 0 . 


For p — 2 the three Gflpel lines with common S 0 = P 58 
yield the relation 

^12 «84 ^56 rb Cl3 es* ± 614 e^s 650 — 0. 

This, according to (8) and (6), is satisfied if 

(Pi.15 <4t86 • ’^145 <^146^ dr (&~I4d >^146 • ^125 '^126^ 

dr (^125 ^126 ■ 0 185 ^ 186 ^ = 0 , 

or 

Ovih O 126 dr 0\ j 5 o'fse, dr >4 46 ^145 — 0 (cf. 3° VI). 


For 7) = 3 the three Go pel planes with common null line 
P i6 , P-h, Ps678 are obtained by the process of projection and 
section from this line as explained in 26. The three points 
P u , P Si , P 34 of the resulting .S’, yield three sets of four points: 

(?,: P, 4 , Pi 3 , P| 4 56, Pi 478 , 

Gi'. P» ji Ps, P 2456 > Pi 478 J 
OV Pu, Pa , P1456 > Pj478 ^ 

which with the common null line make up respectively the 
three Gopel planes. The three P-quadrics Qu, Qu, Q Si of Si 
yield three sets of four E- quadrics, 

(12) Qi45~, 4?j458, Qi467, Qiw ( l ~ 1,2, 3), 

all of which are on the common null line. Since in the 
S t (p = 1) Q, 4 is on Pji, (.1 , j, k = 1,2, 3) but not on P, 4 , 
the four quadrics (12) contain Gj and 64 but not G t . If then 
we set 

C, — 0 ,457 0 , 45g >4467 >^1468 

there follows from (9) and (6) that 

Gi (p/x ): Gi(eft ): G 3 (e u ) = 1 /o* •' 1 /°s 4 : I/o', ff, 

= 6,: Oj : • 
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The relation ( 11 ) then follows from oi ± 0 * =h 0 's = 0 
(45(A)). 

For p = 4 and three Gflpel S 3 ’s with a common null plane 
with points 

P 5 6 , -P 78 , ^90) -?5678 > -Fb 690> -?7890, -Pl3S4 

there are three sets of eight quadrics 

Qi4579 , Ql4570 , Qnm, <?i4580, Qi4679t Qi4670, Qi 4«89, Qt4680 

(* = 1 , 2 , 3 ) 

and three corresponding theta products 

Ci = ^14579 • * * ^14680 

such that according to (9) and ( 6 ) 

n m ■ n °* m ; n m=(«* ; k : k * 

- (Ci) ,/2 : (c*) 1/2 : (c*) 1 ' 2 . 

Schottky ( 59 § 4) shows that for the abelian theta functions 

W-±(^) ll2 ±M m = 0 

which verifies (11) (cf. also 57(15)). 

29 . A determination of sign. The coefficients of the 
theta relations of the second order which are derived in the 
next section are determined by substituting certain half periods 
in the relation. When only the squares of the odd and even 
thetas occur the formula 20 (5) yields 

(l) Wvl <« + l*U) = /(«)• (-1/*’ 5 • Wi + «]* («). 

The factor /(e) divides out of the relation leaving the sign 
(__ 1 )(*V) t 0 5 e determined. Since however only the ratio 
of two such signs, say for ^*[^]» and v>*[C]g, is necessary it 
suffices to find (—1 )(*>’?+£)= (—J )(**') where {*}* is the 
half period characteristic which is the sum of the two theta 
characteristics 1 ^ 3 *, [£]*. 
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The sign (—associated with the half periods 
W* = {*, *'}e and {*}* = {*, *'}, depends only on the first 
part of the characteristic {*, «'}, and the second part of {», *'}*. 
It is then the same as that derived from {*, 0.}* and { 0 , 

In the finite geometry the 2 ? —1 points {«, 0} s (e = 0, 1 ) 
lie in a GOpel space O u and the 2*—1 points {0, *'} s 
(* — 0) 1) lie in a GOpel space G% which is skew to Qi. Any 
half period {A, A'}, can be expressed uniquely as {A^iri-ft^A'}*. 
Geometrically any point P is on a unique line P x P, where 
Pi on O,. is the projection of P upon G x from G» and P t 
on Q t is the projection of P upon O t from O x . If in the 
basis notation P m corresponds to {«}* and P n to we 
shall set 

(2) (_!)<■*'> = (P m ,P„). 

Then (P m , P n ) is +1 or —1 according as the projection 
of P m upon Qi from Q t is syzygetic or azygetic with the 
projection of P„ upon Q t from Qi. 

The sign (P m , P n ) will depend not merely on the sets of 
subscripts but also on the way the GOpel spaces Q u G t are 
selected. A simple selection (cf. l * § 3) is that in which 
Q x , G t are defined by the two sets of p -f 1 points, each 
linearly dependent, 

•' Plti Pu? Pbtt -) Pip+l,2p+2', 

Qt: P t j, P 45 , P 07 , • • •, P-ip+i,\. 

Then a point such as P m7 has projections on (?,, G t which 
are obtained as follows: 

Pl«47 ~ Pltt84fiM«7 — (Pu + Pfia) "1* (P« + P«6 + Pe?) 

— P1I66 + PiSiWl • 

We prove first that 

(4) (P v , A) = (- lfW+\ 

For if i, j are integers in the natural order separated by 
oi, • • •, Or then 

P<j — Pia t "h Pa,a, + P«,a, + • • • + Pa r J 

t 
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where alternate points are in the same space O x or u 2 . 
A point of the sum is azygetic to its adjacent points and 
syzygetic to all the others. If t and j have not the same 
parity, the first and last point of the sum are in the same O 
and each point in the other O' is azygetic to two of the 
points of the sum in O. If i and j are of the same parity 
the last point of the sum, say in O, is azygetic only to the 
preceding one in O' and the sign is negative. 

Let 

(5) i r — + L — 1 

according as ii, h, • • •, i r is an even or odd permutation 
from the natural order of these integers; and let 

(6) f *i*» --WiJt- J. lVv--fc,l — 1 

according as i x • •• ir ji • • • js fa fa is an even or odd 
permutation from the natural order after the sets i x ■ ■ ■ i r \ 
ji ■ • -j s ; fa fa have themselves been arranged in natural 
order. Then 

(7) (p«,Pjk) = (-ty+Wv*. 

To prove this let provisionally i<j<k which gives rise to 
six cases, 

i° (p„,p,*) = (-iy +i . 

For if j is even the point Pj , the projection of P v on O x 
from O t ends with JPj-ij", and the point P t , the projection of 
Pju on O t from O x begins with Pjj+i whence (P u P t ) — — 1. 
But if j is odd P x ends with Pj- 2 j -1 and P* begins with 
Pj+ij+ 2 , and (P,, P t ) = -j-1. This situation is reversed in 

2° (p*,p„) = (-iy. 

The remaining four cases depend on (4), 1°, 2°. 

3° (Py, Pf) = (P t J, PrJ+PjH) 

= (—1)^ +1 • (— 1V+ 1 (—1)<. 

4° (Pifc, Py) — (Py "j~P/k, Ptj) 

= (—iy+j+p(—iy 


= (-iy +i . 
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5° ( Ptk,Pjk ) — Pjk) 

= (— iy +i .(— i)j+*+i = (_i)k 
6° (Pjk,P lk ) - (P jk , P tj +P jk ) 

= (—1V .(—i)j+k+i ^ (_!)fc+1, 

Inspection shows that the cases 1 °, 6 ° all are comprised 

under (7). 

Finally 

(8) (Py, Pkl ) = ty\kl- 


For (P y> P u ) = (Py,P kl +P d ) = (— l)»+i fjlk . (— 1 )«« fjtJ . 
But e Jlk cjii = fy j w. 

The formulae (4), (7), ( 8 ) complete the determination of 
the required sign for half periods with two indices in the 
basis notation. This is sufficient for the relations (p — 1,2) 
of the next section. Since for any value of p the generic 
point can be expressed as a sum of points with two indices 
these formulae suffice to determine the required sign for any 
two points. We give without proof the general result: 


*lr— ' Ja* ^J\J% ' 

(O') — ( i +J^ e , . . 

\ e h Hr- a ij, J „l*i k l.~ a 

(e — 1 if a 33 1,2 mod. 4;e = 0if« = 0,3 mod. 4). 


30 . Theta relations of the second order (p = 2 ). 

In the case of the elliptic thetas {p = 1) with one odd and 
three even functions of the first order the squares give rise 
to four even functions of the second order and zero charac¬ 
teristic of which according to 20 (9) only two are linearly' 
independent. The six products pair off into three sets of two. 
The products in each pair have the same characteristic [ 17 ]* ^ 0 
but opposite parity. Hence no relations exist among the 
products. 

As in the preceding section we identify the three points 
in the finite geometry with the half periods as follows: 

( 1 ) P lf =P S4 = {1,0},; P M =Pi*={0,l},; Pis—P »4— {1»1 }a* 

e* 
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For the functions the basis and the characteristic notations 
are related as follows: 

^24 (?<) = 4a 4) = 4,0 4) i 44 4) — 4s (l<) — 4,o4)) 
4l4) — 4s4) == 4>,l4); ^(M) — 4284 4) 4,14). 

The four relations among any three of the four squares are 


(-l)*^^(M) + (-iy>?4 4 (“) + (-l) k ^44(u) = 0 , 

(3) *ij 4) — 4 ? 4 &j4 4) — (?t) 

(i,j, ft = 1.2, 3). 

The coefficients are easily checked. In the first relation (3) 
let u — P t 4 . The first term vanishes and from 29 ( 1 ) the 
other two are proportional to 

(-1 y + (Pt*, Pt*) (- D k o'}* 

which vanishes since (Pu, IV) = {Pjk, Pjk) — (—1 V +' c+1 
(cf. 29 (4)). In the second relation (3) let u = P 4 . The 
last term vanishes and the others contribute f tJ ->L ^ 
== (P 44 ? Pj*)^t*^k*- But (P| 4 > Ijl) == ( l) 4 1 e i*J == 

The coefficients in the right member are checked by setting 
u — 0. The value u — 0 in the first relation gives rise 
to the modular relation 

(4) (—1) ! $4 4 (—1/^4(—l) k — 0. 

In the case p — 2 the number of relations is much greater. 
We give here for the first time in the basis notation a com¬ 
plete set of three and four term relations. The 16 theta squares 
are connected by 240 four term relations which read as follows: 

I. (~ I)' tf mn $mn («) 4 (~ 1 ? tf mn iy) mn (u) 

4( 1) 4wm ^kmn 4) 4 ( 1) 4mn &imn 4) = 0, 

II* ( 1) e imn &ittrn 4 4) 4 ( 'i-Y e jmn &jmn 4/ 4) 

4(— lf*to»,^L^(«)4(- \hlmnVl m nVl(«) = 0, 

HI* 4mn 4» 4) 4 ( 1 Y e imJ 4'm» 4/*» 4) 
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VI. D-‘ mn («)- tf jmn £ nn (u) + (—if e tjk $ (u) 

+ (-l) J e>ji #Ln 4(v) = 0. 

To prove these we first observe (20 (9)) that any five theta 
squares are linearly dependent. If to the four given in I 
we add (u) then in the linear relation connecting the five 
the coefficient of 'y\ (u) must vanish, since, for u = P m «, 
(m) does not vanish whereas the four vanish. To check 
the coefficients in I set u — P v . The last two terms vanish 
and the first two are proportional to 

(— 1 )* &inin &jmn + (-if (Py, P\>) ^jnm 

which also vanishes (cf. 29 (4)). 

The other types are derived from I. Replace u in I by 
U + P mil" The identity becomes 

(— 1)' It'imn (it) 4~ (— 1 Y (Prnn , Pij) &jmn (m) + • • * = 0. 

Since (— If = (— IV W(— 1)' w, the re¬ 

lation II has the form given. Again in I replace u by 
u -f Pim . Then 

(—' 1 )* i ‘Kmn ^n(w) 4* (— 1 Y(Pim, Pij) &jmn &tjn (w) 4" 1 ’ ‘ 0* 

Since (P m , P tJ ) = (—1) !+1 = (— Y *«»y, the relation III is 

verified. Finally in I replace u by u -f P v and divide by 
(—1) ! . Then 

»Ln ^n(H) + (- D’ +; (Pv, Pv) *5m» 4n(«) 

+ (—l)* ffc (P V , Pk) 

-f (- lj‘ +l (P,j, Pa) tfmn V*(U) = 0 

which reduces to IV. 

With reference to the Kummer surface (cf. 32 ) I, •••, IV 
represent the 240 relations which exist among the 16 sets of 
6 tropes on the 16 respective nodes. On the node u — 0 
there are the 6 odd tropes any four of which are related as 
in II. On each of the 15 nodes « — Pmn the 6 tropes are 
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composed of 2 odd and 4 even ones. The four even ones 
are connected by the relation I. Any three of the four even 
ones and any one of the two odd ones are related as in HI. The 
two odd ones and any two of the four even ones are related as 
in IV. ThusI, • ••,IV comprise the 15 + 35-f-12090 = 240 
relations mentioned. 

If we set m = 0 in these relations the types II and IV 
vanish identically but the types I and III yield the modular 
relations (cf. 17 1 p. 193) 

v. (- i) < ^+(-iy^-»+(-i) fc ^L.+(—= o, 

VI. (— 1 ) J t t mj &jmn & ijn "f" ( 1) £imk ^kmn kn 

+ (— l/ e iml &~lmn In = 0. 

The 120 products of pairs of the 16 thetas are also con¬ 
nected by a set of 120 three term relations. With respect 
to an isolated proper half period P mn the 16 functions divide 
into 8 pairs such that the characteristic of the product of 
members of a pair is that of P mn . Of these products four 
are odd and four are even, namely 


(5) 


imn (u), $j{u ) ^jmn (u), J-k (u) &kmn (u), mn («); 

^\Jn 00 ^kln 00, O’jfotfu) 0/I n (M)> x ^jkn(‘U), O m ( u)\/ n (u). 


Any three of each set of four are linearly related (cf. 20 (9)). 
Thus for each P mn there is a set of eight linear relations. 

In the determination of these relations there are two points 
of difficulty. The first is that the sign (—1) ( ** ,} discussed in 
29 is, for a function of the first order, a factor (e 7I</2 ) (£X > . 
The second arises from the formula ( 20 ( 6 )) which states that 


( 6 ) [fj + 2 C], («) — (— l) (r '*" } 0- M (u ). 


Thus the situation in question is to a certain extent arith¬ 
metical whereas the basis notation is purely geometric or 
tactical. The results given below in VII, VIII, IX were, 
so far as the signs are concerned, deduced from lists of 
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particular formulae which are not reproduced here. The 
basis notation used to obtain the lists was the specific one 

(7) {11; 11}* == {P„,P lt ; P 45 ,P«} 
by which it is to be understood that 

Psb — ( 10 ; 00 }, etc. 

The 120 desired relations then appear as follows: 

(8) With a basis notation defined as in (7) and i,j, k three 
indices in the natural order, 

VII. flu i/jkn • 't, (u) f mn (u) 'tjin 'Afcn • itj (tt) fmn (wl 

dkln fjn ‘ («) '^kmn (?() = 0 . 

If i,j , k, l are four indices in the natural order, 

VIII. dijn it kin • ityn (u) itkln (l() it ikri it jin * itikn (t<) fin (u) 

+ fin fkn ■ fln(n) fkn(u) — 0. 

The determinant of two columns in the ordei * given from the 
matrix 

d m {u) <Aj(?<) 'tijn(a) it kin(u) it, kn(l<) itjlfiu) ^iln(u) fkn 00 
0 Hijn itkln it, to, itji n it,ln fkn 

is equal to the determinant of the remaining two columns in 
the order given. 

Thus of the eight relations among the products (5) four are 
given by VII, one by VIII, and three by IX. By setting u -- 0 
in VIII the modular relation VI is again obtained with a de¬ 
termination of sign which is different from, but nevertheless 
consistent with, that of VI. 

These nine relations are much simplified by using the 
equations of Schottky (28 (31, ( 6 )). Set 

(91 (ij k ■■ ■) — e v eik--- ejic 

Then the equations read 

.... f m = = n.«»- 

uu ’ /, = c) = r (23456). 
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Schottky takes, for the value of c u the initial term in the 
development of the odd function for fixed values of 
u = Mi, Ui, say u (0) . He also modifies the theta functions 
by constant factors as follows- 

(11) »i(u) = Ci<Ii(m), ^ 1.8 (m) — Ci*s© m (M). 

Then in terms of the aj, o, (n), o&(n) the nine relations are 

1° (156) (234) ff*,±(256) (134) <x 2 M ± (356) (124) c 

± (456) (123) <r 2 M = 0 

II 0 (234) a*± (134) ff 2 2 ± (124) o 2 ± (123) a 2 = 0, 

III 0 (15) (234) ff 2 ± (26) (34) <r 2 6 ± (36) (24) o 2 86 

± (46) (23) o 2 46 - 0, 
IV° (84)[ff* M -«r*J = ±(12) [(35) (36) a 2 ±(45; (46)^], 
V° (156)(234)± (256) (134) ±(356)(124)±(456)(123) = 0, 
VI 0 (12) (34) ±(13) (42) ±(14) (23) = 0, 

III (23) ffi <r 158 ± (31) a t a fM ± (12) o s <r 8&g = 0, 

VIII (12) (34) ffua 0-J48 ± (13) (24) crus °**« 

± (14) (23) ffu# Mts« — 0, 
IX 0*46 ff it» 0- 14B ff 148 =: ± (12) (34) O b ff 6 . 

Here we have given only a typical relation in each set and 
have made no determination of sign. 

The relations H°,VII°,IX 0 are given by Schottky (°*pp.270 
-271). He uses the relation VI3° to determine the (if) — e tJ . 
Since (cf. (10), (11)) o, Jk ( 0) = 1, the initial terms in this 
relation are those of 

(12) e*s ± e$i o t ± e is o s = 0. 

Similarly for the fixed values u (0) the initial terms of o u o t , o s 
are 1 whence 

(13) e*8 ± ®8i ± Ci* ~ 0. 


The 20 relations of this kind imply that 

(14) eij — (et — ej). 
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The equations (12) then imply that the initial terms of the 
odd a u ■ are linear forms in n u whose roots are 
e t , • • • , eg. But the initial terms of the odd &i, are 

six linear forms projective to the six factors of the funda¬ 
mental sextic which defines the functions of genus two 
(cf. *’ p. 481). Thus e lf ■ ■ ■, e e are projective to the roots of 
the fundamental sextic. 

31 . Theta relations in the characteristic notation. 
If the moduli a,j for which i \) are all zero the function 
&\g, 7i](«)o breaks up into a product of elliptic thetas, namely 

~ ^l](Ui)a u • & [fit, /iil(?<t)ft lt . O' \ Jtp]{Up)a fJ} • 

We may then regard the general theta as a symbolic non- 
commutative product of the elliptic thetas. In many cases 
formulae derived for the elliptic thetas may be extended by 
this symbolic multiplication to higher values ofp. The process 
must however be used with caution. For example »>[1, l](uj) ail 
and ->[1,1 vanish for «, = u s = 0 while ->[11,1 l](«i,M*)a 

does not. 

The operations, 

/{*}, n'==u+{*}*, 

where {*)* is any one of the 2 2p — 1 proper half periods, 
together with the identity, 11 — w, form an abelian group, 
G 2 ■>,, of order 2 2p and type (1, 1, - - •, 1). A simple set of 
generators consists of /«,, J t( (i = 1, ■ • -,p) where I e< is that 
operation J{,} s for which all the e, e' except f, are zero. The 
p generators I t generate a Gy; the p generators a G '.*; 
and G n t, is the direct product of Gy and Gy. 

According to the formula 20 (5), 

* 4 Mi (u + {«},) =/(«,»,«)•(- l) (e,,) • #* 1*1 + 4 («)> 

an operation of G 2 i, permutes the theta squares, to within 
a factor common to all, and in certain cases changes the 
sign. To eliminate the permutation so far as possible we 




90 


II. TOPICS IN THETA FUNCTIONS 


construct in the elliptic case four functions X * 1 h ~ 0,1 mod. 2) 

linear in the theta squares: namely 

XSM = ^ [0,0] 2 (m) +^{0,1 Uu)+^[ 1 ,OMw)-f ^ 2 [ 1,1], (w). 

X!°(«)= ^ 2 [ 0 , 01 2 (m}- + „ - „ , 

^ Xo(i<) = ^[ 0 , 0 ] 2 (m)+ - „ - „ , 

Xl(lt)— —^ 2 [0,0 ] 2 (m)+ n + n - „ 

These have the property that I,- converts X‘‘ into (—l ) - ' 1 X * 1 
and I s converts X‘ l into X, 1 ,,. The theta squares are in 
turn expressed in terms of the X' 1 as follows: 

2 2 [0, Ok («) = Xo° (u) + Xi° (u) + Xo («) - X ! 1 («). 

( 2 ') 2" [0, lk (u) = Xq (u )— „ + n + i) , 

2' >> U,0] 2 («) == Xo (u) -f „ — „ + 

2 *d*[l, 11 »(m) = Xo°(«)- 

An immediate consequence is: 

(3) For qeneral values of p, the 2 2p functions X) (u) ( i,j 0,1 

mod. 2 ) defined by the non-commutative symbolic product 


Xj\j\ ■ f p = Xj'fiu^.XZM.X;^) ... X/fiu P ) 


and the 2 2p functions 0* [fj, tj'] t ( u ) with the symbolic ex¬ 
pression ( 1 ), are expressed in terms of each other by sym¬ 
bolic multiplication of factors ivhose values are given in ( 2 ) 
and (2')- Any set of 2 P functions X] with fixed super¬ 
scripts i is transformed into itself by Gp p according to 
the law 

«' = If + {«. «V, 9 Xj = (- D (lV) XU- 


Thus G? merely changes the signs of the Xj whereas G t p 
merely permutes the Xj. 

We now prove that 

(4) If any one of the 2 P sets of 2 p functions X with fixed 
superscripts contains 2 P functions Xj which are linearly 
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related with constant coefficients then each Xj vanishes 
identically. At least one set of 2 P functions Xj does not 
vanish and is linearly independent. Any other set is 
proportional to this one uhth constant factor of propor¬ 
tionality. 

Suppose that a linear relation of the form 

®v • j p Xj, ■ j p 00 = 0 

exists. On applying a new relation is obtained in which 
the terms with j x — 1 are changed in sign. By adding and 
subtracting the two relations a pair of relations is obtained 
in each' of which the subscript j x is fixed. Proceeding 
similarly with / ti , etc., we find eventually 2 P relations of 
the form a;,...; Xj,.. j = 0. Since not all of the coefficients 
are zero at least one of the functions Xj vanishes identically. 
On applying to this function the operations h it is trans¬ 
formed into each one of the set Xj whence the entire set 
vanishes identically. Not every set could vanish identically 
since not every theta square vanishes identically. If then 
Xj\ j' $ 0 no member of the set X' is identically zero and 
the set is linearly independent. Since all the other A r ’s are of 
the second order and zero characteristic any other X must 
be linearly expressible in terms of the 2 p in the set X i , i. e. 

a ^ = j,Z (fc + 0- 

Apply If, to this and add to or subtract from the old relation 
the new one thus obtained according as h is even or odd. 
The result is an identical relation 

a> Xi, ■ . "Jp ■‘j p - 

Proceeding similarly with I'e etc., we obtain finally 
a Xi (w) = ai Xi (u) and by applying the /* the pro¬ 
portionality of the sets X k and X 1 with factor a : ai is proved. 

In order to exhibit the common part of the 2 P sets X i and 
to obtain the factors of proportionality certain formulae 
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(cf. Krazer* 1 pp. 364-366) are necessary which here are proved 
ab initio. The exponent of a general term of the product 


?']*(«)• »[n, */)*(*>) 

is 

(a, »i + ^/2)*+ (a, « + r//2)* + 2(m + /;/2, u + q'ni/ 2) 

+ 2 (» + tj/2, u + r/ n i/2). 

This may be rewritten as 

(a, m + n + <?)V2 + (a, m — «)*/2 « 4* v + T l' n t) 

+ ( m — n, u — v). 

If now we introduce new letters, fi, v, of summation from 


m + n = 2f* + u , 
m — w = 2 v a, 


(« = 0, 1) 


then all values of m, n are obtained from all values of p, v 
for a = 0, 1. Again the exponent can be written as 

(a, 2/*-f a-f »/)*/2-f-(a, 2v-f o)*/2 + (2/* + « + 1 ?> u-j-v-\-rj'ni) 

+ (2 v + «, U'—v) 

= £ [2(a, fi 4- «/2 4- (//2)* 4- 20* 4- «/2 + >]/2, u 4- v) 

a=0,i 

4 - 2 ( 0 , v-f a/2)*-|-2(v-|-a/2, u — r)4* (2/* + «4' 1 ?> V 71 *)]- 

The exponential = 1 and ^«+9,9'») = 

If now « is held Oy, // also fixed) the summation for /<, v 
yields a product of two thetas. Summing finally for a we have 

Wv, ?']*(«) • VJ»( v ) 

— ^ + v, 0]t (u 4- v ha • &[ a , 0]* (u v)ia • 

0 = 0,1 

This becomes, on replacing a 4-<7 by a new a, 


( 5 ) 


#[*1, (?']* (u) • <? fa, VI* fa) 

— ^ i^[a 4"(/» Ojj(tt —vha • ^ [“> 0]» (« 4" vha ■ 
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For u — v, (5) becomes 


^ »/]*(») 

= 2 (— 1 / ar 'M 0], (0) 2a .^[a, 0]j (2 »(),„. 

«=o,i 

The equations (5) may be solved as follows. Multiply by 
(— 1)^1 ' and sum for // — 0, 1, arranging the terms on the 
right with reference to a. Then 


) *(?, ?']*(«)• ij') t (v) 
n 

— OlsOt — rha •’>[«, 0] 8 (ti-fr» 2n .^(—l) (K ^’ ,J . 

“ V 

Now — l)( a ~P’V Ms 2 p if a = /3, but vanishes if a 4 ft. 
v 

Setting then « = & and replacing /3 later by a we have 


( 6 ) 


2? [a + rj, 0] 4 (« — r'ha • >> !«, 0] s (u + r)- c 

= 2i- D ( “’ ,) * \1> M* («) n>i, ’/], (v). 


For u — v, (6) becomes 

2 r (a -f 17, 0]j (0)« a • * [«. 0] s 1.2 u)2o 

= GO- 


(O') 


An important formula is derived from (5) by replacing u, r 
by u -f r, u — v: 

& M Ms (« + v) ■ 0- lr/, Mi (« — 1 >) 

(<) = £(— l ) W > • *|«, 0 ],( 2 ii)*i ■ * [« + ?. 0 ], ( 2 r >. a . 

We specialize some of these formulae for y = 1. Let 


= * [0,0] a (2 «) 2 «, Zi — 11,01a (2 ii ) 2a ; 

(8) ? 0 = O- JO, Ofc (0),«, zi = * (1,0J 2 (0>>„. 

Then (5') yields 

**[0,0], («) = + **[LO],(«) = ZlZ a +ZoZ u 

^ **10,1],(w) ■= ZoZo—ZiZi, **[1,!],(**) = *iZo—Z oZl 
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From these in turn (5') can be obtained by symbolic 
multiplication. 

The values of the Xj'‘ (cf. (2)) are therefore 

X 0 ° = 2{z 0 + z 1 )Z 0 , X 0 1 = 2(z 0 -z,)Z 0r 
X,° = 2 (e 0 + *,) Zy , X\ = 2(z 0 — *) Z x . 

We have then the theorem: 

(ID// 

3},...• • * 7„» 0 0 ... 01,(2n) 2o 

and 

V °-"°K0) 2a 

ana! «/, m non-commutative symbols, 

K ... * = K' z r» . z v %-»=**"* .V 


and a ti . i p = a,, • «, s 


a, where 


«o ~ to + Zi, «i = ; 

then the values of the 2 2p functions X in terms of the 
functions Z are 

X*' '*= 2 p -a. , Z 

J, J p >, J, J, 

The formula (7) specialized for p — 1 yields 


'^[0,0] s (n-f-r)-^[0,0] j («— v) — 
. ^l0,l]t(tt-fv)-^[0,l],(H— v) = 
1 ' ^[1 jO), («+v) • [1,0]* (m — v) = 

^[1,1]*(m+v)-^[1,1]*(m— v) = 


Z 0 (u) ■ Z 0 ( V ) +Zi (u) • Z x (i ?), 
Z 0 (it)-Z 0 (v)—Z x ( u)-Z x {v), 
Z 0 ( u ) Z, (t>) +Zx ( u ) • Z 0 (v), 
Z 0 (u) Z, (v) —Zx (u)-Z 0 (v). 


These again by symbolic multiplication give rise to (7). 

32. Theta manifolds; the Kummer surface and 
generalizations; modular families. The aggregate of 
theta functions of order n with given characteristic, say the 
zero characteristic (19(6)), can be expressed linearly with 
constant coefficients in terms of n p such functions (19(4)). 
If n p linearly independent functions are chosen as the homo- 
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geneous point coordinates of a point P in a space S nP _ l then, 
for variation of v lf • ••, u p , the point P describes a normal 
theta manifold M n , P of dimension p. Any manifold of this 
dimension with the property that the coordinates of its vari¬ 
able point can be expressed uniformly as 2 p-tuply periodic 
functions of p variables is either M n , p or a projection of it ( 19 ). 
The n p functions may be so chosen that E are even and 
0 are odd (E-\-0 = n p ) (ef. 20 (9)). In this section only 
the case n — 2 for which the functions are even is discussed. 
The manifold in question is then a projection of 3 / 2 , j> from 
the linear space defined by the odd functions (cf. 5 * Chap. 17, §1). 

The even functions of the second order and zero character¬ 
istic, which include the theta squares, can all be expressed 
in terms of the 2 p functions 

(1 ) (**1 »* * * > Wp) , • * •, fij> 0 > 1 ) 

of 31 (11). We set 

(2) v{p) — 2 p -—l, m(p) — 2 P ~ 1 -p! 

As the u’s vary the point Z runs over a manifold K p of 
dimension p in S y(P ). Since p functions linear in Z have 
2 p -p\ simultaneous zeros (19 (9)) which divide into pairs ±u 
yielding the same point Z , the order of K p is m(p). For 
p = 2 this is the long known Kummer quartie surface K% . 
For general p the properties of the manifold K p (v) whose 
existence was pointed out by Klein have been developed by 
Wirtinger 74 . 

Associated with K p there is a dual manifold W p (v) whose 
elements are Sy( P )-i’s with coordinates 

(3) W rii ... Vp (vi > v P ) = Z Vi v p ). 

Evidently W p is the polar reciprocal of K p in the quadric 

= 0. 

The group G 2 *p of transformations, u' = u-j- {*}*, will, 
according to 31 ( 3 ), ( 11 ), give rise to a collineation group 
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whose expression in Z coordinates and dual expression in W 
coordinates is 

f ) T «' = u + {«,«'}*; Z'j — (— Zj+,\ 

{) Wj = (-1 (*,«' = 0, 1). 

Since u' as well as u gives rise to a point of K p , or an 
Sy(p)~i of W p , these manifolds are each individually unaltered 
by the collineation 0 2 t,. The polar system of (4), a correl¬ 
ation of period two, is invariant under 0 2 %, whence this 
polarity and G 2 i, generate an abelian correlation group, 
r 2 2 „, of type ( 1 , 1 , • • •, 1 ) whose 2 2p correlations interchange 
K p and W p . An equation of the polarity (4) (cf. 31 (7) for 
Iv, VI = [0, 0]) is 

(6) i>(tt — y) i;) = 0. 

By combining this with the parametric form of (5) the 
equations of the 2 2p correlations appear as 

(7) *>[*, *']» (w —f) •-£[«, «']*(«-f v) = 0. 

Their explicit equations in terms of the coordinates Z, W 
are furnished by 31 (7) or arise by symbolic multiplication 
from the equations 3 * ( 12 ). 

The correlations of r 2 2 *>, of period two, are eitner polarities 
or null systems. The null systems arise from symbolic products 
with an odd number of factors of the fourth type in 31 (12) i. e. 
from the odd functions in (7). There are then E p = 2 p ~ 1 (2 J, -\-l) 
polarities and O v — 2 p ~ 1 (2 p — 1) null systems in r 2 2 t,. The 
2 2p points of K p and the 2 2p &.(„)_i’s of W p which form 
a conjugate set under r 2 2 „ make up a configuration (2 2p )o p 
such that each of the points (S^-i's) is on O p of the 
8y( P )-i’s (points). 

An especially important configuration of this type arises 
from the proper and zero half periods. Wirtinger 74 describes 
its properties as follows. The 2 2p half period points are 
multiple points of K£ lp) of order 2 P ~ 1 and the 2 Sp half 
period &< p >-i’b touch K™ (p) along a manifold With 
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respect to W p the configuration presents a dual behavior. 
Finally Wirtinger shows that with respect to K™ <p) the 
Sy( P )~ i’s of W p are characterized by the fact that each 
touches K p along a manifold which lies in an Sy (p) - p - h 

i. e. each cuts K p in an M p l p) on which is a locus 

of double points. Of the spaces of W p the ccp~ 2 whose 
pass through P on K p contain the tangent space 
S p of K p at P and precisely m(p)/4 of these pass through 
an arbitrary B p ~ t whence the K p and W p may be regarded 
as dual forms of the same locus. For p — 2, K p is the 
Rummer surface with 16 nodes determined by the half periods 
including u — 0 and W p is a quartic envelope of planes with 
16 double planes similarly determined. The double planes 
of W p are tropes of K p , the plane sections of K p determined 
by the theta squares, which touch K p along conics. The 
plane v of W p touches K p at an Ml or point whence W p and 
K p are dual forms of the same surface. 

The involutorial elements of G 2 *, are all of the same pro¬ 
jective type. For p — 1 the three involutions and their fixed 
elements with multipliers ±1 are: 


u — u + {0,1} S : 


( 8 ) u ' = «+{!,<>},: 


11 = u-f {1,1}*: 


Zq — Zo 

Z* = +Zo 

Zl = —ZC 

Zj = — Zo' 

Z'o^Zx 

Z1+ Zl = + (Zo+ Zl) 

Zl = Zo' 

zl- Zl = — (Zo— Zi) ; 

Zl = Z 1 

Zo —iZl — -j~i(Zo — iZi) 

Zl = -Z 0 ; 

Zo' + i’Zl — — i(Zo-j-tZi). 


The corresponding canonical forms of the collineations and 
of their spaces of fixed points for general p are obtained from 
these by symbolic multiplication. We observe that each 
collineation has linear spaces, 5 ,.( P -d (it), of fixed points and 
is the harmonic perspectivity determined by these two skew 
spaces. Two involutions defined by {d}* and {«}* are inter¬ 
changeable and either transforms the other into itself. The 
two fixed spaces of either are invariant under the other and 
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they either are interchanged or each is invariant. The follow¬ 
ing theorem states the situation: 

(9) (a) If {<J} 9 , {f}a are azygetic, the six spaces, &v (p - i)(rb), 
of fixed points of the collineations defined by {f} 2 , 
+ e }*» are all skew to each other. The line from a point 
of one space belonging to {<5} 8 across the pair belonging 
to {f j* is incident with all six. The locus of the oo 2 ' 1 
such lines is an L, of the type defined by a matrix of 
two rows and 2 p_1 columns. Such a manifold is ruled in 
two ways, the one ruling consisting of oo 2 * - -1 lines, the 
cross ruling of oc 1 S, f ~i_ 1 ’s. The six fixed spaces belong 
to the cross ruling and meet each line in three harmonic pairs. 
(b) If {d} s , {e} a , {<5 -j- e} s are syzygetic there exist four skew 
spaces Sy(. p - 2 ) such that the six S V (p-\)S which contain the 
respective pairs of the four are the six fixed spaces. Two 
complementary pairs belong to the same half period. 

The theorem requires proof only for sample azygetic and 
syzygetic pairs since all azygetic and all syzygetic pairs are 
conjugate under the modular group to be introduced presently. 
For an azygetic pair take that for which — 1 and f, = 1 
while all the other d’s and e’s are zero. The six fixed spaces 
are precisely those of (8) with arbitrary The 

matrix in question is 


( 10 ) 


7 

^0 T Jt - T Jp j 

Z'V* ■ T jt \ 


0 


(rjt, •••, *!p — 0 , 1 ). 


The two rows define the fixed <SV( P -»’s of {d} 4 ; and those 
of {*}*, {d + e} 4 are defined by linear combinations of the rows 
with parameters 1 :1; 1 : — 1 and 1 : i\ 1 : — i which proves 
the harmonic property. The elements of the two rows, or 
any two independent linear combinations, can not vanish 
simultaneously whence the spaces are skew. 

As a sample of a syzygetic pair take dj — 1, e'-. = 1 with 
the others zero. Then the six fixed spaces are 


( 11 ) 



Zoo — z l0 

= 0 

Zoo 

= Zxx 

Zoi — Zn 

= O’ 

Z\o 

= Zot 
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with variable indices to be supplied. The four 

spaces of (9(b)) are then those which contain respectively 
the four vertices of the tetrahedon Z 00 , Z l0 , Z ou Z xi , with 
variable indices ■ ■ • . g p to be supplied. 

Of particular interest always are those points which take 
up, under the operations of a group, a number of positions 
smaller than the order of the group. These are necessarily 
fixed points of some of the elements. A point of K p is fixed 
for the element, ± u' = M +{ f } 2 > when 2 m = {e} 2 or n^[e}j2, 
i. e. u is a proper quartic period. If |e} 4 is a proper quarter 
period for which 2{e} 4 — (e) 2 then there are 2 2 *’ proper 
quartic periods, namely 

( 12 ) M4+W2 (M' = o, 1 ), 

all of which when doubled are congruent to {e} 2 . Since 
3(e) 4 ~=—(e) 4 the quarter periods 3 («) 4 and («) 4 determine 
the same point on K p or more generally { f } 4 +{d} 2 and 
{ej 4 -f-{d + e} 2 determine the same point on Kp- Hence 

(13) The two fixed Sy^-fs of tJie colhneation, u' = m+ f} 2 > 

each meet K v in 2 2(p ~ u points, each point being defined by 
the pair of proper quarter periods {f} 4 +{d} 2 , { f } 4 +{^+«} 2 - 
The points Pj and Pr on K p , with parameters |d} 2 and 
(r} 2 in (12), are in the same or different S v{p ~ij& according 
as jd} 2 , |C} 2 are each syzygetic or each azygetic with {f} 2 . 
In a particular 8r (p -11 the quarter period configuration 
of 2 2(p_1) points admits a group 0 2 ur-o which is the 
factor group with respect to It of the (? 2 i*-i consisting of 
the elements I* for which {*) 2 is syzygetic to {«},. This 
configuration and its group correspond in the finite geometry 
to projection and section from the point corresponding to 
(s) 2 . The configuration dual to the 2 2(p points on 
Sy(p-u (+) is cut out on <5v(p-i)(+) by the quarter period 
spaces ofWp which contain &■<?— 1 ) ( )• 

This distribution of the quarter period points between 

8r{p-i)(±) is a consequence of (9). 

The collineation group, <? 2 *, has integer coefficients and 
therefore is independent of the moduli, ay, of the theta 
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functions (1). As these moduli change the manifold K p 
changes and describes a family, F p (a), of manifolds K p each 
of which admits the group <? 2 We seek that group, G(p). 
of collineations which transforms this family into itself. 
G(p) must contain G 2 i, as an invariant subgroup and must 
transform the 2 2p_1 involutions of G.^ in such wise that 
syzygetic and azygetic pairs are invariant. The order of G(p) 
then is not greater than 2 2p • A r c = 2 2p ■ 2 p * H ip - x H ip -» •■■Hi 
(32(7)). On the other hand under integer linear transfor¬ 
mation of the periods the theta squares, and therefore the 
functions (1) are permuted according to the law (Krazer* 1 

p. 181), 

(14) **[?, t)'h (*). = C* • e~* v ■ [If, f ]* (n') a -. 

where C is constant with respect to u, and U is constant 
with respect to fa, V)» whence e~ 2V figures as a proportionality 
factor. The y' are given in terms of ?, t/ in 24(1). 
Hence the elements of G(p) not in <7 2 «, are precisely those 
which arise from transformation mod. 2 of the periods, and 
the order of G(p) is precisely 2 ip -Nc- Since G(p) can be 
defined to be the maximal collineation group which trans¬ 
forms G 2 x r with integer coefficients into itself, G(p) must 
likewise have numerical coefficients which are determined 
presently. <?jfc is generated by the involutions attached to 
the points in the notation of the finite geometry (22 (10)). 
For p — 1, there are three such involutions each of which 
leaves one of the three elements (8) unaltered and inter¬ 
changes the other two. Corresponding elements of G(p) 
(p — 1), to which we add the identity, are 

Jo,o Jo,1 J1.0 Ji,i 

j Zo — Zo Zq Zq-\- i Zi Zo + Z\ 

' { * }t Zl = iZ t ; iZ 0 + zj —Zo + Zt' 

These modular involutions are of period 4 in the space Z a : Z { 
bpt, in each case 

(15) Ji,k = Ii,k 



32. THETA MANIFOLDS; SUMMER SURFACE 101 

so that in the factor group J,,* gives rise to an involution. 
We summarize the above: 

(16) The cottmeation G 2 t r of K p is an invariant subgroup of 
a collineation group G(p) of order 2 2p -Nc which leaves 
unaltered the family F p {a) of theta manifolds K p which 
have the same (? 2 v hit variable moduli a t j. The factor 
group of 0 2 t p with respect to G{p), the modular group, 
is the permutation group of order Nc of the members of 
the family and it arises from the group of integer linear 
transformations (mod. 2 ) of the periods. 

We recall (29 (3)) that the half periods in the basis 

notation can be identified with those in the characteristic 

notation by the parallel schemes: 

G 1 : P 12 , Pm, Pit i ‘ > p 2 p— 8 , 2 p- 2 , Ptp-l.ip, Plp+l.lp+l', 

G 2 ’. Pit t, Pj5) -Pi 7, •••> Pip - 2, 2p-l, P'ip, 2p+l| Plp+ 2,1) 

(17) ^ : f l ~ 1 > *2 = 1 j f 8 = 1 , • • •, Sp~ 1 — 1» £ p~ 1> 

e i — e-i = • • • = e P — 1; 
G‘>: = *2 = 1, = 1 7 *8 — *4 ~ 1 > • • • 

• * •, fp — 1 — €p — 1 , ep — 1 , fj ~ 1 . 

It is necessary only to observe that the syzygetic and azygetic 
relations are the same in the two arrangements. The permutation 
group of the bases is generated by the involutions attached 
to all the points of G x and G t except the last point of G*. 
If to these generators we add one with four subscripts, say 

(18) Pis 45 , or e'x — «8 = 1> 

the entire group is generated. 

We consider now the element of period 4, 

(19) J(e[ = 1): Z^ t Zl Vi ... Vp = iZ 1Vt ...^. 

This has the same spaces of fixed points as J*(e{ = t) 
== J (*j = 1 ), Since its square is in G 2 t P the element J 
figures in the factor group as an involution. We write the 
involution (cf. (5)) in the form 
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■ •y, ^ ' Z+.. d p > 

^ r n' Vp = ^ ^ ^ ■7i r +<? 1 d l ---<r J r 

If <?! = 0, S is syzygetic to t[ = 1, otherwise azygetic. 
But the transform of I# by J is I# if dj = 0 and is I#+ Sl 
if d t = 1. Hence J transforms the involutions 1$ among 
themselves precisely as the involution attached to a point in 
the finite geometry transforms the points of the finite space. 
The required generating involutions of the modular group are 
then obtained by attaching multipliers 1, i respectively to the 
,± fixed spaces of the corresponding involutions of G 2 * P . 

We apply the method set forth above to the specific 
case p== 2 and the Kummer surface K$. The group G? P = G* ]6 
is generated by 

_ Ip 0,10_Zoo,01 Zio ,00 Zqi , 00 


Zoo = 

Zoo 

Zoo 

Zio 

Zoi 

Zlo = - 

■ Z,o 

Z\o 

Zoo 

Zn 

II 

_ 

*5 

1 

Zh ; 

Zoi 

; Z„ ; 

Zoo 

Zn = - 

-z«, 

Zn 

Zoi 

Zio 

The modular group 

Gig 6i 

is generated by 


Zoo ,10 

Joo,01 

•Zoo .11 

Zl 1,00 

Zoi ,00 

Zoo == Z„o 

Zoo 

Zoo 

i Zoo 4" Zn 

Zoo 4* i Zoi 

(21) = *f°; 

■^Ol - ^01 

Zyo 

2 Z,0 

i Z,o "r Zoi 

Zio+ iZ n 

iZoy ’ 

i Z„1 

Zio “I - i Zqi 

i Zoo 4" Z 0 i 

zh = iZu 

iZ\ i 

Zu 

Zoo 4" i Zn 

* Z| o 4* Zn 

The generators are 

those attached to P 16 , P 46 , P*$, P««, P 84 

and that attached to P 8S48 

— Pei 

is in this case duplicated. 

The four even functions Z v - are of the second order. Their 


quadratic, cubic, and quartic combinations are of orders 4, 
6, 8 with respectively (cf. 20 (9)) (4"+2*)/2, (6*4- 2*)/2, 
(8*-f 2*)/2 that are linearly independent. The number of such 
combinations is respectively 3 ■ 4 • 5/6, 4 • 5 • 6/6, 5 • 6 • 7/6. 
Thus there must exist one quartic relation on the Z,j, say 

2 a iJM Zjoo Z{q Zm Zh = 0 (i + j i + k 4 -1 — 4). 
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This must be unaltered or at most changed in sign when the 
involution J 0 o,io (20) is applied. Hence only terms of the same 
parity in the first subscript can occur; similarly for the second 
subscript. If these parities are 1,0, j -f l is odd and either 
j > 0 °r l > 0- But then the line Z w = Z n = 0 would lie on K l 
whereas, being a fixed line of Z 00 , 10 , it meets K 4 in only four 
points determined by quarter periods. Parities other than 0,0 
would lead to a similar situation whence the terms must be 
made up of Z tJ and the product Z 0Q Z u , Z 0l Z u . On applying 
also the permutations (20) the quartic relation must have 
the form 

«o (Zoo + Zlo -f K -f Zn) -(- 2 «jo (Z'm Z\o + Z‘o X Zh) 

(22) + 2 «oi (Zoo Z ox -f- Z{ 0 Z X1 ) 

+ 2« u (Zoo Zn Z \o Z‘v tl ) -f 4 0 O Z 0Q Z 10 Z 01 Z n = 0. 

If now the modular substitutions J in (21) are applied to 
this form it must be transformed into another of the same 
type in Z' xj with coefficients a' which are linear in the «’s. 
The modular group of order 6!, the factor group of (? 16 
with respect to appears as a collineation group on 

the modular forms « 0 , • • ■, 0o- The explicit expressions of 
the generating involutions are 


'^00,10 

Zoo,01 

Zoo.U 

i ,oo 

Zoi.oo 

«o = «0 

«0 

«» 

«o—«11 

«0~ “01 

r 

«)0 — —«10 

«10 

a 10 

«io «oi A 

«10 a ll 0o 

(23)«oi — a oi ; 

«01 i 

—«or, 

~° E io+ a oi — A ; 

3ao «oi 

«n = —«u 

“«n 

«n 

— 3a 0 —a n 

—A 

1 

II 

-A 

A 

— 2<*, 0 —2a 0 i 

2 a 10 2 


The ratios of the five coefficients of Kt in (22) are func¬ 
tions of the three moduli ay and they must be connected by 
one relation. The four linear conditions on the coefficients 
which require that Kt have a node at z,j = Z^j (0) determine 
the ratios of the coefficients in terms of the three ratios 
of Zij. If the latter be eliminated the resulting modular 
relation turns out to be (cf. Hudson* 6 p. 81) 
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(24) a\ — a 0 (a ? 0 + <x 2 01 + + 2 « 10 « 01 « u = 0. 

The modular group, G&, in (23) is the collineation group 
which leaves this cubic spread (24) in S t unaltered. The 
lack of symmetry with respect to a group isomorphic with 
the permutation is rectified in the next chapter. 

33 . The theta manifold K p [p = 3). When p = 3 the 
generalized Kummer manifold 

( 1 ) Zijk Oh, «s) (i,j, Jc — 0 , 1 ), 

is a Ka* in a linear space S,. The quadratic, cubic and 
quartic combinations of the 8 Zyk of orders 4, 6 , 8 are ex¬ 
pressible respectively in terms of 36, 112, 260 independent 
functions. The number of such combinations is 36, 120, 330 
respectively. Hence there are 8 cubic relations on the Z^k 
and 70 quartic relations which are identically satisfied for 
all values of u, i. e. K't is on 8 cubic and 70 quartic spreads 
in & which are linearly independent. If each of the 8 cubic 
relations be multiplied by each of the 8 variables, 64 of 
the quartic relations are obtained, leaving 8 quartic relations 
to be accounted for. Wirtinger ( 76 §§ 17-23) shows that all 
identical relations among the functions Zyk are consequences 
of these quartic relations. 

We shall be more concerned here with the cubic relations. 
We note, as for p — 2, that, due to the existence of the G» 
of changes of sign in the <? 64 , w' = u-f {*},, there may be 
derived from any one relation another in which the terms 
have the same parity in each of the three indices. Further¬ 
more from a cubic relation in which the terms have one type 
of parity there is obtained, by the operations of the per¬ 
mutation G% in <? 81 , eight relations in which the eight possible 
types of parity occur. The possible terms of parity 0,0,0 
are of three kinds, Zw 0, ^000^100, ZmZoioZno. Instead of using 
triple subscripts it is more convenient to set 
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It may be observed that we have chosen the single subscript 
notation by number¬ 
ing from 1, 7 the 

points of the plane 
in a finite geometry 
mod. 2. The seven 
linear triads then 
give rise to products 
like Z, 00 Zqio Ziiu of 
parity 0, 0, 0. The 
most general cubic 
relation of parity 
0, 0, 0 has then the 
form 

C = « £ 3 + Z(a ! ZC+--- + «7 Z) 

Z* Z%~\~ <( i3 Z ■ Z- A -i -f Z. Z, Z$ 
(3) -f 4 - 4 + « s „ Z.Z,y^ •Ur. Z z, Z; 

4" ««8 ^4 Z b z?, — o. 



The involutions of G g arise by addition ol unit} to o"e. two, 
or all of the subscripts. According to (21 tliey ait in the 


new notation: 

h -= 

L = 
/,= 

(4) 1< = 

h = 

h ----- 


(ZZ x )(Z t Z^(Z,Z,){Z,Z\. 
(ZZ S ) {Z i Z i )\Z l ZA\Z,Z-K 
(ZZ S ) (Z x Z h ) {Z, Z % ) (Z,Z.\ 
(ZZ i )(Z i Z 3 )(Z i Z ls ) (Z,Z,\ 
(ZZ ! ,)(Z 3 Z t )(Z n Z l )(ZZK 
{ZZ^iZ.Z^fZ.Z-MZJA), 
{ZZ 1 ){,Z l Z i ){Z 1 Z r> )[Z,Zj. 


We observe that Ij contains the pair (ZZj) and the other 
pairs are, in the finite plane, collinear with Z, . On applying 
these to (3) seven new cubic relations. <\ — 0, - • -, l\ — 0, 
are obtained with the same 15 coefficients « as C= 0. If 
the cubic relation of parity i, j, k is multiplied by Z V k, a quartic 
relation of parity 0, 0, 0 results. The addition of the eight 
such quartic relations yields the following important quaitic 
relation of parity 0, 0, 0: 
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L = « {Z 4 -f- Z* -f-. -. -f- Z 4 ) 

4 2 «, (Z 2 Z?+ Z 2 z 2 +zi Z 2 + zl Z?) + • - . 

(5) 4 2 «7 (-Z" ^ 4 zl 4- z\ zl -f- zl zl) 

4" 4 ft 48S ^4 ■Z's ^8 4 ^7 ^4 ^«) 4 ■ • - 

4 4 « 45 g (ZZ i Zf, Z f - f- iJj ^ Z 2 Z’s) — 0. 

In Z 4 the pairing of terms with coefficient aj is given by f 
in (4); the products with coefficient a vk arise from a linear 
triad and the complementary tetrad in the finite plane. Since 
the arrangements all depend on collinearity in the finite plane, 
each of the 15 parts of L with a given coefficient is invariant 
under 6 B4 . 

We observe that 8/8 Z[L*) = 4 C. Since L* is invariant 
under <r 8 also 8/8 Z, [L 4 ] = 4 Cj. But C — C; = 0 for points 
on Kl 4 . Hence 

(6) There exists a unique quartic spread L* in S 1 which contains 
Kl 4 as a double manifold. When the group 0 6t of Kl 4 has the 
canonical form, the 15 coefficients a of If {themselves modular 
forms whose ratios are modular functions ) are subject to a set 
of 63 cubic relations which are in correspondence with the 
63 half periods. 

The latter statement follows from the fact that the two 
(Ss’s of fixed points which belong to an involution /* of 
meet Kl 4 in quarter period points (32(13)) which form 
a Kummer configuration. Thus such an 8 t meets If in 
a 16-nodal quartic surface with a 0.p P (p — 2 ) and there¬ 
fore a Kummer surface. But the coefficients of a Kummer 
surface satisfy the cubic relation 32 (24). For each of the 
63 involutions in G ei) i. e. for each of the half periods, there 
occurs such a cubic modular relation. 

It may well be that the cubic relations alone define Kl 4 
and that the eight additional quartic relations mentioned 
above are necessarily satisfied when 6 > =C) = 0. In any 
case the modular forms « are well defined and will be iden¬ 
tified later (Chap. IV) with irrational invariants of the ternary 
quartic. For this generators of the modular group are 
necessary. The group Gnc of period transformations has the 
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order 8 ! 36 and the group G(p) (p = 3) of order 8 ! 36 • 64 
is generated by 



Jooo 100 

■7ooo,0l0 

•TiioO.OOl 

'7ooo.ni 

J no.ooo 

Jon,ooo 

^001.000 

■7101,000 

Z' = 

z 

z 

z 

z 


iZ+Z K 

iZ-\-Zs 

tZ+Zg 

Z{ — 

iZ i 



«'z, 

i Z\ 4- Z-t 

iZi-\-Z 7 

iZi-\-Z b 

iZi+Zj 

Zi = 

z. 

iZ., 

Zl 

iZ. 

Z\-j-tZi 

%Zt-\-Zi 

iZt+Zt 

i Zj * Zi 

Zi = 

Z> 

Z t 

tZ s 

1 Zg 

tZ^~\~Z 7 

Zi~\~i Z% 

Z+iZ z 

Zi + tZg 

P’Zi — 

Z. 

iZi 

i Z, 


Zf,+iZ* 

Z+iZ A 

Zl~\-%Z\ \Z A -\- Zys 

z: = 

iZ 5 

Z, 

lZ$ 

Zg 

iZ b -\-Zt 

i z t +z 6 

Zj+iZf, 

Z -{-1 z, 

Zi = 

iZ a 

i Zq 

z n 

z„ 

Z-\-iZ 6 

Z b +iZ 6 

iZ^+Zi 

Zi'j'i Z\\ 

z,' = 

iZ , 

iZ , 

iZ, 

iZ; 

Zy-\~i Z 7 

Z\ -j-t Z 7 

Z A -\-iZi 

Z A -jrt Z-. 

Again Jjjkjmn 

— Jijk.lvin 

(7 in 

G,h). 





These modular involutions may. by interchanging the roles 
of 0^, (? 2 in 32 (17), be identified with the involutions attached 
in order to the following points in the basis notation: 


(8) P 1» , P 3 1, /jij, P-, s, Pi 3, P i!t} P 61 , Pins. 

If these operations are applied to L 4 it is transformed into 
L'\, of the same form as L*. but with coefficients «' which 
are linear functions of the a’s. Thus there arises the modular 
group of order 8 ! 36 which is generated also by eight involu¬ 
tions corresponding to those in (7). They are 


a' ~ 

II 


« - «„ 

a-« 4 

«— a 8 

1 cc—a-, 

a\ — 

_l 

i 

j 

j“ «l~<V-“l2rt 

K,-«, 

«1 «158 

«!—<«»—«111 

«2 ~ 




j-! 

—°428 

a 2 - ~ a 4 — tt 4S3 

« 2 — 7 ^257 

«i — 


j 


I ! 

- w 8 —c 7 —or 80 7 

+ £X 4 28 

3K Kg 


1 


- 

- 

[ ' «S- -««5« 

—3a—0. 

— a 423 


«& = 

- 


- 

-«i+k 6 —«<S0 

C*S~^*6^ a 456 1 

--Kj-raa 

-3e—Kg 

CCa~ 

- 

, i 


j | -3«-«» 

— Ofc «450 

««- 1 

—cx 4 -f-a 0 — 

(9) «} = 

- 

- 

-l 

|-| “ «u'r«7 —ff 307 

- -o,+n, -K|47 

— a 0 -t «7^ ft S07' 

1 

-a s -r«7— 

««» - 


; 1 

L 

| ' 

H C 42S _ ' Cf 153 “ ~ 

—2k. -2«3 

-2k 3 - 2«4 

[ ^40»— * * 4 

«!*»• — 

- 



1 1 1 

' j tt lS3~ a 42»“ a 147 - 

“815 ' ’ - 

2«i—2«s | 

-2«i—2«j 

«i 20 — 

- 

- 


L. — 2«i-2cj 

* ‘ * 

"iSfi - * • * * j 

Ci \iO~ * •' 

«147 — 

- 


!- 

- “iSS - "!.'! 

—12«r-2 o t 

«U7- j 

«747- 

««r,7 — 

! i 

i- 

i—; 

!_' 

i ' 

«:57- 

«3-,7 ' * ' 1 

- 2k 5 —2«i 

«8«1 — 


; : 

L 

-| —2«»—2«7 

k 807 • * * 

- 2«o—2 «t j 

«»W!- 

*41V6 ~ ! 

- 

_ 

- 

L, ~2«.-2«g ! 

-2(5-21*0 

**430 *" 1 

—2n*—2«#. 
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The first four of these generators yield only the changes of 
sign indicated. In the fifth all of the terms are given. In the 
last three the terms indicated by • • • are to be supplied as is 
done in the fifth with the group of terms « 4sa , «i 53 , <*!«, « 267 • 
(10) Under the modular group of order 8! 36 the modular 
form a is one of a set of 135 conjugates, each one invariant 
tinder a subgroup of order 2 8 • 168, which are permuted 
in the same way as the 135 Gopel planes in the finite 
geometry under Gsc- 

To prove this we first observe that the Z l} - ■ - , Z-, attached 
above to the points of a finite plane (mod. 2) may be permuted 
in 168 ways without destroying the linearity of triads. In 
fact the collineation group in the finite plane is of order 168. 
These 168 permutations are collineations in Si which, with 
corresponding collineations on a lt ■■■, a- and a iiS , •. ■, u 4M , 
leave L 4 , and therefore its manifold K‘t of double points, 
invariant. This G ie „ on the a’s must be the result of a period 
transformation on the Z' s. It is a group which permutes 
the seven modular involutions Jm,tjk (i.j, k $- 0 , 0, 0) in all 
geometrically possible ways. These seven involutions, four 
of which appear in the first columns of (9), are themselves 
merely changes of sign of the a’s. They are pennutable and 
are subject to no other relation than that their product is 
the identity. These seven involutions generate an abelian £?„«. 
The entire G 3 « ■ (? 16g — G 3 » 16g (in which <? 2 « is an invariant 
subgroup) is determined in the finite geometry by the GOpel 
plane with seven points, {000, ij /r} 8 . Since (cf. 28 ) there 
are 135 conjugate Gdpel planes, G u * m is precisely the sub¬ 
group of the modular group which corresponds to an invariant 
Gdpel space and a is an obvious invariant of this subgroup. 
This theorem is fundamental for the transition from modular 
forms to algebraic invariants of the ternary quartic. We 
identify similarly (Chap. Ill) the leading coefficient of the 
Kummer surface with one of a conjugate set of 15 Gdpel 
invariants (p — 2). 

We give finally one of the 63 cubic relations on the co¬ 
efficients a of L*. One of the fixed spaces of hm, 100 is 



34. ALGEBRAIC AND ABELIAN FUNCTIONS 


109 


Z v — Z h — Z a — Z 7 = 0. The section of Z, 4 by this 8 a is 
the Kummer quartic surface 32 (22) in variables F, Z i} Z t , Z t 
and coefficients «. 

The cubic relation 32 (24) is now 

( 11 ) «* — «(«* + «* + «;—«y + 2 a,«,a 4 = 0 . 

The 63 conjugates of this may be obtained by applying the 
generators (9). 

Some further properties of ET particularly with reference 
to the 64 Ml~'s along which KV is tangent to the 4-fold 
linear spaces of If 7 ! 4 (the extension of the conics in the tropes 
of the Kummer surface) are found in Chap. IV. Here and 
throughout the admirable account of Wirtinger 16 should be 
consulted. 

34 . Algebraic and abelian functions. If a canonical 
system of 2p cuts is drawn on the Riemann surface T defined 
by an algebraic curve, F(x, y) — 0 , of order q and genus p, 
the p normal integrals of the first kind u = , • ■ •, u v have 

simultaneous periods on each of the 2 p cuts which coincide 
in form with the 2 p periods of &(u) in 18 ( 6 ) and which 
satisfy the convergence condition of V(h) ( 67 § 15). These normal 
integrals are 

(1) Ih — JV (•*•• y) d x/Fy (i ~ 1. • • p) 

where <f,. y P are properly chosen canonical adjoints 
of F{ cf. 12 ). The p (p-f l)/2 moduli a tJ which arise in this 
way from F{x, y) — 0 must depend only on the 3p—3 (p> 1 ) 
algebraic moduli of F. The theta functions with a period 
scheme thus defined by an algebraic curve are subject to 
(p—-2)(p — 3)/2 conditions and are called abelian theta 
functions. The single condition for p — 4, as given by 
Schottky, is found in 57(15); for values of p > 4 they are 
as yet undetermined. 

The theorem of Abel is of especial importance for geom¬ 
etric applications. This states that if a (x = a, y — P) is 
a fixed point of T and Xi , •••. x n a variable set of n points 
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on T which on the curve F(x, y) = 0 is in a fixed g n r then 

(2) 2 «M = W 

1=1 

where m is constant as the set x varies in g*. The equa¬ 
tion (2) stands for the system of p equations obtained by 
setting u, m — uj, ntj (j — 1, ■ • p). The possible variation 
of m indicated by the = sign is due to the possible variation 
in the paths of integration on T from a to x%. Another 
version of the theorem states that if x it • • •, x n and 
x'x, ■ ■ x' n are two sets in the same <ff, i. e., the zeros and 
poles of a rational function, then 

(3) he 0. 

1=1 

Conversely (3) is a sufficient condition that the two sets 
.are equivalent. If the complete g? is not special (cf. n), 
the p equations (2) define uniquely the position of the re¬ 
maining n — r — p points of a set of g* when r of the points 
are given; if g* is special and n — r = p—i then only;) — i 
of the equations (1) are independent. 

Let u{o ) be the normal integrals of the first kind taken 
with fixed lower limit at a = a, 0 and with variable upper 
limit as in o — x,y on T or F(x, y) = 0. Then the function, 

( 4 ) >> (u (a) — e) 

with parameters e i} ■ ■ e p , regarded as a function of position 
of o on T is known as the Eiemannian theta function. The 
moduli of # are of course those defined by the u’s on T. 
This Riemannian theta function has, for general choice of 
the parameters e, p zeros on T at points ^, • • ■, n P which 
are connected with the parameters e by the congruence 

(5) e = u (fij) 4- Jc 

j=i 

where k lt ■ • -, k P , the so-called Riemannian constants, are 
independent of the parameters e and the zeros n (cf. 41 IX 
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§§2-7; 61 §§27-32). If for example e is an odd half period P m 
for which therefore (it) = E • {D (it — P m )) is an odd 
function, then the zeros of i>(u(o) — P m ) or of (u (o)) are. 
in addition to o = a at which u(o)~ 0 , the p — 1 points 
at which F(x, y) = 0 is tangent to one of the 2 y ~ 1 (2 p — 1) 
contact canonical adjoints, y m (x, y). If however e is an even 
half period and l a the tangent to F at a which meets F 
in q — 2 further points £ then the zeros of the even func¬ 
tion (it (o)) are found at the p contacts of one of the 
2 p ~ 1 (2 p -)-1 ) adjoints, f m (x,y), of order q — 2 which can 
be passed through the points £ to touch F again at p points. 
If in the odd case y m -la is set equal to ip m (x,y) then for 
any two half periods P m , P n the function (u(o))F>~ n (u(o)), 
a uniform function of position on T, has the same poles and 
zeros as ip m (x, y)!f n (x, y) whence 

(6) & m ( u(o))/&n (n(o)) = c m ,n Vtp m (x, y)/VIpn (x, lj) . 


Such radicals of rational functions as can be expressed as 
uniform functions of u(o) are called root functions. The 
general function of this character is discussed by Stahl 
( 67 p. 228 (IV)). 

From (4) and (5) there follows that in general the function 


(7) 



vanishes only at the p points o = y ,, • • ■. y P on T. If 
however the y points y are on a canonical adjoint y then & 
in (7) vanishes identically, i. e., for the values u determined 
by all points o on T. In particular, for o — y p , a point 
on the adjoint y determined by arbitrary yi, ■■■, y p ~i, & also 
vanishes whence 

(8) Ht «(yf + fc 

\ 7 = 1 



for any p — 1 points y. 

The determination of the p upper limits y, when the lower 
limits <5 and the U are given in 
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(9) £ --- u > (i = l,---,p), 

is known as the micrswn problem. Since r gu t = u,(^)— v%{dj) 
theie foLows, again from (4) and (5) that the required 
points >/ are tin; zeros of the function 

# i'(o) - 2f u(dj)—U—k 

\ j -i 

The solution is in general unique. If however the Z7‘s are 
so chosen that tins function vanishes identically, i. e., if for 
given points d the l "s are such as would arise in (9) fromp 
point* J/ on a canonical adjoint then one or more of the 
points • • •. r u> oi the solution can be taken arbitrarily. 
It is by means of this inversion problem that the p remaining 
points of a set of //;' in (2) or (3) are determined when r 
points of the set are given. For the properties of rational 
and symmetric functions of the coordinates or, y of the p 
points n as abelian functions of the U's we refer to Stahl 
( b7 §36). 



CHAPTER III 


GEOMETRIC APPLICATIONS 
OF THE FUNCTIONS OF GENUS TWO 

The theta functions of genus two are necessarily of the 
hyperelliptic type defined by an algebraic curve on which 
there is a g\ (cf. n) with 2p-\-2 = 6 branch points. There 
are two standard canonical forms for the hyperelliptic curve 
of genus p. To obtain the first, of greater geometric interest, 
the curve is transformed birationally in such wise that the 
g\ is cut out by a pencil of lines, x 0 —tx 1 = 0. It is then 
a curve Hp T ' 2 of order p-\- 2 and genus p with a p-fold point 
at 0(0, 0, 1) whose equation is 

Hp 3b Jp X2 4" ~K/p42 — 0, 

where fj is a binary fora of order j in x 0 , x t . For given 
value of t — Xo/Xi the two further intersections of the line 
on 0 are separated by the irrationality 

* = {/a i(f, i )-/,«, i )-/ p+ 2 (t, Dr 

- {flo«-<?.) ■■■(t-e 2p+ 2 )\ 112 = ((«0 2p+2 } 1/2 - 

This latter canonical form, z 2 = (a t) 2p+2 , is the one commonly 
employed in the study of the hyperelliptic algebraic functions 
and their integrals, and of related transcendental matters. 
The birational moduli of the curve are then the absolute 
projective invariants of the binary (2p-}-2)-ic. (at) 2p + 2 . 

35. The figure, P 6 \ of six points on a line. For 
p — 2 the fundamental binary form of order 2 p 4- 2 is the 
sextic 

(1) (at) 8 = ao(t — ei) • • ■ (t — e 6 ). 

The group, G m , 1 (cf. 15 ), is, in the absence of Cremona trans¬ 
formations on the line, merely the permutation group, g t 1 , of 
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the six points e y , • • •, . Its invariants are therefore the 

usual projective invariants, rational or irrational, of the binary 
sextic. The complete system (cf. 17 1 § 3) is most conveniently 
determined in terms of the 15 irrational GOpel invariants 

(2) ( ij)(kl)(mn) — (<?,• — e,) (e k — e t ) (e m — e n ). 

The even subgroup of g 6 \ is peculiar in that it contains 
two distinct systems of six conjugate ikosahedral subgroups. 
In the first system the subgroups have the individual e’s as 
invariants. In the second system the subgroups arise from 
the six essentially distinct ways in which e y , • • •, c« can he 
identified with the six diagonals of an ikosahedron. The 
latter system is defined by a set of six irrational invariants, 

A, B, C. D, E, F, 

due originally to Joubert, (for references cf. lft ). We give 

A = (25)(13)(46)+(51)(42)(36)+(14)(35)(26) 

(3) +(43) (21) (56)+ (32) (54) (16). 

Here and hereafter we avoid lists of conjugate formulae 
by giving merely a sample along with the generating sub¬ 
stitutions which produce the entire set. In this case the 
substitutions in cycle form are 

(12): (AD) (BE) (CF), 

(4) (23456); (ADBFE). 

An odd permutation also changes the sign of A, •••, F. 

The ratios of these six irrational invariants are functions 
of three moduli and therefore subject to two relations which 
are 

(5) A + i? +-1-^=0, A 8 + .5 s +-b-F 8 0. 

Other irrational invariants are the following: 


(6) 


A + B = 4(51) (42) (36), 

A — B = 4[(53) (41) (26) — (34) (25) (16)]. 
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If .4 — B — 0, the pairs e,, e 5 ; e ir e 4 ; e s , e e are pairs of an 
involution. Moreover (cf. 17 1 p. 168): 

(7) The invariants, 2.4 s , 2 A®, (2 A 5 )*, an ^ H (A— P) 

constitute a complete system of rational integral invariants 
of the binary sextic, Pg 1 . The square of is reducible. 
The identification of this complete system with a classic 
system is given in ( ia p. 317). 

The 15 three term relations among the GOpel invariants 
(cf. 30 (14), 28 (11)) are now according to ( 6 ) a consequence 
of the one linear relation (5). This invariant theory of Pg is 
based entirely on the 15 discriminant conditions e t —ej of Pi. 

36 . The figure, Ql, of six points in space and its 
congruent figures. In space <S’ a with dual coordinates 
l/o,---,ys', Co, •••, £3 six points q t , •••, q e are associated 
(cf. 16 ) with the Pg of the preceding section. The points Qg 
are on a unique cubic norm curve C s and have on C* 
parameters t which are projective to Pg 1 . With properly 
chosen factors of proportionality for the points q there is 
a bilinear identity in C, t of the form 

( 1 ) (9i£M<eiH-KgeSMfeg) =• 0. 

The determinants formed for four points q are then propor¬ 
tional to those formed for the two complementary points e. 
With e defined as in 29 (5) 

(2) Qi CJj qt 1 qi = Q tijklmn • ipm Cn) • 

The projective invariants of Ql are composed of such deter¬ 
minants and are proportional to corresponding invariants 
of Pg 1 . 

We pass then at once to a study of the set Qt under 
regular Cremona transformation. If the cubic transformation 
.4,83! has P-points at q if •••, q 4 and inverse P-points at 
q\,---,q'i and ordinary corresponding pairs, q&, ql and q e , ql 
then Ql and Qg 8 are congruent under A 1!S4 ( 15 ). A surface 
of order with multiplicity n at q t is transformed by A im 
into a surface of order ro with multiplicity r’i at q[ where 
(15 (4)) 
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(3) 


-4l»S4 • 


r'i — r. + Am 

r'j = Yj 


(Am = 2 Yo — Yi ~ - Yi), 

(* = 0, 1. 4; j = 5, 6). 


The linear group, g 6<8 , with integer coefficients is generated 
by this element A lM4 , and by permutations of Y\ , • • *. Ye which 
will be written in cycle form. The group has the invariant 
forms 

( 4 ) L-=^y 0 —Y 1 - Y e , Q = 2y*—Yl - Y\- 


By combining generators A^ui only three types of regular 
transformation with six or fewer A-points are obtained 
( 17 II p. 363), namely 


4 2 


2 4 


(5) 



4 2 
2 0 


— 1 0 

0,-1 O ’ 

0 1 , 0 



— 2 —1 

2,-1 -1 5 

-1 — 1.0 


T 7 : 



The numbers without an array are the numbers of F -points 
(direct at the top and inverse at the left) of like multiplicities. 
Of the columns within the array the first gives the order 
and multiplicities of the transform of a plane section, and 
the others the same data for the P-surfaces which correspond 
respectively to directions about the P-points. The notation i,j 
within an array represents a square matrix with principal 
diagonal elements * and other elements j. A precise definition 
of the three types is 

P s = T b = A im (56) • A liie (34); 

T 7 = A 18 84 (56) • *4j* 5 8 (34) • As 4S 0 (12). 

The symmetric type T 7 has the explicit expression: 

(7) T: y'o = -Yo+ 2L, r ' t = -Yi + L (t = 1,-, 6). 
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Corresponding to the ways in which the groups of P-points 
can be selected from Ql there is one type T 1 (a collineation), 
15 types T s , 15 types T 5 , and one type T\ The 6! per¬ 
mutations of the y’s combined with each of these types yields 
the group g f ,^ of order 6! 32. 

The surface of order y 0 and multiplicities y t may sometimes 
be represented more conveniently by the linear polar of the 
value system y with respect to the invariant quadratic form 
Q in (4). Thus the form 

W 2 f 0 Yn — Ci y t —-- c e Yo 

represents a surface of order c 0 and multiplicities c ,. In par¬ 
ticular the invariance of L indicates that the web of quadrics 
on Q'l passes into the web on the congruent set Q». Also 
the 32 types of Cremona webs noted above are represented 

by the forms: 

T l --- 2 y 0 ; T s - 6y 0 - 2/,-2p 4 , 

(9) T' - 10/'o 4y t 4y 2 2 y s ••• 2;'#; 

T~ 14;- 0 — 4/q—• • • — 4^e- 

The P-surfaces of Q'l, read off from the colums of the arrays (5), 
are 32 in number and are represented by 

PUY zs- y,\ P[ijk)' — 2y 0 — y> — Yj — yk; 

1 ° P(rj k I m nf 4y„ — 2y l — y J — - y„. 

These divide into 16 pairs, each pair a quadric on ($, 

P, = PQf. Pif-jktmn); 

U1) I\jk = Pimn = PUjk)' • PilmnY, 

which are permuted as entities under 
The equations (7) show that T\ as a collineation on 
the y's, is a harmonic perspectivitv with linear space L of 
fixed points and center at the pole of L as to Q. It is then 
an invariant element of g which with the identity makes 
up an invariant subgroup in of //»,.». The same equations (7) 
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show that the quadrics on Q] are transformed into those on 
Qe in such wise that each of the 16 quadrics ( 11 ) passes 
into the like quadric on Q From this it might be inferred 
that the two sets Ql, Qe congruent under T 1 are projective. 
The same inference is an immediate result of the defining 
property, noted in 15 , of the cubic transformation A ltS4 ; 
namely that if two ordered sets Ql, Q't are congruent under 
they are projective under (56). For T 7 is ex¬ 
pressed in ( 6 ) as a product of three elements of this latter 
type. The sets Ql, Q' 3 congruent under T 1 may then be 
taken as superposed and T 7 is then an involution P which 
leaves every quadric on Ql unaltered. Also the net of 
quadrics on y is invariant whence P transforms y into y 
where Ql, y, y are the eight base points of a net. If 1 / 
coincides with y in some direction, one quadric of the net 
on y must have a node at y; conversely if a quadric has 
a node at y, the eighth base point y of the net on y 
is at y. Hence the locus of fixed points of P is the Weddle 
quartic surface, W (y), the jacobian of the web of quadrics 
on Ql, the locus of nodes of quadrics of the web i. e. the 
locus of points y from which Ql projects into a set El on 
a conic. From the Clebsch transference principle the equation 
of this locus is 


(12) W(y) = 


1135 y | | 425 y | 

1136 y | 1426 y \ 


145 y | | 235 y \ 

146 y | 123 Gy\ 


= 0 . 


The equation (12) shows that W(y) contains the line ql q :t 
and by reason of symmetry all 15 lines qTqj. The tangent 
plane of W(y) at qi must vanish since it can not contain 
the five lines qTqj. Hence W{y) has a node at q , with 
tangent cone Pifjklmri) 1 . Also, as a nodal locus, W(y) must 
contain the norm cubic C 8 on Q« and the ten double lines 
of the pairs of planes P(ijk)', P(lmn)\ 

The involution, A,t U (56) = (56) A 1 M 4 , shares with P the 
property that congruence of Ql, Ql 8 under it implies pro- 
jectivity in the identical order. When Q«, Ql 3 coincide, 
• 4 i»j 4 (56) is the cubic Cremona involution with superposed 
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P-points at g t , ■■■. q x which interchanges q 6 and q a . As 
elements of 7«, 8 the 15 involutions of this type satisfy the 
relations, 

^i«iu(56) • A,s<jj (46) = A 1MS (46) • A 12 S 4 (56) = Ai2so(45). 

(13) Ai23j (56) - Aissg (34) ^ 1253 (34) • Aj234 (56) 

— P 7 ■ A34J6 ( 12) = A 3 4 5 e (12) • l 1 . 

These are checked most readily by noting that any two equal 
products have the same order and the same effect upon the 
six P-loci. P(i)°. 

The 32 elements 1 , V, A y w (m n). J 7 A v u(mri) constitute 
according to (13) and ( 6 ) an abelian subgroup of 73,3 for 
whose elements congruence implies projectivity. This sub¬ 
group, /i 32 , is therefore an invariant subgroup of g 6 ,». When 
the congruent sets are brought into coincidence there results: 

(14) The six nodes Ql of the Weddle surface W{y) define an 
abelian Cremona group h 3t in spare which leaves IT( 7 ) 
unaltered. On W(y) the element P of h M is the identical 
t) ansformation and the pair of elements. P 3 = A 1231 (56) 
and T b = V- A ls .i 4 (56), has the same effect. The re¬ 
sulting /f 1(i on the points of H r (y) is isomorphic with the 
group G.,t v {<f 32 ) of additive half periods (p = 2 ). 

If indeed A is <u (56) is identified with u — u -f P i6 where P 5B 
is a half period in the basis notation, the multiplicative 
relations (13) are isomorphic with the half period relations. 

Pm “i - P41! - P».->• P »6 P Pi4 — Pis- 

The elements of the invariant subgroup, // 3S . of 76,3 account 
for each type of Cremona transformation. The factor group h 3 , 
of h 3i with respect to 75,3 is therefore isomorphic with the 
permutation group of Yi . • • •. Yu or of the points , • • •, q e . 
This factor group can be represented as the Moore 47 cross¬ 
ratio Cremona group, fro, 3 , in S 3 . With ordered q iy • • •, qu 
the first five points are taken at an ordered basis B 
in (S, and the sixth at 7 . If the points are taken in per¬ 
muted order n, say q tl , ■ ■ ■■ 7 i e . and if the first five are then 
transformed linearly into ordered B, the sixth is transformed 
into the point y — ^( 7 ). The 6! points y so obtained will 
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each with B constitute a Q't which is projective in some 
order n to Qe — B, y. A simple algebraic apparatus for 
the representation of this group is the coordinate system 
yu‘--,y& where 

(15) Vi + ••• + y» = 0. 

The base B then has points with coordinates: 

?1 1 , 1 , 1 , 1 , Qi = 1 > 1 > 1 > 1 ) 4 :. 

If the parameters of Qe on C s are the e, ,•••,<?« of 35 and 
if this binary sextic be transformed linearly in such wise 
that becomes oc and that the sum of the transforms of 
e s , ■ • •, e 5 is zero then these five transforms are the coordinates 
y t , • • •, y 6 of the point which with B forms a Ql associated 
to Pi (cf. 16 ). The GOpel invariants (35 (2)) then yield GOpel 
covariants of which are quadrics on B, namely 

(16) (12) (34) (56) = (y, - y f ) (y s - y 4 ). 

The six irrational invariants A, F of Pi yield iiTational 
covariants A(y), • • •, F{y) of G s ,a where 

(17) A(y) = (y» — y 5 ) (yi — y s H-f (j/s—3/s) ( 3/5 — 3 / 4 ); etc. 

The six quadrics A(y), • • - , F{y) on B, subject to the relations 

(18) A(y)+...+F(t/) = 0, A a (y)-f •••+F 8 (y)zE 0, 

define the linear system of 00 4 quadrics on B. The linear 
relation is therefore to be expected. An interpretation of 

(19) A*(y) • A(y') + • •. +F*(y) ■ F(y') = 0 

is furnished by polarizing the cubic identity to get 

A t iy).A(y,y')A r ...+F i (y)-F(y,y') = 0. 

This shows that for given y, the quadric (19) in variables y 
has a node at y. Hence (cf . 16 § 2). 
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(20) The equation (19) for given y and variable y is the quadric 
cone with node at y and on B; for given f and variable y 
it is the Weddle quartic surface with nodes at the Ql = B, y'. 

We have thus identified the invariant h %t of the linear 
group, g it s, as well as its factor group h^ with Cremona 
groups in S s . There is however no Cremona group in S t 
which is simply isomorphic with ge, s because of the pro- 
jectivity of congruent sets Q*. 

The behavior of curves under Aim leads to the dual form 
of < 76 , 8 - A curve of order Co with multiplicities c, at q t becomes 
under Aim a curve of order co with multiplicities c'i at q' t where 


( 21 ) 


c'o — Co-(- 2 Mum, c'% — d-\-Mim, Cj — cj 
(i — 1, • • •, 4; j — 5,6; Man = c 0 Ci— ■ • • — c 4 ). 


This substitution is the transposed substitution of the in¬ 
volution Ai 2 S 4 in (3), and therefore its dual, with invariant forms 


122) 2c 0 -c 6 , (? 0 -2c\ -2r 2 . 

The situation is expressed most simply by observing that 
a curve of order co and multiplicities d is transformed under 
regular Cremona transformation as the form 


Co Yo — Ci Y\ -— c« U 

is transformed under ^ 6 , 8 . The ^-curves of the second kind 
(cf. 5 * p. 198) for the transformations T with jF-points in 
are sixteen in number and are represented by the forms: 

(23) / = 3y 0 —yi —- -n, fv = ro — Y,— rj- 

They are then respectively C s and the 15 lines qTqj- They 
are transformed among themselves by the elements of g e ,s 
with a change of sign if a particular curve is an F-curve 
of the corresponding Cremdna transformation. For example 
Aim transforms / 12 into — f Si , ft into ft, and / 86 into /. 
The occurence of —/ S4 indicates that / 1S is an F -curve of 
the second kind of Aim* 
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We shall have occasion in the next chapter to consider 
the reduction in the order of the transform of a curve due 
to incidence with these P-curves of the second kind. 

37 . Schottky’s parametric expression of the Weddle 
quartic surface. An elegant parametric expression of W(y) 
in terms of theta functions of genus two has been given by 
Schottky 61 . We reproduce this in part. The eight theta 
products of second order and like characteristic (P M in the 
basis notation) are (cf. 30(5)): 

(it) &16e(lt)> 00 ^*5# 00 , («) ^856 ( M )j ^4 (it) >^450 (?0i 

^iti(it) ^ui(it)} ^ias(n) ^*4ft(w)> ^ 145 (it) (it): ^s(m) -» 0 (h); 

of which the first four are odd, the last four even. In either 
set of four any three are linearly related (cf. 30 ( 8 )). Hence 
the 20 odd functions, 

U) F, jk — &i(u) &j(u) (u) '>,jk(u). 

are such that, in any set of four like 

Pi 5«' P158 , P556, Pl56 , 

any three are linearly related. Thus all 20 can be expressed 
linearly in terms of the four, 

Pljfll Pss«! P 3487 Ps4s; 

moreover each P v t which contains a subscript 6 can be 
expressed linearly in terms of P« 56 , P g6B , Ps 4 b- Only four of 
the twenty are linearly independent and these four may be 
equated to independent linear functions of y — y 0 . • • •, y 3 • 
Each P is then equated to a plane in S 3 (y ). Since the planes 
Pm, Pass, Ps 46 meet in a point, say q 9 , each P with sub¬ 
script 6 is a plane on q*. Thus from the symmetry of (1) 
there exists a set Q* in S 3 such that Fyk is equated to the 
plane on qi, qj, qk. If four independent equations of this 
Y\xA to*. fro t\ve coordinates y m terns oi t\te four 

F>jk then for variable ± n the point y runs over a surface. 
An equation of this surface is 

Piss Piss P)40 Pisa Pso JFtta F us F tii ~ 0 . 
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This is identically satisfied by (1) due to &uk(&) — i(«)- 

Since Fyk is a constant times the determinant \ ijky\ of the 
coordinates of the four points qj, qk, y, this equation may 
be written 

1135y j |425t/i 1146j/| |236y| 

(2) —c|136y[ (4261/1 1143yj |235f/| = 0. 

It may also have the alternative form 

|135j/| 1425 y | |126y| [436y! 

— c'1136 2 /1 j426j/j |l25y| |435y| = 0. 

On subtracting these two and using the identity 

1146y| |236y| — 1126y| j436y| = |136y| |246y|. 

there results, ate factoring out |136y| i246y' : , 

1135y| l425y| = — c|145y| 1235y| + c \ 125y| |435y| 

whence c = c = 1. Thus the surface (2) is the Weddle 
surface W{y) (cf. 3 6 (12)). 

Schottky goes on to show that the theta squares aie 
proportional to quadratic functions of the F’s. In the second 
set of four functions above ^ 5 («) ^o(«) is linear in 

(u), and ^ l46 (u)$*»(««)• Multiplying all three by 

(») • • • <>4 (n) («) and setting 

(3) ^,(»)-^(«).*«(«) = n 

the linear relation becomes 

Tl * \}\ (w) — aFut Fnr,-\-bFu b Ft»i- 

On the right there is a quadric with node at qt and simple 
points at ?„•••, q t . Due to the symmetry on the left this 
quadric must pass through ge also. D ^ en we se * 

//■i>a(») == Gt, 


(4) 
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G s is the quadric cone P(5* 12346)* • P(5)° (36 (11)). Again 
if we set 

(5) Gut — (?4Sfl = Pi 83 Fi B6 

then 

(6) IT • &I 23 («) = (?183 

where G lt 3 is the pair of planes P(123)‘ • P(456)\ In (4) 
and ( 6 ) the theta squares are expressed as quadrics on the 
nodes of W(y). But the theta squares are themselves 
linear in the coordinates Z(u) of a point on the Kummer 
surface (32). Hence K is the map of the Weddle surface 
by the web of quadrics on its nodes 
In this rational transformation from space >% (y) to space 
S»{Z) in which planes in S,(Z) correspond to quadrics on 
Ql in 8 s (y), the net of planes on Z corresponds to a net 
of quadrics on which contains Ql and a further pair of 
the involution I 7 . The transformation is then 2 to 1 in 
general but becomes birational on W{y), K{Z) since on W{y) 
the members of a pair of I 7 coalesce. If in the quartic 
equation K(Z) — 0 the coordinates Z are replaced by their 
values as quadrics on Ql, the square of W(y) must be obtained. 
Hence 

(7) The square of the jacobian, W(y), of a web of quadrics 
on six points is a quartic polynomial in four quadrics 
of the u’eb. This quartic polynomial is the equation of 
a Kummer surface birationally equivalent to W{y). 

The /-curve, C 8 , of Q« is on a net of quadrics of the web. 
It corresponds therefore to a point on K. Since the cones 
<?i, • • •, G e in (4) all contain C 3 , and the corresponding theta 
squares all vanish for u = 0 , this /-curve is determined on 
W(y) by u — 0 aDd corresponds to the node u = 0 on K. 
Similarly the 15 /-curves qi qj on W{y) correspond to the 
15 nodes u — Py on K. It is clear also from ( 6 ) that the 
conics in the even tropes of K correspond on W(y) to the 
double lines of the pairs of planes on $ and again from (4) 
that the conics in the odd tropes correspond to the directions 
on W{y) at the nodes. 
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38. Cremona theory of the hyperelliptic curve H$ +2 . 
The hyperelliptic plane curve, H p +2 , of order p+2 and 
genus p with j?-fold point at 0 ( 0 , 0 , 1 ) and equation 

(1) Hp +2 = fp x\-f 2fpJ r iX2-\-fpJ r 2 = 0, 

has 3p — 1 absolute projective constants. Indeed the {p-\- 2) 
x(j> + 5)/2 constants in the general (p-f 2)-ic are reduced 
by the p(p-j-l )/2 conditions for the p-fold point at 0 and 
the six constants in a collineation C which leaves 0 fixed. 
The forms f p , fp^-i, fp+z contain 3p-f 6 coefficients one of 
which is a factor of proportionality and six of which may 
be removed by C. The curve is birationally equivalent to 

(2) z 2 = («0 2p+2 = fpfp+ 2 —fl+l (V -*1 = 

whose moduli are the 2 p — 1 independent cross-ratios of the 
binary (2 p + 2)-ic. Hence 

(3) There are 00 ^ curves Hf ~ 2 all of which are projedively 
distinct hut birationally equivalent. 

Before proving that these projectively distinct types are 
equivalent under Cremona transformation we consider the 
Cremona transformations T under which Hp 42 is invariant. 
The curve has a unique y\ cut out by lines t on 0 and the 
coincidences of g\ occur at the 2 p + 2 branch points r v • ■ •, r 2p+2 
on H p at which the branch lines, or tangents to H p from 0, 
touch. If H p is invariant under T, the g\ is also invariant, 
and therefore the 2p-\-2 branch lines also. For p 2 the 
branch lines are in general self projective in their pencil 
only in the identical order whence T leaves every line t on 0 
unaltered. Then T effects on a particular line t a projectivity n 
which either (a) interchanges the two points of H p on T or 
(b) leaves each of the two points of H p unaltered. In case (a) 
n is involutorial with two distinct fixed points whose locus 
for variable t is a curve H q with equation, 

H q q + - = 9 q *2 + 2 .9 ? +i *2 +$W2 = °* 


(4) 
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Since the pairs cut out on t by H p , H q are harmonic, 

fp9q+2 ^fp +1 9q+fp +2 Q<1 == ®* 

As thus defined by H q , P =3 JH q is involutorial. The branch 
points of H p are fixed points of IH q and therefore are on H q \ 
from the symmetry of (5) the branch points of H q are on H p . 
The 2g + 2 branch points of H q are the simple P-points of IH q 
whose P-curves are the lines t on them. The point 0 is an 
P-point of order 5 + 1 of IH q whose P-curve, 

( 6 ) L q = g q x 2 +g v+1 — 0, 

is of order 5 + 1 with 5 -fold point at 0 and simple points 
at the 2g + 2 branch points. Transformations of this type 
were discovered by de Jonquiferes (cf. 5 *p. 81; s5 p.98). The 
2^4-2 + 25 + 2 intersections of H p and H q outside 0 are 
determined from the eliminant of (1) and (4) with respect 
to Xs, namely 

4(44+2-4+1) (ffg ^+ 2 -^+l) 

P 9q-Y2 24+1 9»fp~\-2 9q ) 

Hence 

(7) The two curves, H p ( 1 ) and H q (4), with common multiple 
point O, are each on the branch points of the other if (5) 
is satisfied. Then each curve is invariant tender the 
Jonquicres involution for which the other is the locus of 
fixed points. The involutions IH P and IH (J are permutahle 
and form ivith the identity and their product, IH p + q+ 1 
with fixed curve ( 8 ), a four group. 

The equation of Py+ 9 +i, the locus of the common harmonic 
pair of (1) and (4) is 

f p f p +1 f p +1 

(8) Hp+ q j r 1 = g q g q +1 g q +2 — o. 

1 — x % rf 

For special relative values of the coefficients of the binary 
forms f g in xq, x u linear factors in x 0 , x t may separate out 
and the order of the product IH p + q + 1 be correspondingly 
reduced. 
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For given H p the curves H q which satisfy (5) lie in a linear 
system and cut out on H p a g'QXi-p- The existence of this 
system for q>(p — 2)/2 furnishes conditions on 0 and the 
2 jj + 2 branch points r. This set, i^ p + 8 , which in general 
has 4 p — 2 absolute projective constants, has in the present 
case only the 2>p — 1 inherent in H p and therefore is subject 
to p— 1 conditions. If p is odd (p = 2k-fl) there is 
a pencil of curves Hk with fe-fold point 0 and simple points r. 
Of these simple base points k are determined by the others 
and the 2 k — p — 1 conditions thus obtained. If however p 
is even (p = 2 &-f2) there is a unique curve Hk and a net 
Hk+i on Tf lp+8 . If 0 and 3/c-f 5 of the points r are given, 
the web of curves H k +1 on 0 and these points (which 
contains a pencil made up of Hk and an arbitrary line t) 
cuts Hk in a g[ +1 . If then a further point r is given on 
Hk the h remaining points r are determined as the inter¬ 
sections of H k with a proper Hk+\ of the web on r, Thus 
the set is subject to 2&-f 1 — p — 1 conditions. Hence (cf. *). 
(9) The p — 1 conditions on the planar set of points Blp+t 
consisting of the 2p-\-2 branch points r,, • • •, r 2p +2 of 
Hp 1 2 and of r 2p +s — 0 are: when p — 2kf\, that there 
be a pencil of curves Hk on JtZp+s with k-fold point at 0\ 
and when p = 2hf 2 that an Hk and an Hk+i with 
multiple point at 0 meet in R'i P fs. 

There are special hyperelliptic curves H p for which curves 
Hg(q<-(p — 2)/2) satisfying (5) will exist. For example 
H„ -f 9+ i in (8) is such a special curve if q + p when p + q 
is even. 

Returning to the case (b) above in which H p is the locus 
of fixed points of T, the effect of T upon t is determined 
when the correspondent of 0 on t is located. The locus of 
these correspondents for variable i is a rational curve of 
type L q in (6) and T is a Jonquiferes transformation of order 
q -f 2. Since the q directions at 0 are self corresponding 
they must coincide with those of H p at 0 and Lq has the form 


(10) 


Lq — fp 9q—p “i" ffq-r 1 0. 
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The 2 q + 2 simple F-points of T are the intersections of L q 
and H p outside the qp-\-p absorbed at 0. For particular 
choices of L q , T is periodic; e. g. if L q = f p x t -\- / p+ i = 0, 
T is the involution I H p . Hence 

(11) The infinite discontinuous group of Jonquieres trans¬ 
formations which leaves H p unaltered has an invariant 
abelian subgroup of index two each element of which has 
H p as a curve of fixed points and is determined by a 
curve L q in (10). The remaining elements all are in- 
volutorial of type IH q in (7). 

Let H p and H p be two protectively distinct curves which 
are equivalent under a birational transformation B'. Since B' 
followed by a properly chosen collineation will superpose O' 
and 0 as well as the two sets of 2 p -f- 2 branch lines, this 
situation will be assumed. Then B' transforms a point of 
H p on a line t into a point of Hp on this same line. Let 
«!,•••, a p be the points on H p which pass into the p-ad of 
points on H' p at 0. Through the points a pass a curve L q , 
of sufficiently high order, to meet H p outside 0 in 2 q + 2 
further points /?. Let the line t cut H p in y, , y t \ H p in 
y{, y' 2 \ and L q in 6. On t there is a projectivity which sends 
Y U r», d into Yu Yu 0. For variable t these projectivities 
define a Jonquieres transformation J' q of the plane, which is 
of order qf- 2 since L q passes into directions at 0. The 
projectivity becomes illusory only for lines t on the 2q + 2 
points fi. These points and 0 are the .F-points of J' q . Any 
other choice of rational curve L q ■ on «i, •••, u P would lead 
to a J q ■ such that J' q • Jg' 1 would leave H p invariant point 
by point. Thus J q ■ is the product of J q and an element of 
the invariant subgroup of (10). Hence 
(12) Two curves, H p and H p , which are birationally equivalent 
are equivalent under Jonquieres transformation of the plane. 
The ccP projectively distinct curves H p which are biratio¬ 
nally equivalent to H P are determined by the cc p p-ads 
a p on H p . 

Two points which are paired in g\ will be called “super¬ 
posed points”; and the superposed points of a fr-ad of points 
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will form the “superposed fc-ad.” Since under IH q in (7) 
the p-ad at 0 and its superposed p-ad on H p are inter¬ 
changed, any two superposed p-ads on H v determine the 
same projective type Hp. 

The planar set R 2p +» made up of the branch points r 2 , • ■ ■, r 2p +2 
of H p and of 0 is projectively a special set subject to the 
p—1 conditions implied by its situation with respect to H r . 
It is therefore natural to develop the theory of sets con¬ 
gruent to it under Cremona transformation with particular 
reference to those transformations which leave the form of 
these conditions unaltered, i. e. which convert H p into H' v . 
These are the Jonquieres transformations generated by Aon 
and permutations of n, • • •, r-, p + 2 . With superposed sets the 
elements 

(13) hi —■ 4 0 is-(12) - (12) • Aon 
are involutorial and satisfy the relations 

. , h, hs S Il2 — It 3t 

(14) 

h, hi — lulls — In hi — ••• — Atzsi, etc. 
Including the identity the 



elements 1 1 , 2 , ,->k constitute an abelian g.p,.+i. The element 
hi, ,i P +i is IHp under which the set Rl p +% is congruent 
to itself. Hence 

(15) Under Jonqn/eres transformation the planar set R~> p ^s 
defined by H p is congruent to 2‘ ir projectively distinct 
sets. The two sets congruent to Rl p + 2 under I\,i,.. ,ik and 
hk- fi, ., 2 P +2 are projective. 

Under such transformation the Incurves of the set, i. e. 
the curves which correspond to directions about the points, 
divide into two conjugate sets. The first set contains 2 2p+1 
members; one, the directions at 0, and the others, the curves 
of type Lkh'i, • • •, r 2 fc+ 2 ) {k = 1, • • •, p) • The 2- p+1 divide 
into the 2‘ ip pairs, L k (r lt r 2k + 2 ) and L p - k -1 (ran-s,••*,?>+ 2 ). 
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(16) Each curve of the pair Lk, L p -k- 1 meets H p in the same 
p-ad of points outside Ri p +*. The 2 2p p-ads thus defined 
on H p represent as in (12) the 2 2p protectively distinct 
curves H p whose sets R 2p +s are congruent to Rlp+o under 
Jonquieres transformation. 

For, Lk, L p -k -1 are interchanged by IH P and the intersections 
of either with H p outside ij|p+s are on both. A particular pair, 
L-i, L P , is the directions at 0 and the unique curve L p . 

The second conjugate set of F-curves divide into 2p-\-2 pairs 
each pair consisting of (a) directions at r, and (b) the line Or,. 

The arithmetic group, j 2 p+i, 2 , attached to these Jonquieres 
transformations has the order (2p -f 2)! 2 2p+1 . The group 
has the invariant involutorial element defined by IH p . The 
group also has the invariant abelian subgroup g#p+\ mentioned 
above. The factor group of order (2j? + 2)! appears as the 
permutation group of the conjugate set of 2p + 2 pairs of 
F-curves in which Aon effects the transposition (12). 

The discriminant conditions of the set R% p also divide 
into two conjugate sets under Jonquieres transformation. 
In the first conjugate set there are (2p + 2) (2p-f l)/2 pairs 
<Jy = 0, d (0 n rj) 1 = 0, indicating respectively that r,,rj 
coalesce, and that 0, n, rj are on a line. In either case 
H p acquires a node at r, = rj and the genus p is reduced. 
These are, of course, the discriminant conditions of the 
binary (2p + 2)-ic in (2). 

The second conjugate set arises from the condition that 
ri coincides with 0, i. e. that one branch of H P at 0 has 
a flexpoint at 0. The conjugates of this are of the form 
d(•••, r 2 *+8)' c+1 = 0 Qc = 0, ”’,p — 1) which represents 
the condition that there exists a curve Lk on 2/c-f3 rather 
than 2kfi-2 of the branch points. 

(17) The set R%p+b has under Jonquieres transformation a con¬ 
jugate set of 2 2p+1 discriminant conditions which divide 
into 2 2p pairs 

d(0* ri, • • •, r2fc-t-g) k+1 = 0, 

d(O p ~ k ' 2 r 2 k+ 4 , • • •, r 2p + 2 )*’ -k-1 — 0, 
either of which implies the other. 
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In fact under IH P the one condition passes into the other. 
The extreme case 6{O p ~ x ri, ■■■, r 2p + i) p = 0 pairs with the 
coincidence of r 2p f 2 and 0. 

39. Transcendental theory of Hg +2 . Application 
to the Weddle surface (p = 2). The points x of Hp +2 
are in one-to-one correspondence with the points 2 , t of the 
Riemann surface F defined by 38 (2). To the branch points 
ri,---,r 2p + 2 of H p there correspond the branch points 
ex, • • •, fc'ajH-a of F\ and to the p- ad of points of H v which 
coalesce at 0 there corresponds p distinct points on F. It 
is convenient to denote the point 2 , t on F by its corres¬ 
ponding point x on H p . 

Let p points x\, • • • , x p be selected on F as well as a path 
of integration to each from the fixed branch point r x . If 
v t is one of the p normal integrals of the first kind and 
we set 


( 1 ) 


• • • + r’ v t = (* = 1, ■ • •, J>) 


then for given u — m, • ■ ■, u p there is determined in general 
a unique jp-ad, x\, ■ ■ x p , the solution of the inversion problem 
(cf. 34), on F or on the curve H v . The superposed p- ad is 
determined by —u since in each term of (1) the integrands 
and limits change sign on F with z. 

The theorem of Abel (34) states that if xi, ■ ■•,x p + 2 are 
the points of intersection of a line with H p then 

(2) **»*+-f r' + \ = m. 

where the m, are constant for a variable line section. K 
the line section is on 0 then xi, ■ ■ ■, x p is the p -ad at 0 
and the other two points are in g 2 whence + ’^ +, L = 0. 
Hence 

(3) If in (1) Ut == wit when Xi, ■ ■ ■, x p are at 0 on H p then 
the p-\- 2 intersections of any line with H P are subject to 
the relations (2). Also the v — (n — It) p + 2 n intersections 
with Hp outside of 0, Xi, • • •, x v , of any curve of order n 
with h-fold point at 0 are subject to the p relations 
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(4) r\vi -\ -|- r \’( = (n — k)mi (i — 1 , •. p). 

If k = n — 1 these are just sufficient to determine as in 
( 1 ) the remaining p intersections when 2 n are given to 
determine the curve. 

It is proved by Krazer ( 4l p. 448) that the values of the 
integrals r [v(j = 2 , • ••, '2p -f 2 ) are congruent to certain 
half periods which, being mutually azygetic and subject to 
no other relation than that their sum is congruent to zero, 
may be denoted by Py in the basis notation. This transfer 
to the basis notation is, more precisely, the following: 


(*1 £ 2 • 

•M _ 

/Pm 

P 2 S46 

284587 ' * 

• P2,...,2p+1 \ 

\*1 *2 * 

• ej 2 ~~ 

'P.4 

Pj6 

^78 

• P2p-rl,2p+2/ 


If xi, • • •, x p are the points of H p on a line through two 
points r„ rj then from (1) and (4) this p-ad is determined by 

(6) u = m-\-P v . 

And in general 

(7) The p-ad of points cut out on H p by the pair of curves 
Lk, L p -k -i of 38 (16) is determined as in (1) by 

u ^ m + Pi,- , 2 fc +2 = mj-P/k+H, , 2 p+ 2 > 

The 2 2p protectively distinct types H’ p with sets R-ip+s con¬ 
gruent to R% p +s under Jonquieres transformation have p-ads 
at O' which arise from the p-ad at 0 on H p by the 
operations of the group of additive half periods. 

The following construction for the p-ad superposed to that 
at 0 on H p is a consequence of Abel’s theorem. 

(8) The linear system of curves Hp- 2 on n, •••, r 2p+2 ads 
H p in a g^flf The unique curve L p _ 2 on a set of g 2 frf 
cuts H p in the p-ad superposed to the p-ad at 0. 

For, Abel’s sum formed for the 2p + 2 points r t is 
P n -f P 12 -f • • • + Pi, 2} ,f 2 = 0. Hence according to (3) a set 

ar lt • • •, x 2v -2 of gfj? is defined by *\v H-f r*j~'v _ 2 m?. 

Also the additional p-ad n on L p — 2 is defined by 2m-\-n ~ mi; 
or n = — m. 
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If H p is birationally given, projective properties of it which 
are not also invariant under birational transformation are 
expressed by conditions on the parameters m of the point 0 . 
If for example m itself is a half period and congruent to 
— m, the ^?-ad at 0 coincides with its superposed p -ad and 
H p has a flex on each branch at 0. In this case the 
condition is directly on the parameters m.. We proceed to 
find others expressed by the vanishing of theta functions of m. 

Let the branch point r t move up to 0 to produce a flex 
at 0. The remaining p — 1 points x 2 , - - •. x v at 0 are still 
arbitrary and **v +- hr[v~m. Then ( 41 p.456VI; s = 1) 

(m + k) — 0 where ( 41 p. 451 (31)) k = (! * J M with 

\1 0 1 0 - ■ • /// 

y = 0, 1 according as p is even or odd. By comparison 
with (5), k = P 557 .. , 2 p +1 (p even); k — P uh 7 .. , 2 p+i (]> odd). 
There is still a choice for the designation of the original 
even theta function ^[ 0 , 01 * (u) and we set 

(9) ^[0, 0]*(«) — vtl357 .,2jH-l(t<). 

Then 0- (m-hk) — 0 when in the basis notation (m) = 0 
ip even), or & (m) — 0 (p odd). Hence 

(10) If the basis notation is introduced as in (5) and (9), the 
condition on the parameters m of 0 on H p that r, 
coincide with 0 is (wi) — 0 or -d (m) — 0 according as 
p is even or odd. 

This condition is one of the conjugate set of discriminant 
conditions described in 38 (17). The conjugates are obtained 
by carrying out the parallel transformations, I,j (38 (13)), 
and m nr m + P v - (cf. ( 6 )). The result is 

(11) The conjugate set of 2 tp discriminant conditions 38 (17) 
is given by the vanishing of the 2 2p odd and even thetas 
for the parameters m of the p-ad 0 on H p \ more precisely, 
if p is even, <5 (<y t r l r J • • •) ,c+1 = 0 when d-,jk- (m) — 0; 
if p is odd d iff 1 n r% rj r ic ■ • -) fc+1 = 0 if Hjk- ini) — 0 , 
while 6 ( 0 k r, rj •. •)* + ' 1 — 0 if 0-i V k ■ (m) — 0 . 

When p = 2 the set of six branch points n, • • ■, n 
and node 0 — ri of H$, is subject to the single condition 
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(38 (9)) that n, •••, r 6 are on a conic K. Under IHt, K is 
projected into itself from 0 and therefore meets Ht at the 
pair of contacts of tangents to K from 0. The line joining 
these contacts meets Ht again in the duad superposed to the 
node (cf. ( 8 )). 

The planar set R$ determines projectively its associated 
set Q® in space. On the norm cubic curve C* through 
q x , ■ • •, q % these six points have parameters projective to 
those of the six lines from r? to r x , ■ ■ - , n (cf. 16 c). Hence 
for all sets JS? defined by curves Hn birationally equivalent 
to Ht the points q x , • ■ •, q 6 may be fixed on C s . If q x , • • •, g s 
are projected from qi into a planar set Ql this set is 
associated to r x , •••, ( 16 b). Since r x , • ••, r 6 are on 

a conic, Qe is likewise on a conic ( 16 c). Hence q x is a point y 
on the Weddle surface W(y) with nodes at q ,, • ••, q 6 . 
Thus the 00 8 projectively distinct curves H 2 which are 
birationally equivalent and therefore determine the same 
q x , • ••, q B are represented by the go* points y on W(y). 

If, in i$, n, rj, n c are on a line, i. e. & V k (m) — 0 (cf. (11)). 
then, in Q®, qi, q m , q n , y are on a plane (16 (9)); if n and 
0 = r 7 coincide, i. e. (m) — 0 , then q t and y — qi coincide. 
Hence (cf. 37 (4), ( 6 )) the parameters u = m of the nodal 
pair on Ht are the parameters u in Scbottky’s parametric 
equation of W{y). The 2 2p = 16 sets Ri 2 congruent to R-, 
under Jonquiferes transformation (cf. 38 (15)) determine on 
W iy) 16 points y which form a conjugate set under the half 
period group, u' ~u-{- Py ((9), 36 ( 4 )). Indeed the association 
of R ? and Q® is unaltered when the transformations ( 12 ) Aon 
and ( 12 ) Aub& are applied to these respective sets (16 ( 8 )). 

If four points r x , . ••, r K are on a line, r 6 , r 8 are flex 
points at the node and u = m = P 69 ; y is then on the line 
q h q 6 . If u = m = 0 the nodal pair is a pair of g\. This 
is the indeterminate case of the inversion problem and can 
occur only when Ht is a doubly covered conic whose double 
?mts we the sets ui % Then $ \s q\\ s. wrn 0 st 

\W, associated $ is on with y at 

any point of O’. 
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The proportionality of the determinants \ijk\ and \lmny\ 
(y — q 7 ) was noted above. It persists for \ijx\ (x — 0) 
and \klmn\. For, if \klmn\ vanishes, then (ij) for the 
sextic (at ) 8 also vanishes (cf. 36 (2)); similarly if n, rj, 0 are on 
a line, two branch points coalesce to form an additional node 
and (ij) for the sextic of branch lines vanishes. These 
proportionalities are used in 42 for the interpretation of the 
theta relations. An extension of this application to the 
Weddle surface to values p > 2 has been indicated by the 
author es . 

40 . The figure, i$j, of six points in a plane. Occasion 
frequently arises to make use of the set lii, usually as part 
of a larger set, and some of its properties will be developed 
here. The determinants formed from the coordinates of three 
of the points r, or of two points r and a variable point x, 
are denoted by \ijk\ or \ijx\ respectively (i, j, k — 1 , •••, 6 ). 
The invariants of the binary set Pi (cf. 35) are expressed 
so simply in terms of the GOpel invariants that a natural 
point of departure for is the system of GOpel covariants 

(1) |»jar| \klx\ jwinarl. 

According to the Clebsch principle of transference these 
satisfy the same relations as the corresponding binary in¬ 
variants. If then a set of six covariants a, ••••/ is defined 
as in 35 (3): 

(2) a = j25x| 113i-j : 46ar| -\ -f- j32ar| j54.rj ) 16arj, 

with conjugates derived from the parallel substitutions 35(4), 
there follows 

(3) a -j- b — 4 151 x \ 42 x | j 36 x j, 

and furthermore 

(4) « + &+..•+/= 0, 0. 

The ratios of a, • ••,/ subject to (4) define protectively the 
pencil of lines from x to 
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The covariants (1), and therefore a, ■••,/ as well, are 
cubic curves on R%. Only four of these are linearly inde¬ 
pendent and there must be a second linear relation connecting 
a, •••,/. By proper combination with the first, the second 
may be taken to be 

(5) aa + 61>4- Yff ^ 0, «4-f>4-- , 4-/=0. 

These values a, •••,/ must be linear invariants of R «. For 
if Ht\ is given there can be only oc * line pencils from vari¬ 
able x to iifl. Hence, (5) must express the condition on the 
invariants a , ••■,/ of this pencil that it may exist. If on 
the other hand values a, •••,/ are given and five points 
ri, •••,»■* of R& also are given, x is uniquely determined 
and r e must lie on the sixth line of the pencil. As linear 
invariants, a, must be expressible in terms of the ten 

linear invariants 

(6) \tjk\\lmn\. 

The explicit form of these expressions and some of their 
algebraic consequences may be stated as follows ( 17 I§4): 

(7 ) If \ij,kl, mn j = \ikl\ \jmn \— \imn\ \jkl\ is the deter¬ 
minant of the coordinates of the three lines | ijx j, \klx\, 
\mnx\ then 

6d = 115, 24, 36|-)-| 14, 35, 26|-f|l2, 43, 56 J 
4- 123, 45, 16|4-| 13, 52, 461. 

Under parallel odd substitution, 35(4), a, ••■,/ do not 
change sign. Further typical relations are 

a — b = 115, 24, 36 [, 
d + e+f = — 11231 14561. 

The condition that be on a conic is an alternating in¬ 
variant whose sign is fixed by setting 

_ 113411(561j 15311 j461j 

di = |1342||562| |532||462| 


(9) 
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The complete system of invariants of Rjj is as follows 
(cf. 17 1 § 5): 

(10) If a it • • •, rt a are the elementary symmetric functions of 
a, • ••,/, a complete system of rational projective invariants 
of consists of , a 3 , a 4 , a 6 , o 6 and d t Vd where 
di -- cii — 4 a 4 awd 1 f~A — II (a — b). 

The linear system of ao 3 cubic curves on Rl maps the plane 
upon a cubic surface 2/® in Sg. If the system is given by 
a, • ■ ■ , f the equation of 2/® appears in Cremona’s hexahedral 
form (4), the sum of six cubes. The 45 tritangent planes 
of M*, as planar cubics, comprise 15 of the type afd — 0 
and 15 pairs whose equations are 

Ml (a fdf + + «)* + 7f(c + /)* = 0, 

(11) (ad = a i + 2d t -\-2dd + 2d t ). 

This pair can be factored in three ways one of which is 

( 12 ) {be -t- dz) {b + e) — (c/dr d t ) (c ~hf) = 0 . 

The three ways are equivalent due to the relation 

(13) — d\ — becffefad + adbe. 

There are 72 sets R'$ congruent to it* under Cremona 
transformation. In fact the only types of transformation with 
six or fewer .F-points ini?« are the collinealion, Am, ^i*s Am, 
-I 123 A 4 f, 6 , and A iM 2i 8S of orders 1 , 2, 3, 4, 5 respectively 
and numbering, according to the choice of the F-points in if«, 
1 , 20 , 30, 20, 1 respectively. The F -curves of the set are 
27 in number: the 6 sets of directions at points r x , the 15 
lines i\ r jy and the 6 conics on r,, rj, rs, n, r-m. These 27 
curves map into the 27 lines on If®. For given 1$ the 
directions at the points n map into a line-six on M$, i. e., 
six skew lines. For each of the 72 congruent sets there is 
on 27® such a line-six and a pair of sets congruent under 
the quintic transformation (two associated six-points) deter¬ 
mine a pair of line-sixes which make up a double six on 2 f® • 
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An analysis of the projective conditions implied by congruence 
is given in ( n II § 2). 

The arithmetic group g 6 , 2 (cf. 7 ), determined by the per¬ 
mutations of Yt, • ■ •, Yu and the 72 types of congruence noted 
above, has the order 6 ! 72 and is isomorphic with the per¬ 
mutation group of the 27 lines on Ml ( 17 II § 3). It has an 
invariant subgroup of index two consisting of elements of 
determinant +1. The Cremona group 6 * 6,2 in space 2 ' 4 , 
isomorphic to # 6i2 , is discussed in ( 17 III) as an essential 
element in the determination of the 27 lines on Ml. 

The complete projective system of i ?6 given in (10) is open 
to the objection that one of the invariants, d% X^d has factors 
which have different projective meanings. For, d t = 0 implies 
that is on a conic, and V d — 0 implies that Bl is made 
up of two perspective triangles. This situation is due to 
the choice of the group under which invariance is required. 
If the group is reduced to the alternating g 6 ,/ 2 , a complete 
system consists of a t , • • •, a*, d s and Vd\ if it is enlarged 
to a .9612 by allowing the passage to the associated set Bl? 
of ifjj, the system consists merely of 0 ?, ««. 

Of greater interest however is the complete system of Bl 
under congruent transformation. This is the complete system 
of the cubic surface M 2 *. Its members can be built up out 
of the 36 discriminant conditions of the set R. For they 
are likewise projective invariants and as such expressible in 
terms of the | tj k | which are discriminant conditions. The 
36 conditions comprise 15 of type S tJ — 0 which implies 

a coincidence of r,, ry, 20 of type 6,j k = 0 which implies 

that r t , rj, r k are collinear; and 6 — di — 0 which implies 

that i2e is on a conic. Each condition is associated with 

a double-six and, when satisfied, requires that Ml have a node 
and that the two line-sixes of the double-six coalesce into the 
six lines of Ml on the node. 

A coincidence of two points is not to be regarded as the 
identity of the two (two conditions) but rather as the co¬ 
alescence of the two in some direction (only one condition 
because the direction has one degree of freedom). Thus 
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a coincidence is peculiar in that it can not be expressed by 
a single condition on the coordinates of it*. Other dis¬ 
criminant conditions when expressed in the coordinates of Rl 
are satisfied when certain coincidences occur; thus \ ijk \ = 0 
is satisfied by d y — 0, d* = 0, d,fc = 0; and d* — 0 is 
satisfied by d y - = 0. The proper procedure is illustrated by 
the two types of irrational invariants of R%: 

(14) d* 1123|!4561, 113411234j ]3561|456|15121|612|. 

Each is of degree three in each point and their ratio l is 
therefore an absolute projective invariant. Each vanishes 
at least once for any coincidence. But the first vanishes 
twice for the coincidences d lg , d 18 , d g8 , d 4S , d 46 , d 56 and the 
second vanishes twice for the coincidences d 12 , d 84 , d 56 . The 
ratio l has then simple zeros when any one of the nine 
discriminant conditions, d lg , d 18 , d 28 , d 45 , d 46 , d 56( d, d lg8 , d 45g 
vanishes; and simple poles when any one of the nine, d lg , 
d* 4 ) d 66 , d 184 , d g84 , d 35# , d 4S# , d 8 i 2 , d 91g vanishes. The 10 in¬ 
variants of the first type (14) and the 30 invariants of the 
second type (14) are conjugate members in the simplest linear 
system of dimension 10 of irrational invariants of R% under 
Cremona transformation (cf. 17 III § 3). The 40 conjugate 
irrational invariants are permuted under Cremona trans¬ 
formation just as the corresponding 40 products of nine dis¬ 
criminant conditions under the permutation group of the lines. 

We return to the case when is on a conic K (dt — 0). 
The ternary projective invariant theory of R% can then be 
reduced to a binary theory. For with 

(15) Xo = t s , xi — t. = 1 

as a parametric equation of K, and with t = e l} •••, e 6 as 
the parameters of R* on K the ternary determinants are 
expressed in terms of the binary determinants, (ij) — e; — ej, by 


( 16 ) 


I V k j = (ij) d k) O' k). 
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In this particular case there is an interesting connection 
between the linear invariants a, *••,/ of R& and the linear 
invariants A, • ■ F of the parameters Pi (e, , • • •, ee). Also 
when x is on K 

( 17 ) A : B : ••• : F = a : b : ••• :/, 

since \ijx \ \klx\ \mnx\ — ( ij ) ( kl ) ( mn) • (it) (jt) ( nt). 

For given Pi, the value system A, F subject to 35 (5) 
determines a point A on a cubic spread Ml in S t , the co 3 

points of Ms representing the cc 3 protectively distinct binary 

sextics. If two roots of the sextic coincide, say e 8 = e 6 , 
the point A covers the plane whose equations are 

A + D — B + F — C + E = 0 (35 ( 6 )). If three roots 

e 4 , e 8 , e a , or the complementary three e, , e g , e 8 , coincide, the 
point A is fixed at 1, 1, 1, —1, —1, —1 which evidently is 
a node, n lt3 = n 48 », on Ms. Hence 

(18) The Gopel invariants 35 (2) map the system of o> 3 pro¬ 
tectively distinct binary sextics upon an Ms in with 
ten nodes, n,ju — m mn , the maps of sextics with a triple 
root. Ml contains 15 planes n 6e each a map of sextics 
with a double root. The plane n,j and node n V k are 
incident. Ms is also the map of an S s (y) by quadrics on 
five points q lt ■ ■■, q 5 (cf. 36(18)). 

In the latter mapping directions at qi map into the plane 
;t, 8 ; the plane q x q 8 q$ maps into the planer; and the line 

q t maps into the node n 848 . 

For given El on a conic, the linear invariants a, • • • f 
subject to (5) behave contragrediently to a, ■ • •,/, and there¬ 
fore (cf. ( 17 )) to A,..., F also. Hence these invariants map 
such sets iEe on K upon the S 8 %, d, in 8 . 4 . Since dl = al~ A a 4 
(cf. (10)), the locus of d is a quartic envelope, El. When 
e b — e 6 then (cf. (8)), d = d, b — f ~c — d and the S s , a, 
is on the plane It is easy to verify from the equation 

of El that a is then a double S» on El. But Ms, having 
10 nodes, is an envelope of class four and an 8 S on one of 
its 15 planes is a double S» of this envelope. Hence 
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(19) The linear invariants of Re, on a conic map such sets 
upon the Sg's in St which lie on the quartic envelope Et, the 
reciprocal of Ms. 

One may verify algebraically that point, A, and S & , a, are point 
of Ms and tangent space at the point. This situation gives 
rise to equations which express the a as quadratic polyno¬ 
mials in the A as well as equations which express the 
A VA (VA — n {a — ef) as cubic polynomials in the a (cf. 1# 
(26), (32), (33)). 

Given point A on Ms and tangent space a at ^4; the polar 
quadric of A cuts Ms in a locus of points A' which is the 
map from S s of the Weddle quartic surface W{y) (cf. 36(19), 

(20) ), the point y mapping into A'. The tangent space a 1 at 
A ' passes through A. On the other hand the point section 
at A of the reciprocal E», i. e. the S 3 ’s, a', of Et which are 
on A and therefore have contacts A', has a section by an 
arbitrary not on A which is a quartic envelope with 
16 tropes, and therefore a Kummer quartic envelope K*. The 
tropes of K* are the sections by - 3 of the tangent <S’ 3 , a. 
and the 15 S 8 ’s which join A to the planes n v . Thus point y 
on the Weddle which maps into point A' on Ms is birationally 
related to the plane of K* in which cuts the Ss, a’, tangent 
to Ms at A'. 

41. Theory of the Weddle and Kummer quartic 
surfaces in binary notation. The special coordinate 
system (cf. 17 ) set up by a cubic norm curve, C*, in S a leads 
to interesting forms of the Weddle and Kummer surface. 
We recall that the coefficients, —« 9 , 3a s , —3a ir a 0 , of the 
binary cubic, 

(a tf = (« 0 f 0 + a 1 t/ 

= «o^ + 3a i $t 1 +3n,#o < i + «,«ii 

are taken as the coordinates of a point in space S s . If in 
particular (a tf is an actual and not merely a symbolic cube 
the point lies on (’*. The reader will observe the double 
use of a 0 , «i on the one side as binary symbols and on the 
other as actual coefficients. 
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With equivalent symbols, 

/= (at)* = (ft O', 

the Hessian is (ab) 6 (a t) (bt)* = (pt)-(qt), and the cubic can 
be expressed as/= ^(pi) 6J r p(qt) 3 -, i. e. the point represented 
by / is on the chord of C 6 which cuts C 3 in points p, q 
whose parameters are the roots of the Hessian. Thus for 
given t in 

(1) ( ab )* (at) (bt) — 0, 

we have the equation of a quadric (since the coefficients 
of / enter to the second degree) which is the locus of points 
on a bisecant of C s through t, i. e. the quadric cone on C 6 
with vertex at t. For variable t, (1) is the equation of the 
quadratic system of cones on C 6 . 

Let (/it) 2 ~ fi 0 tl + 2/3 l t 0 t i +/3 2 i^ be any quadratic form. 
Then 

(2) (ah)* (afi) (b/8) = 0 

is again the equation of a quadric, the locus of bisecants 
of C 6 which meet C 6 in pairs of points with parameters 
apolar to (fit) 6 . For variable /3, (2) is the equation of the 
net of quadrics on C s . 

The Weddle surface is determined when its six nodes <$ 
on C s are given; let these points have parameters de¬ 
termined by 

(3) (at? = a 0 ^-f-6« 1 f 6 0 f 1 +--- + « 6 <t = 0. 

Then 

(4) (a a)* («b)* = 0 

is a quadric which cuts C s in these six nodes. For if (at)* 
is a perfect cube, i. e. (at) 6 = (bt) 6 = (t' <)* = (to t x —1( to) 6 
then (aa) 6 (ah) 6 = (at') 6 (at') 6 = (at') 6 . Hence the quadric (4) 
does not contain C 6 and therefore the web (cf. Baker * p. 56) 

(5) A (a a) 6 («&)•+ (ab) 6 (a/9) (ft/9) - 0 

* It should be noted that the interpretation of the symbol (mn) depends 
upon m, n. For cogredient symbols, (af) = a 0 /S,— “i£o; for cogredient 
variables, (st) = s 0 ti — *i U ; for symbols « and variables t, contragredient 
to each other, (at) = « 0 <o+ U. 
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of quadrics with parameters A, A, A, A is the web on Q«. 
On account of the symmetry of (5) in the equivalent symbols 
of f the polarized form of the web is obtained by assuming 
(at)*$(bt)\ 

If we assume that the polarized quadric (5) has a node 
at the point a the coefficients of b 0 , b lt b s , h s must vanish 
giving rise to four equations bilinear in the a’s and the /S’s. 
If from these the /S’s are eliminated, the equation of the 
Weddle surface W determined by Ql is obtained. If however 
the a’s are eliminated, the equation in planar coordinates /S 
of the Kummer surface K is obtained since plane sections 
of K correspond to adjoint quadrics of W (cf. 37)- 
The expanded form of (5) is 

A f«o (bo “e — 3 h, a 6 -f 3 h 2 « 4 — b 3 a 3 ) 

3 ci j (b 0 Kj 3 bi -(- 3 h 2 «g hg <*g) 

4~ 3 dj (A “i — 3 hi « s + 3 h s — h s «,) 

— (ho — 3 hi a s -j- 3 h» «i h s «o)} 

-f A(«i h 8 — 2a s b t 4- cr 3 h,} 

4~ A {— cio bs at bi 4~ cii hj — ag ho} 

4- A (uo A — 2 cti hi 4* a? ho} • 

The eliminations mentioned yield the following determinant 
forms of W and K (Baker* p. 65, p. 56): 


(6)- W = 


a 0 « 6 -3 Oi «5 4" 3 «4 - «8 «3 

0 

— as 


3(— Qq «g 4-3a, «4 — 3ag «g 4~ ag 

rts 


— 2ai 

3(ao «4 — 3ai « 3 4- 3 a* «»— as «i) 

— 2 a 2 

«i 

a© 

— Oo«j4 3fli a ! — 3ag «i 4- °s «0 

a x 

Oo 

0 


= 0 ; 


(7) K = 

A «6 — 3 A «a 3 A «4 + A A «* A 

— 3A«5 f*A a 4 — 2 A —9 A «s + A 3A«* +A 

3 A “■» "I - A —9 A «*4-A 9 A a s — 2 A 3A a i 

—A « 8 — A 3 A 4' A 3 A a i A ft o 

= 0 . 
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From the mode of derivation W is a simultaneous invariant 
of the cubic (atf and the sextic {at) 6 , of degrees four and 
one respectively. It must therefore be the bilinear invariant 
of («f ) 6 and that sextic which is the product of f — {a tf 
and its cubic covariant f — {a a")* {a a") ( n"t ) {a” tf, i. e. 

( 8 ) W = (a«) s {a"a) {a!"*)* {a! a"f (a a'"). 

Since the relation of / and /' is mutual, the corresponding 
points in S s are partners in a Cremona involution of the 
third order (whose pairs are on chords of C s and harmonic 
to the crossings) under which 11 ' is invariant. 

Similarly if K is arranged according to powers of ft 9 . say 

(9) K = K 0 /it+ 4 A', ftl +6 K, ftl + 4 K, ft, + A,, 

the coefficients of the various powers are simultaneous in¬ 
variants of the quadratic {fttf and the sextic (ut) 6 . From 
the degrees in the coefficients as well as, to some extent, 
their form, we may conclude at once that, to within numerical 
multiples, K 0 is the catalecticant of («() 6 , K , is the bilinear 
invariant of {fttf and the quadratic covariant (««') 4 (««") a 
xfa'a") 8 (a"<)*; K t is a linear combination of the bilinear in¬ 
variant of [(/*<)*]* a nd (« nr ’) 4 (« ff {a tf, and of the product 
{ft ft')*- (rca') 6 ; K 3 is the bilinear invariant of [(/? #) 2 ] 3 and (<ctf, 
and Ki is [Gtf/S') 2 ]*, From the form of A* it is clear that 
ft = 0 is the planar equation of the node 0, 0, 0. 1 of K. This 
is the node n — 0 in 37 which corresponds on IT to the 
cubic curve V s since the quadric (5) contains C* when ft s — 0. 

A section of the Weddle by a quadric on the nodes is 
determined when ft s and the coefficients, ft 0 , ft l , ft t , of {fttf 
are given. The corresponding section of the Kummer is by 
a plane with coefficients ft,,, ft t , ft*, ft 3 . In particular, if 

( 10 ) (a tf = {t v t)-{t t t) . (t n t) [{U t) = t ,0 U ~ hi t»], 

the tropes of the Kummer corresponding to the six cones on 
6 >s with respective nodes at Ql are given by 
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(ii) (40*, 4s = (u ty, o a = i,.. v, 6). 

We seek then the further values (4 <)*, 4s which define the 
ten remaining tropes of K associated with the ten pairs of 
planes on Ql. If then 

, . («0* = ( ct) s -(rt)*, 

’ (ctf = (0 0(0 0(4 0, O'0 s = (40(40(40, 
the equation of such a pair of planes is 

(13) Ass = Ass — (etc) 8 • (a' y ) 3 — 0. 

In order to express this in the standard form (5) the product 
(ct) s -(jT) s is written in a Clebsch-Gordan expansion ( S1 II 
p. 86); i. e. 

(cty.(rry = {(c0* (r0*}.* 4- 3 {(cr) (c0* (r 0*} T » • (t*)/2 
+ 9 {(cy) 4 (c o O' 0)r • «*)*/10 + {(cy) 3 ) . (f t)«/4. 

If in this t, r are replaced by contragredient symbols a, a' 
respectively there results 

Ass = (ca) 3 (ya') s — (a a)* (a a') 3 

+ 3 [(cy) (c 0* O' 0*, (« «') ( a 0* ( a 0*] 1 /2 
+ 9[(c>0 4 (c0 O'O, {a a’)* («0 (a’ 01*/10 
+ (cy) 3 -(aa') s /4, 

where [/, yf is the ft-th transvectant of / and <p. Since 
(a a') (a 0* ( a' 0* 0 and (««')’ = 0, 

Ass = {caftya') 3 

= («fl) 9 («a') 8 + 9[(aa')*(a0(a'0, (<*)• (c0 003/10. 

By comparison with (5) we find that 

(14) The ten even tropes Ass = Ass of </ie Rummer surface 
are given by 

(40 s , 4s = 9 (4m 0*, 10 

where 

(4m 0* = (4m 0* = [(40(40(40, (40(40(401*. 


10 
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The ten quadratics (A fa t)* are linear irrational covariants 
of (at) 6 . It may be proved that only nine such covariants 
are linearly independent with respect to numerical coefficients 
and that all may be expressed in terms of the ten given 
in (14) which themselves are related as in 

(15) 2 10 (tv* t)* =s 0. 

In order to find the nodes of the Kummer surface it is 
convenient to use as point coordinates b 0 , b u b* (the coeffic¬ 
ients of the quadratic (b t)*), and b s with an incidence condition 
with respect to the above planar coordinates of the form 

(16) (W+a»A = o. 

In terms of the usual coordinates y, tj this is equivalent to 

Vo'Vx' • % — A • A -■ A ; A; 

yo-yi-yi-ya = b*: — 2 b t : b 0 : b 3 . 

The node Py is on the three tropes D, — (< t t'f, 0; Dj — ( tjt )*, 0 
(cf. (11)); and Py fc = 9 (A* t)*, 10. It is easily verified that 
Py = 10 (U t) ( tj t), — 9 [«< t) (tj t), (Ait *)*]*. The result 
should be symmetric in k, l, m, n and by a direct cal¬ 
culation of the transvectants one verifies that 

(17) «v = fa 0* (tj O', (4 0 • • • (4 01* = 3[(*, t) ( tjt), (fa <)*]*• 
Thus 

(18) The fifteen nodes Py other than u = 0 (0, 0, 0, 1) o/ 
the Kummer surface are given by 

(bt)*, b 8 = 10 (tit) (tjt), — 3cy. 

Since t)* can be determined from its bilinear invariants 
with respect to the three independent quadratics (tit) (tjt), 
(fit) (ikt), ( tjt)(tkt ), there follows from (17) that 

3(A fkty — 3 (famnty 

— {(Jk)cjk(ti 0*4- (kt) Cki (tj 0 *+ (if) Cijdkty}! (ij k) 

= {(mn)Cmn(tlty+(nl)Cnl(tmty 

+ ( Irn ) Cim (tnty)l(lmn) 
where (Imn • • ■) = (U U) (ti t„) (t m U) - • •. 
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Parametric equations of the Kummer and Weddle surface 
are easily obtained in the representations used here. If (at)* 
is a point on W such that the bisecant to C* meets C* in 
t — r, t = s then (at) s = ^(rf) 8 -(-/t(s<) 8 . The cubic covariant 
of (at)* is then X(rt)*—y(st)*. The product of the two is 
apolar to (atf as in (8) if X*(arf—p*(a S ) 6 = 0, i. e., if 
X:fi = V^(as) ft : V^ar) 8 . If then we take the underlying 
relation of genus two in the form 

(20) S: z* = (at) 6 , z r = VWf, 

(at) 6 represents a point on W if (at) 6 = z s (rt)* +z r (st)*. It 
arises from the pair of points r, z,\ s, z s (or the superposed 
pair r, — z T \ s, — z s ) on 8. The second way of pairing these 
four points on 8 into r, s, — z a and r, — z,\ s, z s yields 
the second point on W on the bisecant to C’ 3 through the 
first point. 

If in the equation (5) of the quadric on we set 
(atf = (bt)* — z s (rt) 3 -)r z r (st'f it becomes the equation in 
planar coordinates fio, fit, fis, fis of the corresponding point 
on the Kummer surface. The result is 

fis hr z s + («r) 5 («s) s ] + (rs)* (fir) (fis) — 0. 

By comparison with the incidence relation (16) w’e find that 

(21) The parametric equation of IF referred to C* in terms 
of two points, r, z r and s, z s , of S in (20) is given by 
(at) 3 = z s (r 0 s + Zr(st) 3 ; that of K is 

(It)*, th == (rs)*(rt)(st), z r Zsf (ar) s (as) 3 . 

If r — 8, the point of K is the node u — 0 with coordin¬ 
ates 0, 0, 0, 1; if (rt) (st) — (f, t) (t 2 1). the point of K is the 
node given in (18) since («fi) s (atf) 3 — —3cy(<!<*)*/ 10. 
This parametric equation of K differs from that given by 
Hudson ( 36 p. 19) in that the coordinate plane opposite the 
node u = 0 is not a particular even trope but rather the 
sum of the ten even tropes for which, according to (15), 
(ft)* = 0 in (fit)*, fit. This particular plane section of K 


10* 
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corresponds to that quadric on Qj, (a a ) 9 (aft ) 8 = 0 , which 
has the projective definition that it is apolar to the net of 
quadric envelopes on the planes of C *. 

The planar parametric equation of K in terms of (rt), 
(. si ) is derived as follows. For ( at )* in (5) a point of W, 
(fit)*, fi s are to be determined so that (5) is satisfied by all 
values of b. Thus on replacing symbols b by variables t to 
obtain fi s (a a) 9 (a t) s — (afi) (a t)* (fi t) ~ 0 , and then replacing 
( at )* by z 3 (r t)* + z r (st)*, the fi ’s are to be determined so 
that 

fis [z, (« rf -f z r (a s) 9 ] (a if 

+ (fit)[z,(rt)' (fir) + z r (sty(fis)\ = 0. 

If (fit)* is expressed as 

(22) (fi ty = ko(rt)' +2 k, (r t) (s t) + k t (st)*-, 

and if (at) is expressed in terms of (rt), ( st) from (rs)(at) 
— (st)(ar) — (rt)(as), the identity is satisfied when 

k 0 = — 3£4zg-(ar) s («s)+z r -(ar) 9 (Ks) 4 ], 

(23) fi» — Zr Zs (r s) 4 ; h = z r z» [z r z» + (« r) 9 («*)*], 

k 2 — — 3z T [z a -(ary(asy+Zr-(ar)(asy]. 

Hence 

(24) In terms of the binary parameters r, s and the irra¬ 
tionality z r , z s the parametric expression of the envelope 
K is given by the (fit)*, fit defined in (22), (23). 

In order to connect the algebraic parameters r, s of a point 
on W or K with the hyperelliptic parameters u x , w 2 we pursue 
the article of Schottky 81 begun in 37 . We first observe that, 
as a consequence of 18 B the function 

fi\g'. h'} (u) ■ d/du L &[g, h] (u) — &[g, ft] (it) 3/9 it x & [g', ft'] (u) 

is a theta function of the second order and characteristic 
[^ + g , ft + ft']. The theta relation, 

(25) «i -f- a t O't ■tfsit “I - a s 0‘s ^isi — 0, 
has the derivative 

2* a i 8/9m x itjia ihjki 9/9m x *fy] ^ 0 (i, j, k — 1> 2, 3). 
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Setting 2* 3/3 Mi &ju — Ojtu 9 / 3 Ui $,] = 2 Ry we observe 

that Ri is an even function of the second order and character¬ 
istic P fi6 . It is therefore a linear combination of $ 8 $ e and 
$i*s $i*6- Since R x and $ 5 $ 6 vanish for u = 0 while 
$i*s $i*« does not, R x must be a x $ 5 $ e . With a similar 
argument for derivatives with respect to m» we find that 

tty $1 d $J84 -(- ttj, $g d $314 -(- flfj $8 d $184 

— i a l dUy -j- 0* dill) $5 $6, 

a l $*34 d $l -f- $814 $* “f - ft S $1*4 $8 

= — (ai c? Mi + a* d m*) $5 $ 6 . 

If (25), (26) are multiplied by 77 $ t $ s $ s $ 4 and the planes 
P v * and quadric cones (?, introduced as in 37 (1), (3), (4) then 


(27) 

Let 


tty Gy F t 84 + «j G t F ,84 + «S &S F 1U — 0 , 

tty F SSi dGy-\-tti Fy U dGi + a, F ltt dG t 
— —2 n* {ayduy-\- a t dut). 


(28) P = Gy- (?*•• •• (?6 = n\ 

Then n* = P»« and Z7 4 = P 1 ' 2 = <?i 0,0, F iie /Fu t . Hence 
on W there is a linear function, v = — (ayUy + a*M*)j of 
the arguments u x , u? whose differential can be expressed in 
the form 


(29) 
where 


dv — {.ay P 8 S 4 dGy + a* P.,34 dGi + tt t Fm dG s )/P 1,4 

= - («1 (?1 dFisi -j- tt t (?j if P,84 -j- ttg Gt dFytt)/P 1 ^ 


tty Gy P„4 + «, Gt P,84 + «3 Gt Pl*4 — 0. 


Because of the unsymmetric character of this expression 
with respect to the nodes 1, 2, 3, 4 of W there must be 
a second differential of the same sort and hence duy and du t 
admit of such expression. Schottky then closes with the 
remark that if y Q , y y , y i} y t are planes in *S 5 and Qo, Qx, Qt, Q» 
quadrics on Ql, the 16 cubic surfaces yxQj on Qg must be 
connected by two linear relations Fiiy 0 , yt] Qo, Qs) = 0 
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(i = 1, 2) (cf. Baker* p. 78). Thus on W = 0, for proper 
choice of the numerical factors in Ft, 

(30) din = Fi(dy 0 , • • •, dy s ; Q 0 , ■■■, Q»)/P m (i = 1,2). 

If now the point y in S a is determined by the coefficients 
of the binary cubic (at)* with hessian (ht)*, the two relations, 
Fi = 0, just mentioned are a consequence of the fact that 
the cubic has no linear covariant, and therefore the polar 
(ha)* (ad) vanishes identically with respect to a 0> a,. For 
here the coefficients of (ht)* are quadrics not merely on 
but on C*. Hence 

(31) dv - (hda)* (da^/frtty.frtt)* . (ht e )* 

since (h U)* is a constant multiple of Oi in P and the constant 
can be incorporated with a 0 , a i • Taking 

(a 0 s = (r t)*!z r + (s t)*/z s , (h t)* — 2 (rs)* (r t) (s t)lz r Zs 

in order to ensure that W — 0 and also that the coefficients 
are of degree zero in the parameters r 0 : r x and s 0 :si, and 
recalling that 

2 V = (ar) 9 , 2 Zr dz r = 6 (ar) b (a dr), 

we find that 

(dat)* = — 3(ar) 6 (at) - (rt)* (rdr)!z r -(ar) e 

— 3(as)® (at) ■ (st)* ( sds)/z s • («s) 8 , 
(hda)* (dad) — 2(rs)® [— (r<r) (rdr)/z r + ($<*) (sds)/z s ]/z r z s , 
(ht,)* . (ht 6 )* = 2 6 (rs) 1 */zJ z* a . 

On substituting these values in (31) and incorporating the 
factor 1/2 1/2 with <r 0 , a, there results 

(32) dv = —(r«r) (rdr)/z r J r(sa) (sds)lz t . 

The general integral of the first kind with parameters a 0 , o ,, 
for e* — (at)* is f(—+ t)dt/z t , or, in homogeneous form 
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withrf = < 0 :< 1 , is J {at) {tdt)lz t . Hence, dv — a dui+ftdtk 
where 

r .~*r C*' 1 ' 

dvi-{- I dv i, 

»• = f" 

Vi and Vi being the normal integrals of the first kind. 

42 . Theta relations as projective relations. In the 
foregoing sections the theta functions of genus two have 
been connected with the projective figures: Pi (cf. 35 ), six 
points on a line; Ql, y (cf. 36 ), six points in S s , and y 
a point on the Weddle surface: and Pe,, 0 (cf. 39 , 40 ) six 
points in the plane on a conic with a seventh point 0 in 
general position. The coordinates of the points in such sets 
are related by a variety of determinant identities. The ratio 
of two terms in such an identity can be expressed in terms 
of double ratios determined by the projective figures. On 
the other hand (cf. 30 ) the theta functions are subject to 
a variety of relations which essentially are identical with 
the projective relations which are consequences of the deter¬ 
minant identities. We give here the formulae "by which the 
transition from one type of relation to the other can be 
effected. 

Beginning with the modular relations (30 V, VI) let 
Ft — pi , • • •, p e be a planar six-point with determinants 
\ijk\ = | , pj, Pk I; and let 

( 1 ) '^ijk == &Imn == *\jk £lmn\ ijk\ \ lmn\. 

The relations V then show that these zero values of the even 
thetas define Pi projectively (cf. 40 (6)) since the determinant 
products satisfy the same linear relations as the namely: 

(—1/ tfy-ft e imn I ijk I 1 1 m n | -f- (—1)* £yi tkmn | ijl \\kmn\ 

+ (—1 ) J £iki£jmn\ikl\ [ 7 mn I-f (—■!)•' eWt imn \jkl | \imn\ — 0 . 
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Since the modular functions depend on three moduli and 
Pe depends on four absolute constants the six points are 
subject to some relation. On substituting from (1) in 30 VI 
and comparing the result with 16 (5) it is clear that the 
set P« is self-associated and therefore on a conic. Thus 
of the 15 relations V only five are independent, and of the 15 
additional relations VI one is sufficient to imply to others. 
If the conic on Pt is taken in the normal form 

x 0 : Xi : x t = t* : t: 1, 

and if the point pi has the parameter t = e*, then \ijk\ — (ijk) 
(cf. 30 (9), (10) (14)). The relations VI then reduce to the 
binary identities 30 VI° and the relations V to the determinant 
identities 30 V°. It should be emphasized however that the 
P% thus defined on a conic is not projective to the set R\ 
mentioned above. The distinction between the two is brought 
out later (cf. p. 155). 

In the discussion of the set Q$, y it is more convenient to 
use the theta relations 301 °, . •IX 0 as revised by Schottky. 
Since Ql is associated with P<f determined by t — e< (i = 1, • • •, 6) 
the quaternary determinants are proportional to the binary 
differences and we set 

(2) | ij k 1 1 = fijldmn (wi n). 

The quaternary identities then are satisfied by virtue of the 
binary identities. In harmony with Schottky’s definition 
(37 (1)) of Pyfc, the section of the Weddle surface by the 
plane on q t , qj, qk, we set 

(3) \tjky\ = tyklmn (l M n) <Tj (u) Oj (u) O k (u) ffyfc (u) 

where as before 

(Imn) = (lm)(ln)(mn) — (ei — e m ) (ei — e») {e m — e n ) . 

The relations 1°, VII 0 , VIII 0 are then consequences respect¬ 
ively of the determinant identities: 



42. THETA RELATIONS AS PROJECTIVE RELATIONS 153 

12342/11156y| — 1134y||256y| 

+ I124J/II356J/I — 11232/! |456j/| = 0 , 
|2356||166y| —|1356||256y|+ |1256||356y| = 0, 
|126y||346y| —|136y||246y| + |236y||146y| = 0. 

The other relations involve the odd functions whose squares 
are to be identified with the cones G l with vertex at q t and 
on C *. Expressions for these cones are obtained from IX 0 . 
Taking IX° in the form 

°i* 6 (tt)Oi 34 (u) °"]86 (w) ° 1 U (u) = i (23) (45) <T, (u) (u ) 

and multiplying by c? a 2 a g o 4 a & to introduce the determinants, 
the cone G t is obtained, and in conformity with this result 
we set in general 

Gi — \ikmn\\ijln\\ikly\\ijmy\ 

(4) — \ ij mn\\ikln\\ikmy\\ij ly\ 

— (jklmn) ■ II■ a* (u). 

The apolary invariant, (j i<jk , of the pair of points g Jt q k with 
respect to the cone G, is 

(a) fh.jk — e jklmn (jk) {l mn). 

The relation connecting four of these cones is therefore 

tjkimn (i m n ) Gi -f e Mmn (j m n) Gj 

+ f ijlmn (fc m n) Gk + £ >jkmn ( l m n) Gl = 0. 

This is a projective quaternary relation 
are modified by using (2). If in the projective relation (b) 
the Gi are replaced by o?(n) from (4), the theta relation II 0 
is obtained in the form 

(c) O 'kl) <r? (w) — {ikj)aj («) -f (ijl) (u) — (ijk) af (u) — 0 . 

Projective relations connecting the pairs of planes on Ql and 
the cones Gt may be similarly established and similarly trans¬ 
lated to obtain the theta relations 111° and IV°. Thus the 
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transference formulae (2), (3), (4) suffice to establish the 
identity of the projective relations with the theta relations. 

We consider now the set 1$ which consists of the six 
branch points and the node 0 = r-i of the hyperelliptic 
curve H*. It was noted in 39 that this set 1 ?? is associated 
with the set ($ = ($, y determined by a point y on W 
whence 

(d) \ijJd\ = eijkim.nl \ijky\ = tykiimn \hnn\. 

Comparing this with (2) we can set 

(e) | m n 7 | — (mn) 

which states merely that the lines from ?- 7 to r a are 

projective to the fundamental binary sextic. Then according 
to (1) 

(5) K* = ^rnn = * I \^\'jkl\ \lml\ \lnl\ \mnl\. 

From (3) and (d) there follows 

| ijk | | Imn | = (him) (ijk) ■II • a^ k («). 

If II be deleted from the squares of the a(u)’s as a factor 
of proportionality and if the ff’s be replaced by the &’s 
[cf. 30 (10), (11) and (5) above] then 

(6) ^ijk K* («) = e ,jk f Imn I *J A ' m 11 • 

Again if (d) be applied to 0, in (4) the factors e cancel 
and Oi becomes after deleting tl and passing to (n) 
(cf. 30 ( 10 ), (11)) 

Hi — |yZ7| \kml\ \jmn\ \kln\ — \kl.l\ |,?m7| \jln\ 

^ — (jklmn) m • 0\(u). 

In this ( jklmn ) — (jk) • ■ • (mn) is to be evaluated for the 
plane from (e). Hence by virtue of (5), (6), (7) the theta 
relations 30 I, •••,IX are satisfied by the planar set 2$. 
The coordinates of the six branch points R& can be rationally 
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obtained in terms of the irrational invariants \ijk\\lmn\ 
(cf. 17 1 p. 197). When these are located the double ratios 
of the six lines r 7 — , • • •, r 6 can be rationally obtained 
from (5) (cf. 15 ) and r, = 0 thereby is rationally determined. 
Thus the branch points and node of H% are expressed ration¬ 
ally in terms of the theta and modular functions. For vari¬ 
ation of u the projectively distinct but birationally equivalent 
types of H* are obtained. The oo 8 sets of six branch points 
are those sets on a conic for which there exists a point r 7 
with given fundamental sextic (cf. the interpretation of 40 (5)). 

It is possible also to satisfy the theta relations by equating 
the theta squares to binary quadratics since in 41 the co¬ 
ordinates of the nodes and tropes of the Kummer surface 
are given in terms of the coefficients of such quadratics. 



CHAPTER IV 


GEOMETRIC APPLICATIONS 
OF THE FUNCTIONS OF GENUS THREE 

The theta functions of genus three are defined by a period 
scheme which is determined by the normal integrals of the 
first kind attached to an algebraic curve of genus three. 
The canonical curve of genus three is a planar quartic curve 
whose 28 double tangents are associated with the 28 odd 
theta functions of first order. This double tangent configuration 
is determined by an Aronhold set of seven double tangents 
or dually by an Aronhold set of seven points, P 7 2 . The 36 even 
theta functions of the first order are associated with systems 
of contact cubics (cf. 14 ) • By proper mapping the contacts 
become the plane sections of a space sextic, the locus of nodes 
of the net of quadrics on a self-associated set of points, $. 
The purpose of this chapter is to obtain parametric expressions 
for the coordinates of the sets of points, Pi and Ql, in terms 
of theta modular functions and to show that the transition 
to congruent sets under Cremona transformation is due to 
period transformation of the functions. With respect to such 
transformation the irrational GOpel invariants of the quartic 
curve play a fundamental part. For later geometric study 
of the functions of genus four Cayley’s dianodal surface is 
important. Schottky has given an interesting parametric 
equation of this surface which may be utilized to study the 
nature of the section of the generalized Rummer surface 
K p (p — 3) by one of its 64 contact sections, i. e., the extension 
of the conic on a trope of the Kummer surface. 

43. The figure, if, of seven coplanar points. The types 
of Cremona transformations under which.a set Pi — pi,---,pi 
may be congruent to a set Q? = qi, ■ • •, qi are listed in 6 ( 10 ). 
These types divide into pairs C 0 , Z> 8 ; A t , A; Bt> A; C t , D 6 
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and Ci, D t . In any pair either type is the product of the 
other and the symmetrical type A . With respect to A we 
prove that 

(1 ) If two sets P{, Qj are congruent unde)' A with directions 
at p, corresponding to the principal curve P(gft % ’'' ? 0 ) s 
and vice versa then P 7 , Q-, are projective in the natural 
order. 

Let K(p) be an elliptic cubic on P 2 with canonical elliptic 
parameter u (i. e., u, -f- u t + « 8 = 0 is the collinear condition) 
and with parameters «i, • • •, u 7 for P 2 . Then Kip) is trans¬ 
formed by A into a cubic K(q) on (f- and x(u) on K(p) is 
transformed into x(u) on K(q). Since the direction at q, on 
K(q) arises from the intersection with K(p) outside Pf of 
the P-curve of q t , the parameter of q t on K(q) is — u t — a 
(a = «!+••• -j-w 7 ). Three points u, v, w of K(q) are on 
a line if u, v, w on K{p) are on an octavic with triple points 
at P 2 , i. e., if tt-+- v-j- it’ + 3ff hh: 0. To restore the canonical 
parameter on K(q) let u — w-f- a and then Qi has canonical 
parameters — u[, ■ —u 7 . Since K{p) and K{q) are bi- 

rationally equivalent there is a collineation which transforms 
K(p) into K{q) with x{u) passing into x' {u). Also there is 
a collineation which leaves K(q) unaltered and sends the 
point u into — u. Hence on K(q) is projective to P 7 on A(p>. 
The argument used here is essentially the same as that by 
which the generator of the group e m ,k(cf. 15 (5)) was obtained. 

The number of sets Q? congruent in some order to P? i> 
the number of ways in which Cremona transformations of the 
above types can be selected with P-points in P 7 , i. e., 2 for 

c 0 , A; 2 ( 3 ) for At, A; and 2 Q Q, 2 (J) ( 3 ), 2 Q for 

the remaining pairs, or 2. 288 in all. Since congruence under 
A implies projectivity only 288 are projectively distinct. 
Hence 

(2) There are 11 protectively distinct ordered sets congruent 
to a given set- Pf. These ordered sets map as in 7 (D 
into 7! 288 points in conjugate under the Cremona 
group (? 7 ,2 in The linear group g -,2 (cf. 6 (2)) is in 
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2 to 1 isomorphism with Gi t z with the invariant element 
of gi,z arising from Dg corresponding to the identity in Gi^. 

The set P 7 2 has 56 P-curves: 7 sets of directions P(i)°; 
21 lines P (ij)' ; 21 conics P (ijklmY; and 7 cubics 

P(i 2 jklmno) s . They divide into 28 pairs each pair making up 
a cubic of the net K on P 7 2 . We set D t g = Pdf ■ P{i 2 jklmno'f 
and Dg = P(jj) l -P{klmno) % . Since these comprise all the 
degenerate cubics of the net on P 7 2 , this division into pairs 
is invariant under transformation to congruent sets. 

The set P 7 2 has 63 discriminant conditions: 21 of type 
d,j — dumnos = 0 which express the coincidence of p t , pj in 
some direction; 35 of type — 6 i mno = 0 which express 
that p u pj, pic are collinear; and 7 of type 6 ifi = d jklmno = 0 
which express that the six points other than p t are on a conic. 
AVe proceed to identify the 28 pairs Dy (t,j = 1, • • •, 8 ) of 
P-curves with the double points of a general quartic envelope 
E K and the 63 discriminant conditions d — 0 with the ir¬ 
rational factors of the discriminant of E*. 

Since ($, congruent to Pi under D», is projective to P 2 
the sets Q? and Pi may be taken as superposed and Dg then 
becomes a transformation I. The square of I is the identity 
since, under I*, P(i)° is invariant. The involutorial trans¬ 
formation I carries the net K of cubics on Pi into itself 
and interchanges the parts of a degenerate cubic D v . Within 
this net K, either every cubic is invariant or else there is 
a pencil of invariant cubics and one invariant cubic not in 
the pencil. Since 27 of the invariant cubics D XJ can not lie 
in a pencil, every cubic in K is invariant. The pencil of 
invariant cubics on x must pass through the partner x of x 
under I. Thus I is the Geiser involution (cf . 58 p. 122 ) of 
pairs which with Pi make up the base points of a pencil 
of cubics. 

If x 1 coincides with x along some direction, the pencil on x 
has contact at x and some member of the pencil has a node 
at x. The converse is true also, and the locus of fixed points 
of I is the jacobian, J e , of the net K, the locus of nodes 
of the net, a sextic of genus three with nodes at P7 2 . The 
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directions at pi on the P-curve P {i*jklmno f are self-corres¬ 
ponding and are the directions at p ( on 7 6 which passes 
also through the intersections of P(ij ) l and Piklmnof. 
A line £ is transformed by 7 into an octavic which meets £ 
in the six points common to £ and <7° and in the one further 
pair of corresponding points a;, a:' on J. As I revolves about 
a point y the pair of 7 on £ runs over a curve which passes 
once through y for £ = yy and once through p t for £ — yp t . 
The curve is therefore a cubic of the net K, say K(y), 
which has an equation of the form (ax)* \ axy\ — 0. Thus 
the pairs of 7 form the principal coincidence of a connex 
(1,2), (ax) 1 (u£) = 0, (:r£) = 0 (cf. 50 II1 p. 411). The four 
tangents from y to K(y) are the lines £ on y on which the 
pair x, x' coincide at x on J B whence the locus of lines £ 
on which the involutorial pair is coincident is a quartic 
envelope E* of class four and genus three birationally equi¬ 
valent to J 6 . Two of these four tangents from y coincide 
only when K(y) has a node and the four coincide into two 
pairs only when K(y) is binodal and therefore degenerate. 
Thus the 28 double points of E K arise from the points y 
attached to the 28 cubics 7) v . On Z>, 8 the lines £ joining 
pairs of 7 are on y = p„ i. e., E i has nodes at Pi. On D lt 
the node y of E 4 is constructed as follows. If x is the meet 
of P(12)* and P(34)‘, its partner x is the meet of the conics 
P(34567) 2 , P(12567) 8 outside p 6 , p 6 , p- which is rationally 
known. The line £ on x, x meets P(34567)* in y — du, 
a node of E 4 . Hence the 21 remaining nodes of E 4 are 
each rationally known and linearly constructible when the 
seven nodes P 7 2 are given. Since P 7 2 has 6 absolute pro¬ 
jective constants, E 4 must also have 6 absolute constants 
and be a projectively general envelope. Otherwise E i would 
arise from infinitely many sets Pi and have infinitely many 
nodes. It will appear in the next section that any three of 
the nodes in Pi are azygetic (cf. 14 ) and thus that Pi is 
an Aronhold set of 7 nodes. 

If Qi is congruent to Pi under Cremona transformation T 
other than 7, the net of cubics K on Pi is transformed into 
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the net K' on <$ and the nodal locus J 6 of K into the 
nodal locus J' 6 of K'. Since J 6 and J ' 6 are thus biration- 
ally equivalent, the envelopes E 4 , E'* defined by Pi, Qi are 
also birationally equivalent and therefore (as canonical curves 
of genus three) are projective. The collineation which carries 
E' 4 into E 4 carries the Aronhold set of nodes Qi of E’ 4 into 
an Aronhold set of E* which is different from P* since 
Pi, ($ are not projective. Hence 

(3) The 288 sets Pi congruent in some order to a given set 
are projective to the 288 Aronhold sets of seven nodes of 
the guar tic envelope E i . The Cremona group Qi# in 
(cf. (2)) is the Galois group in the problem of the deter¬ 
mination of the 28 double tangents of a planar quartic 
curve (the dual of E 4 ). 

In particular under the quadratic transformation Ay* the 
nodes dm», d n a , d 0 » of E ' 4 arise from the like named 
nodes of E 4 but the nodes da, dj», dim of E’* arise from 
the nodes djk, dik, d tJ respectively of E*. The collineation 
mentioned carries the points qi, q 0 of Q? into the nodes 
djk, dik, dij, dm, • •., d 0 » of P 4 . Since the three inverse 
P-points of a quadratic transformation are each rationally 
known when the three direct P-points and four corresponding 
pairs are given there follows: 

(4) The geometric relations among the 28 nodes of a general 
quartic envelope are consequences of the theorem that (with 
given nodes dm, • • ., d 0 s ) the quadratic transformation with 
fixed points dm, ••*, dos and F-points dm, dj», dim has 
inverse F-points djk, dik, dij. 

Some of the congruence properties of the nodes (cf. 17 II 
pp. 357-9) are derived by Conner S6 by projection from one 
of the 8 base points of a net of quadrics. 

If the discriminant condition d 78 = 0 is satisfied the conic, 
P(12 • • • 6)*, factors twice from the octavics which corre¬ 
spond to line sections under I, and once from J 6 . The 
involution I is then of the fourth order with a curve Hz of 
fixed points with node at pi and branch points at p x , • • •, p». 
The envelope P 4 is the doubly covered pencil of lines on pi 
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with branch lines on p u ..., p 6 (cf . 85 pp. 125-6). If d 667 = 0, 
the line P(567) 1 factors once from the octavics and once 
from <7 6 . Then E* has P(567) 1 as a double line. If d 67 = 0, 
i. e. if pi coincides with p g along the line £, J 6 has a triple 
point at p 6 with $ as one tangent and E l has 5 as a double 
tangent. Thus the discriminant factors of Pi are the con¬ 
ditions that the genus of E* shall be reduced and they there¬ 
fore are factors of the discriminant of E 4 . These special 
cases are perhaps more conveniently studied by mapping the 
pairs of I upon the points of a plane 8 (y) by means of the 
net AT (cf . 60 p. 412 (16)). J e maps upon a quartic curve C * pro¬ 
jective to E* and the cubics Ay upon the double tangents of C 4 . 

In order to identify the group A ,2 with the group of period 
transformations, reduced mod. 2 , let the discriminant factors 
$ij, dtjki be identified with the half periods P v , P v ki respect¬ 
ively (23(5)) ; and the pairs of P-curves D v - with the odd 
functions &y (cf. 25 (1)). The group 0(2) is generated by 
a conjugate set of involutions Iy, Iyu (22 ( 10 )) and the effect 
of I,j is merely to interchange subscripts i and 7 (25 (4)). We 
identify Iy(i,j = 1, •••, 7) with the transposition of p t , pj 
and Jijkn with the quadratic transformation A t ju. The planar 
permutations thus effected on dy, 6 ljtd and on By are precisely 
those effected by the corresponding involutions of O ( 2 ) upon 
Py, Pijki and upon Ay whence © 7,2 and 0 ( 2 ) are simply 
isomorphic. 

44. The figure, Ql, of eight self-associated points 
in space. If eight points in space, Ql, are self-associated, 
the bilinear identity (16 ( 2 )) connecting the set with its 
associated set becomes an identity connecting the squares of 
the eight points whence quadrics on seven of the points pass 
also through the eighth and the eight are the base points of 
a net of quadrics. This net and its relation to the planar 
quaitic curve has been discussed in 14 • We consider here 
more particularly the congruence properties of Q&. 

According to 16 (b) for r = 1, s = 0, the projection of 
q u ..., q 7 from q» is a planar set P 7 2 whose associated set in 
space is Q® = q v • • •, q r If <3® is congruent to Q'* under the 

11 



162 


IV. FUNCTIONS OF GENUS THREE 


regular cubic transformation Afjui ( i,j, k, l — 1, •.7) the net 
of quadrics on is transformed into the net on Qi 8 , whence 
the eighth base point q% determined by ($ is transformed into 
the eighth base point q% determined by Q'*. Under regular 
transformation in space Q% is congruent to 288 projectively 
distinct sets Q' 7 B . For according to 16 ( 8 ) the association of 
the planar set P 7 2 and the spatial set Q? is unaltered when 
the two sets are replaced by their congruent sets under re¬ 
spectively A,jk and Ai mno . Thus to each type of Cremona trans¬ 
formation in the plane with 7 or less P-points there corre¬ 
sponds in space a type of regular Cremona transformation 
with 7 or less P-points. To the types with 6 or less P-points 
given in 36 (5) we add those with 7 P-points : 
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As for the planar case P 7 there are here 288.2 possible types 
of congruence. Since in the plane congruence under A implies 
projectivity (cf. 43(1)) then in space congruence under some T 
must imply projectivity. From symmetry this T must be T ib . 
A direct verification follows from the product formulae: 

A = Ami • At 84 • Aiso • Ajti • A<m • (127) (34) (56); 

T' & — Ana* • A ]507 ■ Ajs47 • As4so - Ai*sa ■ (127) (34) (56). 


(2) 
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These formulae are checked by observing that, for example, 
under the product Z ) 8 the P-curve P(l) u passes successively 
into P(l)°, P(l)°, P156) 1 , P(12567) s , P(1234567 s ) 3 , P(1‘234567) 3 . 
This check for each P(i)° is sufficient. Hence 

(3) If two sets Qi, Qy S are congruent under T' b with directions 
at qi corresponding to the principal surface P (qf q'J ■■ ■ q'o f 
and vice versa then ($, Q'* are projective in the natural order. 
The 7! 288 projectivdy distinct ordered sets Q * congruent to 
a given set Q* map, as in 7(1) into 7! 288 points in 
conjugate under the Cremona group (? 7 i8 = Qnfi. The linear 
group < 77 , 8 , simply isomorphic with < 77 , 2 , is in 2 to 1 isomorphism 
with Gt$. 

If Qi, Q'i, congruent under T 1& and therefore projective, 
are superposed, the square of T lb is the identity and T 15 is 
an involutorial transformation 7 15 . The set Qi has 2.63 
P-surfaces which pair off under I 16 into the 63 pairs: 

4* - A mm no - P(*)° • P(*V ••• ^) 4 ; 

(4) A ljk « ■= A lmno - Piljk) 1 • Piljkl* ... o s ) s ; 

A tJ = A klmno , = P(i*k ... oY- P(/k ■ ■ ■ o)*. 

These pairs comprise all degenerate quartic surfaces with 
nodes at Q? and the pairing is invariant under transformation 
to QY. The set Q? defines also 28 rational curves which 
play the part of P-curves of the second kind for the trans¬ 
formations ( 1 ) and 36 (5). They comprise the 21 lines and 
7 cubic curves: 

(5) Fg — F(ij) 1 '. F* = F(Jk ... o)\ 

The involution P 5 carries the net of quadrics on into 
itself whence g 8 is a fixed point of J 15 . The linear trans¬ 
formation effected by P 6 within this net is the identity. For 
it is easily verified from the product expression ( 2 ) that each 
of the curves F,j is invariant under 1 16 whence the pencil 
of quadrics on each curve F t j is invariant. The common 
member of any two of these pencils must be invariant and 
therefore every quadric of the net is invariant. Each of 

11* 
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the oo® elliptic quartic curves C 4 on ($, and therefore on 
(& = <$, q t , as the base curve of a pencil in the net, is 
invariant under Z 15 . If A^, A u are three quadrics which 
define the net, then 

(6) £ aij Ai Aj — 0 {i,j = 0, 1, 2) 

is a system (oo 4 ) of syzygetic 8-nodal quartic surfaces with 
nodes at Q *. Each surface of" this system is invariant. More¬ 
over Aij in (4) is a quartic surface invariant under I u with 
nodes at Q? but not on q 8 . Hence the linear system (oo 6 ) 
of all quartic surfaces with nodes at Qi is 

(7) aB+'ZagAiAj = 0 

where B is any surface of the system not on q H . Each sur¬ 
face of the system (7) is invariant under Z 15 . If then C 4 
is an elliptic quartic curve on Q» with canonical elliptic 
parameter n and with «,,•••,% {a — u x + • • • -f Ms ^ 0) 
as parameters of Qt, the involution on C* cut out by the 
system (7), and therefore by I 15 , is « + ?<'= 2Ms. The fixed 
points, for which 2 u = 2Mg, are u» — q 8 , or m 8 + u>J2 , 
ttg+wg/2, Mg-f- («i*f «»)/2. If r 8 is one of the last three, 
we define the eight points Eft = Q?, r 8 to be a half-period 
set of eight points. The sum of the canonical elliptic para¬ 
meters of such a half period set on the unique C* through 
it is a proper elliptic half period. All surfaces (7) on r 8 
touch C* at r 8 whence there is a system (oo 8 ) of surfaces (7) 
with a node at r 8 . If A 0 , A l are two quadrics of the net 
on r 8 , this system has the form 

(8) fit B -|- aoo A% -f- 2 Ooi Ao Ai -f- flu Ai = 0. 

The members of this system for which a \ 0 are aeygetic 
8-nodal quartic surfaces. We observe that quartic surfaces 
with eight given nodes apparently lie in a system (oo *). But 
the C l on the eight nodes must contain the eight points, either 
as a half period set (one condition on JSg), or as a self-asso- 
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ciated set (three conditions on Q|). Thus the conditions on 
the nodes relieve the conditions on the surface and the system 
is either (co 8 ) as in ( 8 ) or (oo 5 ) as in ( 6 ). If B has nodes 
at i4, the system (oo 8 ), XB + +AjA®, has at 

least one member in common with ( 8 ) whence r g is on the 
Jacobian J(B, Ao, A lt A s ). This sextic surface is Cayley’s 
“dianode” (cf . 11 p. 35). As the locus of the eighth node 
of azygetic quartic surfaces with nodes at Qy it must be 
transformed by A tJ ki into the dianode determined by the 
congruent set and hence must have triple points at Qy. As 
the locus of fixed points of J 15 other than q H it must have 
the same tangent cone at q t (i — 1 , ..., 7) as the P-surface 
P(i 8 y*A:* • ■ ■ o 2 ) 4 . Since the matrix of J determined by Aq, 
A t , A t vanishes on the nodal locus C 6 ( y) of the net (cf. 14 ), 
the dianode contains C 6 (y). An elliptic quartic C* on Qy 
is on four nodal quadrics with nodes on C 6 (y). The three 
reflections in the pairs of opposite edges of the tetrahedron 
of these nodes carries q 8 into the three points in which C* 
cuts the dianode outside Q?. If C* is nodal with node on 
C 6 iy) it cuts the dianode in one further point, and if binodal 
is contained in part at least on the dianome. Thus the 
dianode contains the 28 P-curves (5). A parametric ex¬ 
pression for the dianode is given in 48 . 

The relation of the set Qy to the double tangent problem 
is precisely similar to that of its associated set P? (cf . 80 
§ 7). This becomes evident under projection from q 8 . The 
oo 2 curves C* project into the net of cubic curves on P? 
and the nodal locus C*(y) projects into J 6 . The 28 degenerate 
curves C l project into the 28 degenerate cubics on P? each 
associated with a double point of the quartic envelope P 4 . 
Prom this point of view a full discussion has been given 
by Conner 26 . 

The eight sets of seven points found in the self-associated Q 8 
are congruent ($' 8 . For, under the transformation T 7 in 
36 ( 5 ), in its involutorial form I 1 , the set q \, • ■ •, g® > is 
congruent to qi, • • •, q«, <!%• The 288 projectively distinct 
sets Qy congruent to a given set are then presumably found 
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in 36 congruent self-associated sets Ql. This is a consequence 
of the theorem: 

(9) The sets Q’£ and Os ’ 8 congruent to the self-associated set 
Os under A t jki and A mnop respectively are projective to each 
other. 

For, according to 15 (5) the self-associated set Ql on an 
elliptic C 4 with canonical parameters u lt ■ • •, u % is congruent 
under A iag4 to a set Q'i on the same curve with parameters 

u' t e= m— u'j ht «,+ ff , m /2 

(i = 1, •• •, 4; j — 5, • • •, 8; ff iag4 = ih -1-+ «*)■ 

Under .45678 the set Q'f is projective to 

idi' lts Ut + 0 s 6 :s/ 2 , u'j' ~ uj — a be7g /2. 

Since or lsS4 + ff sg7g ~ 0, = — ff 5878 / 2 +m/ 2. Hence 

Q'i and Q'f on & are projective under the collineation on 
C* whose parametric equation is it'Biu + w/ 2. 

Thus in transforming Ql into projectively distinct congruent 
sets Qh it is sufficient to replace A,jk» by Ai mno . Only such 
sets Qs will be obtained as arise from congruent 0 "’s and 
the 288 congruent Q?’s are distributed, as noted earlier, into 
36 congruent Oil's. Hence 

(10) The Cremona group Gs,n in determined by a general set Os 
is infinite and discontinuous. In ^9 there is a manifold J/«, 
the map of self - associated Os’s, which is invariant under 
t?s ,8 and upon which the infinite t? 8 , g appears as a finite 
group / 8 i 86 - This /sise is the factor group of an infinite 
invariant subgroup of which leaves each point of Mr 
unaltered. 

The constitution of this infinite invariant subgroup of G$, 8 
is determined in ( 17 II(44) p. 377). The factor group /sums is 
evidently the double tangent group. The manifold M 0 is 
rational. For, if 0? is represented by a point in , the eighth 
base point g 8 is rationally known from the involution V 
determined by Ql and thus Ob? and the point on M e which 
corresponds to the point on 2 9 , is determined. 
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The transformation from Ql to congruent Q's carries the 
net of quadrics on Ql into the net on Q$ and the nodal 
locus C 6 (y) of the one net into the nodal locus C' 6 (y) 
of the other. Plane sections of each nodal locus corre¬ 
spond to contacts of azygetie systems of contact cubics of 
the birationally equivalent planar quartic. The 36 azygetie 
systems of contacts are therefore represented on C 8 [y) itself 
by first the plane sections, and second the sections by the 
homaloidal web {r j 8 k s Z 8 ) 8 which coincide with those of the 
web (m 8 » 8 o 8 p 8 ) 8 . Hence though the number of regular 
homaloidal webs determined by Qg is infinite they cut out 
on C 6 (y) only 36 ,^’s. The section of C 6 (y) by the plane 
P(234)' corresponds to the section of the quartic by the 
azygetie triad of double tangents, d Si , d u , d 2S . Under Ai » S4 
this triad corresponds to d it , i is , d u which therefore is also 
azygetie. Thus the seven nodes i yR , • • rf 78 of the quartic 
envelope E x attached to P? are an azygetie set. 

The special character of the self-associated Ql is reflected 
in the fact that it possesses only a finite number of dis¬ 
criminant conditions. These are first the 28 of type d v = 0 
which expresses coincidence of qi, and second the 35 of 
type d vW — 6 mnop — 0 which express that four points are 
coplanar. For, if q„ • ••, qi are coplanar, one quadric on 
Qg must contain this plane as a factor and q m , •••, q p are 
on the plane determined by the other factor. Also d lsS4 is 
transformed by A 4S87 into the condition that the quadric with 
node at q t is on q it q t , q s , qs, q«, <77, while d 6g78 — d im 
is transformed into d 48 ; etc. Thus further discriminant con¬ 
ditions coalesce with the 63 mentioned. 

45. Theta relations (p = 3). In the case p — 3 with 
28 odd functions — &y(u) and 36 even functions & t jki 
— & mnop -= Uijki (u), we set (cf. 28 (1), (6)) (0) = c m and 

also attach to each odd function a constant c v -. Later the c’s 
are replaced by the 63 constants e v -, e v u — e m nop- This transi¬ 
tion to constants e leads to simpler results for such products 
of constants c as have a greater number of distinct factors. 
A few relations of this type will suffice for the applications in 46. 
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We begin therefore with products of like characteristic 
P 7g rather than with the theta squares of characteristic zero. 
Of the 32 products of this sort only 16 have factors of like 
parity namely 

(1) Pi = &i7 &is, Pijk — Plmn = &ijk& (i,j, — = 1, — f 6). 

These products behave like the 16 theta squares for p = 2 
in the following respects: they are even; only four are line¬ 
arly independent (cf. 20 (9)); the first six vanish for u = 0 
and the last ten do not. Moreover under addition of the 
half periods formed with indices 1, • •6 their behavior is 
the same as that of the theta squares (p = 2). But these 
properties just mentioned were sufficient to establish the 
relations 30 I, •.VI. From VI there is then obtained 

(A) 2 a 4; Ca467 Ca 468 Ca467 ^«468 = 0 (« — 1, 2, 3). 

Let Utj denote the initial term (linear in the variables 
Mb) of the development of # v (u); and let 

(2) Vfj = (\J Vy . 

In the relation similar to that of 30II namely 

(3) 2 a ± Cc567 Ca 568 v^orS = 0 (« — 1, • ••, 4) 

let u be increased by the half period P 58 . Then 

i Co567 Co568 ^0578 &ab = 0 . 

The initial terms then yield 

(B) -2a ± Ca567 Ca568 Ca578 Cab Vab = 0 (<* = 1, ’ ' ', 4). 

We prove also the further relation connecting these initial 
terms, 

(C) 2 a + (Ca467 Ca468 Ca567 Ca568 Cai67 Ca468 Ca7 Ca8 Veil Vag) 112 = 0 

(« = 1, 2, 3). 

An algebraic lemma is necessary (cf. M p.256): 

(4) If 2» linear homogeneous functions x y , • ■ X 2 n of n vari¬ 
ables satisfy an identical relation • • • +$ r 2n = 0, 
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and if A\X\f- ■ • ■ -f- A n +i avi-i e= 0 and 
• ■ • “f" BnOCn + 5n+2 %n +2 - -- 0 then Aj■ <J\ -)-••• An+l!C/n-*-l 

= 0 and Ai B\! g± -f- A n B n /g n — 0 . 

For, the given identity states that the quadric 

Q = &*%+-+ ffn+x (g H+2 ^ + 2 + • • • + 9 2n x l n ) = 0 

in the underlying space S n -i has a node at x n+2 = ■ ■ ■ — x 2n — 0. 
But Q in S n -i has a node if Q, as a quadric in S n with 
variables x\ , • ■ •, x n+1 , touches the S n - 1 , A , x x -j— -f A a : n +i —0. 
The dual form of Q in S n is 5)7 g\ + ••• +f»+i/y n +i — 0 
and it touches $ — A if A^/gi -f- • • • + Al+ilg n — 0. 
Secondly the quadric 

Q' = <hA + -f .7 ,A ^ — (<7»+l*^i+- VOtnAr) 

in 5,1-1 has x n +\. •••, x 2n as a self-polar n-edron. The pair 
of S n - 2 ’s, x n \ 1 —O, x n +2 = 6, is then apolar to Q'. The 
dual form of Q' is t\!gi + • • • -f Ajg n = 0 and the apolarity 
condition of the pair, — A llv ix n xi, — B n +2 x n + 2 , or 
.4, x x + • • • + A n x„, 5i +1 -f • - • -j- B n x n , is B l !g x 4- • • • 
•••"(■ ^ 4/1 Bnlgn — 0 . 

On the transcendental side let the theta functions be of 
the abelian type derived from an algebraic curve F{x,y) 
with contact canonical adjoints <p (x, y ) or, for p — 3, f v {x,y) 
(i,j = 1, • • , 8 ). Then (cf .* 3 pp. 254-6; 67 pp. 271-2) for 
proper choice of the constant factors in the <pg the initial 
terms u v of the odd functions satisfy the same linear 
relations as the f v . Moreover for the restricted range of 
values Mi, u 2 , u 3 which arise from the normal integrals of 
the first kind taken between limits x, y\ x' r y the odd theta 
functions can be represented by 

(5) — k { faj) (a-, y) ■ fa? (x, y) } 1,s . 

If then 

(6) IVa Utfl U«8 

there follows from (3) and (5) that 

(7) —a i p «66 (0) (m« tCu) 1 '" = 0 (« 1, • •, 4). 
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If x', y' is chosen, first so that — 0, and second equal to 
x, y then 

S a K tt (w a y* = 0 (a =1,2, 3); 
U 2 a ± Pab6 (0)(tv^ = 0 (« = 1, ---, 4). 

Thus only two of the four functions w]f are linearly in¬ 
dependent and according to (4) 

(9) ± K 2 Jp «se (0) = 0 (a = 1, 2, 3). 

The same constants K a appear in ( 8 ) when the indices 56 
are replaced by 45 or 46 whence by virtue of the relations (A) 
the KaS have values 

(10) Q Ka ==i Pa4b (0) ■ PaVt (0) • paht> (0). 

On setting these values in ( 8 ) and applying ( 1 ), (2) the desired 
relation C is obtained. Evidently the relation C expresses 
the linear relation connecting three members of a contact 
g\ (cf . 67 pp. 244-5). 

We now replace the constants c in relations (A), (B), (C) 
by constants e from the equations 28 ( 1 ). For this a lemma 
from the finite geometry is useful. If G is a linear system 
of half periods P x , or their squared null spaces, and if O is 
enlarged by adding a quadric Q a (« and * properly chosen 
sets of subscripts) then the quadrics in the enlarged linear 
system are all of the form Qax as * varies in O, including 
also * = 0 . 

(11) If Pi is syzygetic with O {i. e. on all the null-spaces of 
points of O) then Pk is on all or none of the quadrics 
Q ax ; if Pk is not syzygetic with O then Px is on just 
half of the quadrics Qax. 

For if, in Q a + Qax + P K 0, a is fixed and * varies 
over O and if Px is on every null space P x then it is on 
both of Q tt , Qax or on neither. Hence Pk is on all or none 
of the Qax according as it is on or not on Q a . In the second 
case let P x be one of the points of 0 whose null space is 
not on Pk. Then Pk is on just one of the pair Q a , Q ax 
and for variable a all the quadrics divide into such pairs. 



45. THETA RELATIONS (p = 3) 


171 


The space G for each of the three terms in (A) is PbS, 
P:g, Pfle ;8 • The points Pi syzygetic with G are those in G, 
the six points Py (i,j — 1, • •., 4), and the six further points 
on the line joining these to P M . Any other point Pi is on 
only half of the quadrics attached to the four factors and 
the ( ei ) 1/2 factors out of each product in the sum and divides 
out of the relation. The 15 points noted are to be tested 
out on one factor of each product. Thus c 1457 corresponds 
to Q 1447 which is not on P 14 , P 28 , P 145e , P 23 mj- Hence the 
first term yields e 14 , e is , e, 4 i«, e«ss and the relation reads: 

(A') e 44 e** Ci 4 5« Cggsgi e 84 e 4 8 ej 4 58 Cisse i e s4 e i2 es 4 j6 Cii<56 — 0. 

For (B) the space G is P 78 , P 68 , P 67 ; and the syzygetic 
space, an S s , contains the 15 points Pmi , P v (i,j = 1, •••, 5). 
These 15 points tested on the factor ci 5 of the first term, 
i. e. on Qm, yield eu e 16 7 g e^s e*s e 24 csi and, after factoring 
out c 967 8 , the relation becomes 

(B’) dzCu e 83 e 84 e 34 e 1678 v ia — 0. 

In (C) the space G is the plane of P 78 , P 45 , P S6 ; its syzy¬ 
getic space is the plane with points P 18 , Pis, Pa, Puss- 
P S4W> P 5iM , P T8 . Testing these on Q >8 we find that 

(C') A? + ej 8 eme Vis) 112 — 0 • 

From these relations others are obtained by transformation 
of the periods. Such transformations are generated by the 
involutions attached to the particular half periods, I„ and 
l m , the first of which amounts merely to a transposition 
of the indices. The validity of the transformed relation is 
due to the fact that its proof will exactly parallel that of 
the original relation. Thus relation (A'j is defined by the 
Gflpel line, P M , P 7 „ P 6 « 7 8 . There is however a Gdpel line 
of type P 1178 , P,„ 8 , Pfi 67 8 which arises from the other by 
the transformation Z 346 7 hi • With reference to symmetry 
in 8 indices there are then two types of relations (A) which 
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we denote by (A • 1) and (A ■ 2). Furthermore with reference 
to eventual application to P 7 2 and isolated index 8 there is 
a second type included in (A-l) whose Gftpel line is P 46 , 
P« 7 , Pm 7 • These two are indicated by (A -1 • 1) and (A -1 • 2) 
respectively. The three subtypes are: 

(A. 1.1) e i4 ess e u56 e ss5s — 0; 

(A.1.2) eis e»s fii«78 6145 s = 0; 

(A. 2 . 1 ) gjs ^84 6g« & 1 S " 4 " -?L ± 6*488 6*35$ 61453 Cis68 ~ 0 . 


For, the factors e and factors v permute under transformation 
like the points P and quadrics 0 respectively. 

The relation (B') involves the initial terms of four azygetic 
odd thetas. That involving y 18t v iH , v ss , v tH is transformed 
into three new types by J m8 , Jim? lass- The respective 
sets of four are: 

(1) Vis, ViBi v ss, Vts\ (2) Vgs, I’si, Vis, Vis’, 

(3) Vig, Vgs , v 3 s, v 3 7; (4) Vgg , Via , Vgs , Vts ■ 

The corresponding relations are 
(B.l) ± e y s e*s e * 4 634 e*s4» Vis — 0; 

(B.2) ± eis v it 6 gg eig 4 g e^g Vgg i p*s ei*s4-Ci888 r 4 g — 0; 
(B.3) - 2 i 4; e*g e*848 easss 61345 6124 s Vis i 62 s 631 Pi» 6 4 g Pjg t’67 — 0; 

.. •^1+6*8 6*4 6**58 6*458 6|S 4 8 Vi5 

(B.4) , 

+ ^3 rb 6 j 2 em e lS3 s e*m e im v$8 — 0. 

The isolation of index 8 yields 13 subtypes as follows: 


(B.1.1) Ujs, t*8, Vgg, Vig', 
(B.l.2) u 16 , i;*6, v gs , v iS ; 
(B.l.3) vis, Vis, v 11f v^’, 
(B.2.1) v ts , Vai, v xi , v«; 
(B.2.2) v u , Vg\, V\i, Vtsi 
(B.2.3) ^78i Vgg) Vffi, Ui*‘, 


(B.3.1) Vjg, r*g, Ujg, Vai’, 
(B.3.2) v u , v u , v S i, Vis’, 
(B.3.3) Vis, Vu, Vu, Vu', 
(B.3.4) Vu, Vu, Vu, Vgg’, 
(B.4.1) Vu, Vu, fgS, «48 - , 
(B.4.2) Vu, v *51 Vgi, Vai ; 
(B.4.3) U| 5 , V l6 , l>98> ^48. 
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The relations (B.i.j) are derived by obvious permutations from 
the relations (B.i) above. The thirteen projective relations 
derived from them in the next section are all distinct. 

Similarly the relation (C) on the three pairs of odd functions 
drawn from a Steiner complex yields three types of relations: 

(C.l) —i ± e ia e 1456 (t> J7 r 18 ) 1/2 = 0; 

(C.2) ^i±e i3 e 14 (?j 14 v ia ) 112 — 0; 

(C.3) —1 ± 62378 (t?is t' 2 4) 1/2 + eiJ Cg4 (t'og t'7 S ) 1/2 = 0. 

From these the following subtypes arise by the permutations 
indicated: 

(C.1.1) Vn I'm, v »7 fag, t '37 I'm] (C.2.1) v 13 v S4f v ia v i4 , v, 4 i’ S3 ; 

(C.1.2) Vih Vn > Vm v i7 , ?,' 3 « v s -,; (C.2.2) v i6 ?’ ;8 , v 3 - (; 68 , ; 

(C.l.3) Vm t’«s, ?.'7i v-t, tv*; (C.3.1) ('is v ti , r 2S ? 44 , ((sgt'isi 

(C.3.2) t'm i>34, Vss (.'is, ?/'57 i : m■ 

46 . Theta relations as projective and Cremonian 
relations on Pf and Q H . In translating the theta relations 
of the preceding section into projective relations certain 

types of products of the ey and the v tJ recur for which the 

following abbreviations are employed: 


(ij k I .) — e,j e t k e,i Cjk eji eu • • ■, 

{ij ■ • ■; kl • • •) — e t k e,i e^eji .. 

V,jkl . — V v Vik Vil Vjk Vjl Vld • ■ ■, 

Vy . -kl ■ - = Vtk Vil VjkVjl .. 


For applications to P 7 2 the following notation is employed: 

Dijk = (ijk) eyks; D, = e !8 (j him no)] 

^ £ = u<ge* (1234567)*; £„■ = v,j ey (klmno). 

If then the relations (A.1.1), (A.1.2), (A.2.1) of 45 are 
multiplied respectively by (7; 1234), (123; 4567) (4567) e 45 ee 7 , 
(12; 3456) (34; 56), they become 
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(A.1.1) Dm Dm dr f)aai Dm dr Pt4? Dm — 0, 

(A.1.2) Di Aw D) g 7 db D% Dm Dm zb Da Daw Dga7 — 0, 
(A.2.1) Di dr Du e Da as Dm Dua rb Dm Dm Daib Daaa — 0. 

The relation (A.1.1) then shows that the Dy k are propor¬ 
tional to the determinants formed from the coordinates of 
seven points, P7 2 , in the plane. The ratio of any two terms 
in the relation as written is a double ratio of the four 
lines from pi to j>i, • • •, j>*. The terms of this relation arise 
from the terms in 45 (A) merely by inclusion or exclusion 
of certain factors so that the double ratios of four-lines 
determined by P 7 2 are expressed in terms of the zero values 
of the even thetas in the form 

(3) i Ci*58 C 14g8 CJS68 C*868 / Ct458 t'S468 C 1S£>8 ClSBB- 

The relation (A.2.1) shows that D, is the expression of de¬ 
gree two in the six points pj, ■ ■ •, p 0 whose vanishing requires 
that the six be on a conic. With the invariants D^k and 
D, of Pi thus defined the relation (A. 1.2) is a syzygy which 
can be verified projectively. 

The relations (B.i.j) now become 


(B.1.1) 


± 

Daa 4 

h = 

= 0 , 




(B.1.2) 


rb 

Dim 


= 0, 




(B.1.3) 

?! 

± 

Dm 

Da Di rb D\a\ li — 0, 



(B.2.1) 

$ 

± 

Dm 

Di 34 

Di D4 £13 

1 dr Dagi Dm 

1! 

0 


(B.2.2) 

2* 

± 

Dm 

Daai 

Its dr Dm Dm Its — 

: 0 , 


(B.2.3) 


± 

Dm 

Daw 

le rb Dm 

Di ie Di D t 

£fl7 








rb Dm Daai Da Di lit — 

0 

(B.3.1) 


± 

Dm 

Dtaa 

Daai D t ai 

Da D t 









dr D\ Da D 

*i Da Da l«7 — 

0 

(B.3.2) 


± 

Dm 

D\n 

Dan Dan 

Di li* dr I 7 

= 0, 


(B.3.3) 

2? 


Dm 

Dm 

Dim Dan 

D$ Di In rb 

D\ Da Di !m 








rb Daaa Dan Dm Dm h ~ 

0, 

(B.3.4) 

$ 

dr 

D'2b% 

Daai 

Daai Diaa 

lit rb Di Ise 

= 0 , 
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(B.4.1) ^1 zb As* Ass A 45 A A A 1*5 

4" ^8 zb Ae7 A 45 A 45 A I* — A 
(B.4.2) h 2 4 ; Z> 157 A«7 A»4 A A 1*5 

zb A57 As? A47 A A Ie7 zb As4 As4 Aso I7 — 0 , 
(B.4.3) zb A57 -A47 A37 l*s + -a zb A47 A47 -Afi 7 I46 — 0. 

These are verified most easily by replacing the As and 
?’s from ( 2 ) and removing the common factor to obtain 
45 (B.l), •••, (B.4). 

The & are proportional to v& which in turn are proportional 
to the initial terms in 14 , u t , u s in the expansion of the odd 
thetas. We have seen that these initial terms are them¬ 
selves proportional to the 28 contact canonical adjoints of 
the curve of genus three, i. e., to the double points of a quartic 
envelope E 4 . If then tt L , n t , Ua are interpreted as line co¬ 
ordinates in a plane the ?, — 0 are the equations of seven 
azygetic double points of E*. According to (B.1.1) these 
seven points are P 7 and the E 4 is that attached to Pi as 
in 43- For the envelope is rationally and uniquely known 
when seven azygetic nodes are given. The 21 = 0 are 

then the remaining nodes of E *. They are related projectively 
to the seven given nodes and to each other as in (B.i.j). 

A similar procedure applied to the relations (C) yields: 

(C.l.l) 2l ± As? (A A I, ImF = 0, 

(C.1.2) it±A«(f,.?i7) w = 0, 

(C. 1.3) Si zb A A« (A A !» I **) 1 ' 2 ± A *5 (lx l*) 1/2 - 0 , 
(C.2.1) 2?zb(£ M l u ) ,/3 = 0, 

(C.2.2) ^dbCAIale?) 1 ' 2 - 0, 

(C.3.1) 2? db A 47 A .7 (A lu I**) 1/2 ± (Isa l?) 1/2 = 0, 

(C.3.2) 25 ± A88 A 46 (A I- Isa) 1 ' 2 zb A (A A lx* Is*) 1 ' 3 = 0. 

From these by rationalization many forms of the equation 
of E K are obtained but none which involve only the arbitrarily 
given points of P 7 2 . We observe that the double point I# 
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plays the role of a contravariant of Pi of degree —4 in 
P%,Pj and of degree —3 in the coordinates of the remaining 
points. All of the theta relations (A), (B), (C) have now been 
translated into relations which are purely projective. 

The important theorem that the various Aronhold sets of 
seven nodes are congruent under Cremona transformation may 
be observed in these relations. It is sufficient to see that 
the quadratic transformation Q defined by the two .F-triangles. 
?j, ?*, ? 3 and ? S3 , | 3t , | 1S , and by the fixed point ? 4 , will also 
have the fixed point ? 5 . Under Q the pencil of lines on ?i 
becomes the pencil on ? 23 in such wise that a — ?, ? 2 , 
b = ?! ? 3 , c — ?! ?4 correspond respectively to a' — ? 23 ? t2 , 
V — ?* 3 ?*i, c — ?a 3 ? 4 . If in this projectivity the line d — ?, ? s 
corresponds to the line d! = ? 23 ? 5 , i. e., if the double ratios 
{ab\ cd) and ( ah '; c'd') are equal, and if similar equal double 
ratios exist for another pair of _F-points, then ? 5 is a fixed 
point. But ( ab\cd ) — (o'//; c'd') is expressed in terms of 
the coordinates by 

A'24 DlihIDiib A 34 ~ As.81,5 D-2S,U,it Dm, HI, 4 Aia.12.3j 

and from (B.2.1) it appears that 

Pm, 12,4 : A 2, 23. 4 '■ P 28,81,4 

rfc Dm A 3 i 4 A : As 4 A 24 A : zk Dm 4 As 4 A- 

From the similar proportion with like signs in which ? 5 
replaces ? 4 the equality of the double ratios is apparent. 

Schottky ( 6S p. 279; 58 ) effects a similar translation for the 
sextic of genus three. J 6 , the locus of nodes of cubics on Pi. 
For this the canonical contact adjoints ?,, ? v are to be replaced 
by the 28 degenerate cubic adjoints of J 6 . He sets 

I'll = £1* (fm) 1/2 > 

(4) G u = (34567) (v 12 v * : 34507 ) 12 , 

Ih = (1234567) (1; 234567) v a (vs ; 128J667) 1 

Then (C.1.1), (C.2.1), (C.3.1), (C.3,1) of 45 multiplied respectively 
by (7; 123) (v 7 s) 1/2 , («*; 1284 ) 1/2 , (12; 34) (1234; 7) (v*, nu) m , 
(567)* (1234; 567) (12; 34) (1234; 7) v 8; mu (i* : vai) w yield: 



46. THETA RELATIONS AS PROJECTIVE 


177 


(5) —i zb D- 2 »7 F» = 0 , 

(6) ■ 2 izbF ]4 Fv .t ; - 0, 

( 7 ) G- 0 t zb Fig F04 Z )_>37 i)i 47 i F-y,i Fu Dni Dm = 0, 

(8) Hi ■ Ftt zb (?18 6*24 Z>147 Z >287 zfc Gu G'2'.i Dm D‘i\l = 0. 

Prom (5) one may infer that the F t j behaves like the line 
joining p t , pj and this is confirmed by (6). Prom (7) G &6 
appears as the conic on p x , • • p i} p 7 . In (8) HtF 6 6 appears 
as a quartic with nodes at pt, pt, p-i and simple points at 
Pi, • • - , Pi which has the line on pt, pe as a factor whence H 7 , 
the residual factor, is the cubic with node at p 7 and on 
pi, - ■ •, p, } . The various relations, coupled with the defini¬ 
tions (4), give rise to a great variety of projective relations 
among these various curves. From (4) alone there is derived 
the identity in v: 

(0) Fj Fki 0,1: Op — F t i; Fji G v Ga — 0. 

This is one of a number of analogous forms into which the 
equation of the sextic J fi can be thrown. It has however 
the extraneous factor D mn<l . 

The projective relations embodied in (B.i.j) can be trans¬ 
ferred at once from their expression above in £,, ‘£ tJ into 

o 

identities involving the degenerate eubics on Pi by setting 

(10) (> V| — — Fij-Gy [e — (l ; 8; 1284567) 1 '"]. 

This birational transformation from E 4 to J e is obtained 
from the definitions (2) and (4) of the loci involved. 

Turning to the self-associated Ql in space, with the same 
conventions as in (1). we set 

Dyki ~ {ijkl) eyia', Dij = ( iklmnop) (j; jklmnop)-, 
D — (ijklmnop) (i,j, • ■ • — 1, • • •, 8). 

If the two types of modular relations 45 (A.l), (A.2) are 
multiplied, the first by (1234; 56) e ^ 6 and then by (1234; 78) e^ g , 
the second by (12; 3456) ( 8 ; 123456)* (34; 56) and then by 
(12; 3456) (7; 123456)* (34; 56), they are converted into 


12 
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(A.l) 2*1456 -£*2856 + 2*2456 2*1856 + -2*8456 2*1266 == 0, 

(A.l)' 2*1478 2*2878 + 2*2478 2*1878 + 2*8478 2*1278 — 0, 

(A.2) 2*8, 7 + -£*2468 -£*2888 DubS -£*1868 + -£*1468 2*1858 £*2458 2*2868 = 0, 
(A.2)' 2*7,8 + -£*1867 -£*1467 -£*2867 -£*2457 + £*2857 -£*2467 £*1867 -£*1457 = 0, 

the duplication being due to e^u = e mnop . 

The relation (A.l) shows that the D t ju behave like the 
determinants formed from the coordinates of eight points 
q iy ■••,98 in space. The set Ql is protectively defined by 
the double ratios formed from the ratio of two terms in 
a relation of this type. Since (A.l) and (A.l)' arise from 
the same theta relation, the ratio of two terms in one is 
the same as that of the corresponding terms in the other 
whence 

2*1466 2*2866/2*2456 2*1866 = 2*1478 2)2878 /2*2478 2*1878• 

This states that there is a quadric on g,, . • •, g 4 with 
generators q & q 6 and q 7 g 8 . Similarly there is a quadric on Ql 
with generators q b g fl and g 4 g 8 and therefore a pencil of 
quadrics on Ql with generator q b q b . Since there must also 
be a pencil on Ql with generator q b g 7 , there must be a net 
on Ql, i. e., Q® is a self-associated set. From the form of 2 > 8 , 7 
in (A.2) we infer that 2 > 8 , 7 is that invariant of degree 4 in g* 
and 2 in g 1 ; --.,g 6 whose vanishing expresses that there 
exists a quadric cone with vertex at g 8 and on q y , ■ ■ •, g B . 

Evidently the factors ey, eijki are the discriminant factors 
of the set Ql. Thus Aj« = (ijkl) <hjki vanishes and g,, ■ ■ qi 
are coplanar if e^pa — 0 ; then e mn op — 0 and the remaining 
four points are also coplanar. Furthermore l)ijki vanishes 
if ey = 0 , i. e., if the points g,, qj coincide in some direction. 
If the quadric cone implied by the vanishing of 2 * 8 , 7 exists 
for a self-associated Ql, g 7 must coincide with g 8 and e 78 ~ 0. 
But the function 2 > 7 , 8 of the coordinates of Ql will also vanish 
simply if any two of q x , • • •, ge coincide and doubly if any 
one coincides with g 8 . Thus the pccurence and multiplicity 
of the factors e in (11) is accounted for. A useful relation is 

(12) DijDj'i = 2)*. 



If we set 
(13) 
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Ei — {i\ jklmnop), then 
DJD = D/Dj, t = EdEj. 

Thus the ratios of the eight E’s can be expressed in terms 
of the Dij and D and Aj, D i can in turn be expressed in 
terms of the Dyia. But also the 56 D tJ can be expressed 
rationally in terms of the E x , - - -, E 8 and D which are con¬ 
nected by the relation 

(14) P* — A • E a .A. 

To one deduction we shall recur, namely 

( 15 ) A ,2 - 02,8 A ,1 -£* 2,1 A ,2 A ,8 = 0 . 

This is in no sense an identity. For given q lf ■ ■ - , q- it is 
a sextic equation satisfied by the eighth base point q H . 

In order to obtain projective relations from the identities 
among the linear terms of the odd thetas, let 

P(123) — (123) (t’i* 8 ) 1/2 , 

P(1 *23456) = (1; 23456)*(23456) (v T8 vx-^sm) 1 ' 2 , 

(16) P(l*-.- 4*567) = (1234)*(l234; 567)* (567) (i^m t>567 ;8 ) 1/2 , 
P(l 3 2*- • • 7 s ) = (1; 234567)®f234567)* i’i;2M567. 

The theta relations identify these with the P-surfaces deter¬ 
mined by g t , - - g 7 . For if 45 (C.l), (C.2), (C.3) are multi¬ 

plied respectively by e* g (123; 78) (v 7S ) 1/2 , (1234; 5) (vi BS 4 ;s) 1/2 , 
(2356) (1456) (136) (246) {v\i 2 m) w , they become 

(C.l) P(178) ± As78 P(278) ± A 278 P(378) = 0, 

(C.2) P(145)P(235)±P(245)P(135)±P(345)P(125) = 0, 
± -£*2850 A«a P(136) P(246) 

(C ' 3) ± Asm D 2 m P(236) P(146) — P(6‘ 12345) = 0. 

Then (C.l) shows that P(ijk ) behaves like the plane on 
qt, Hit Qk and this is confirmed by (C.2) while (C.3) shows 

12 * 
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that P(rjklmn) behaves like the quadric cone with vertex 
at q t and on qj,---.q n - This is to be expected since the 
functions v tJ as defined in ( 2 ) are the canonical contact ad- 
joints of the quartic envelope E A . Then the combination 
( I’tjk) m has simple zeros at the contacts of a contact cubic 
of E A of the system which maps E' into the nodal locus 
C 6 (y) (cf. 44 ), and these are the zeros on G ,c (y) of the plane 
section containing the bisecants q,qj. q t qi^ qjq a . of C ti {y). 
Similarly the cone P(i*jklmn) contains the five bisecants 
q, qj, • ■ q t q n as well as the cubic curve on these six points 
which cuts C c (y) at the two points on the bisecant q 0 q P ■ If 

Cl 2 C 125 B (?'nS I'bk) 1 " rf Cjs £'1347 (?>,] < t>l) 1 " if; C2347 ( V $2 Cc.j) 1,2 0 


is multiplied by (1234) a ( 1234567 >(1234,567)(12; 56)e s « (r li!u r ; „ I 1 - 
it becomes 


(C.l)' 


Dn-oGPi 1*2*3-4 s 567) = ± D l317 Pfl*23456) P(234) 

iPi,# 47 P( 2 * 134o0) E( 1341. 


This expresses the cubic I -surface with nodes at q u q, 
and on q b , q r ,, q- in terms of simpler P-surfaces. Transfor¬ 
mation by Ai S3 4 shows that the relation is an identity through¬ 
out the entire space and not merely on C 6 (y) as its derivation 
might imply. The transform of this last relation by li:„- 
would furnish an expression for the remaining P-surface, 
P(l s 2 s • • • 7*). By setting y = q H in (C.l)' the discriminant 
condition which expresses that a cubic surface with nodes 
at ?!,•••, q x is on q 6 , q H turns out to be E{ E-7 Ei Et 
and thus coincides with a coplanar condition. 

If the relation 45 fB') is multiplied by (12345) (5; 1234) 
(^'i 234 s) 1/2 it becomes 

n s345 P(125) P(135) P( 145) P(234) 
m n ± A.« P(125) P(235) P(245) P(134) 

1 ’ ± Am* P(135) P(235) Z- > (345) P(124) 

±Jhza P(145)P(245)P(345)P(123) = 0. 


It may be proved that this projective relation is an identity 
throughout the space. Thus the various relations (B) yield 
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a variety of projective relations which may be developed by 
similar methods. 

We have seen that P 7 J and C/? are associated and there¬ 
fore satisfy a bilinear identity. We prove that 
(17) The identical bilinear relation between the associated 
Pi and Q? is 

-I _ 0. 


Let i t be the plane qqt, ij and S the line p t t>: in the 
assumed relation, ^ A, £,-(>i ql) ~ 0. The relation then reduces 
to A, i> n; 7 J (156) = 0. But from (C.l) 2? J%uoP{156) = 0 . 
Hence A, I) u: : A s ]) at: — /Pw, ■ iJisno which according to (2) 
and (11) is satisfied by the values A given in (17) 

It thus appears that the theta relations contain implicitly 
the geometric properties of the figures P-1 and Qt and their 
related loci of genus three. When properly manipulated they 
furnish valuable material supplementary to the usual analytic 
geometry. 

47. Schottky’s parametric equation of Cayley’s 
dianode surface. For those values of the variables 
ft.) of the theta functions of genus three for which 
one of the odd or even functions of the first order, say the 
even function ,7, vanishes, certain of the four term identities 
reduce to three term identities subject to the underlying 
relation v>(u) = 0. These simpler identities are used by 
Schottky B2 to establish a parametric representation for Cayley's 
dianode sextic surface (cf. 44). He writes apparently in 
ignorance of the previous work of Cayley and Rohn. The 
major results are reproduced here. 

According to the same argument by which 45 (A) was 
deduced from 30 VI there follows from 30 II the theorem 
that the products of the two odd thetas in each of four 
pairs of a Steiner complex are linearly related. If is 
one of the eight- odd thetas in this relation and u is increased 
by the half period P v then & tJ is converted into # and, for u 
such that vHu) — 0, this term disappears. In this way it 
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appears that when # = 0 the following three triads are 
linearly related: 

(a) #88 #3678, #48 #4678, #58 #5678; 

(1) (b) #1258 #8458, #1858 #2468, #56 # 78 ! 

(c) #85 #1248, #45 #1288, #58 #5678- 

The index 8 remains isolated so that there are six more 
typical triads. These give rise however to relations which 
later are obvious deductions from the three given. 

Let now 

l\jk — #0'fc8 #t8 #/8 #fc8i Pt,J — /7.# v #,-8/# j8 ; 

(2) Py'Jrf == H • #lmn8/#l8 #m8 #n8i Pi U ' #«8 

(77 — # 18 #* 8 •. • # J8 ; 1 ? • • >, 7). 

Then according to (la) the 35 functions P v * are such that 
any three of the type Ptmn, Pjmn, Pkmn are linearly related. 
All 35 can therefore be linearly expressed in terms of a properly 
chosen set of four, e. g. P 28 *, Pm, Pm, Pm- If such a set 
of four, or any four linearly independent combinations of them, 
be taken as homogeneous coordinates y of a point y in St, 
then P(/k represents a plane. Since all the P v t with fixed 
index i can be expressed linearly in terms of three of them, 
say Pijk , P,ji, Piki, they all pass through a point q, in <S'», 
Hence Py& = 0 represents a plane on the points q,, q Jy qi. 
of a Q?. Since the coordinates y are functions of two para¬ 
meters (ui, n 2 , us subject to # = 0) the point y runs over 
a surface T. 

If the relation (lb) is multiplied by #xs • • • #48 #58, it takes 
the form a Ps.b = b Pm P 245 + c Pi 25 Pm- Hence P M is 
a quadric with node at q s and on q t , • • •, q 4 . Due to the 
similar relation in which the index 7 replaces 4, Pb, 6 is also 
on qi , i. e. P 6 ,9 is the quadric cone with node at q b and 
on 0i> •• •, 2«, qi- If the relation (lc) is multiplied by 
#18 • • • #48 #68 # 78 , it becomes aP iua — hPm Pt,s~i~ t'Pm Pt.s- 
Hence Pim — 0 is a cubic surface with nodes at qi, • • -, q 4 , 
on q* and g 7 , and, by virtue of the symmetry in its definition 
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(cf. (2)), on g 5 also. Finally from the four term relation 
connecting #p#78, # B i # 7 i, # B 2#72, #63 #73 by multiplication 
with &? 8 ■ • • #58 #«8 #78 there arises aPy — &f?i, 6 <? 7 ,i+ ct? 2 ,« 6 * 7,2 
+ <? 8 ,o (? 7 , 3 - Hence P 7 is a quartic surface with triple 
point at g 7 , double points at gi,---,gs and by symmetry 
at g e as well. Thus the functions defined in (2) represent 
the P-surfaces determined by Qy (cf. 44 (4)). 

Certain identical relations of the sixth order follow im¬ 
mediately from (2). These are of four types: 

(a) Pi ,2 P 2 ,» P 8 , 1 - P 2,1 P 8,2 Pi,8 = 0; 

(b) Ps,4 P 124 P 4567 Pi,» Pl 28 Ps567 — 0; 

(c) P128 Pino Py —P4567 P12S7 = 0 ; 

(d) Pi,..P 2 -P2,iPi = 0. 

These are not identities in y. They must therefore be equa¬ 
tions of the surface T with triple points at Qy. One may 
see from one or another of the equations (3) that T contains 
the 21 lines g,g, and the seven cubic curves on six points 
of Qy, and hence must coincide with Cayley’s dianode surface 
(cf. 44 ). It will be observed that (3 a) is the same equation 
as 46 (15) if in the latter g 8 is replaced by y whereas T does 
not contain g 8 . The individual term Pi, 2 P 2 ,s Ps,i represents 
a sextic surface with triple points at Q? of the form 

u T-\~ (“0 -4o “i - K i •‘Ii “I - tt 2 A?) B a tjk At Aj Ak == 0. 

Under I 16 , Pi, 2 P>, s Pa, 1 interchanges with P 2 ,i Ps, 2 Pi,s while 
T changes sign if B, Ao, A u A 2 are unaltered (after removal 
of the factor which contains the P-surfaces of I 15 ). Hence 
for proper choice of signs in the quadric cones P t j, 

Pi, 2 Pi,» P M —P 2,1 Ph, 2 Pl.8 = 2 uT, 

Pi, 2 P' 2 , 8 P», 1 + Pi, 1 Pa, 2 Pi, 8 — 2 B («0 At) a l AiA~ a 2 Az) 

2 «»/fc Aj Ak, 

and the latter surface is on g 8 . Thus the ambiguity is due 
to the indetermination of sign in the quadric cone Aj • 
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Schottky defines an L-surface to be a quartic surface 
with nodes at Q ?. He observes the degenerate L-surfaces 
(cf. 44(4)) 

Lis = Pi = n • L,j = p,j ■ Pj't = n • 

BjjkS - Pijk ' Pnihop - t/ • , 

and remarks that the linear system (oc 8 ) of L-surfaces cuts 
out on T the curves defined by the linear aggregate of theta 
squares of which seven are linearly independent when — 0. 
He notes that the 21 products L tJ and the 35 products L tJ kn 
will have as double curves respectively the elliptic quartic 
curve E,j of intersection of P tJ and Pj,„ and the elliptic 
cubic curve E,jks of intersection of P tJ k and P mno p- To these 
we should add the 7 elliptic loci E, 8 wliich consist of the 
directions at q, on the surface J’,. The 63 curves then play 
the role of a conjugate set under regular Cremona trans¬ 
formation of (/•}. Schottky also remarks that the 28 /'’-curves 
of Q’i (cf. 44 (5)), F,j and F,», are exceptional curves on T 
since each is defined by u — P 0 , P, 8, a half period for which 
«!/ (») — 0. For, it is clear from (4) that if a theta square 
vanishes for one of these half periods, the corresponding 
degenerate L-surface contains the corresponding jF-curve. 

The memoir contains, along with the conventional way 
(cf. 44 (8)) of setting up the system of L-surfaces, a definition 
of the involution l li from the proof that L-surfaces on y pass 
through y and the following construction of 7' 6 : planes on 
y, y cut out on the elliptic quartic curve (J* through them 
and Q* the same involution as is cut out on C* by planes 
on the tangent to C 4 at the eighth base point q g . Though 
the fixed points, q 8 and T, of l lb are determined the trans¬ 
formation is not discussed in the light of the Cremona theory. 
It appears first as a Cremona transformation in an article 
of S. Kantor 88 . We give finally a brief proof of Schottky’s 
theorem: 

(5) If B is a properly chosen L-surface and A 0 , A u A t are quadrics 
of the net on then T l — 4i/ 8 — g% B — y t where g%, g& 
are polynomials of degrees 4, 6 in A 0 , A ,, Ai. 
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In A 0 : A t : = A: p • ] a particular elliptic curve C 4 on Qg 

is determined by A, /<. On C’ 4 change the original parameter 
u to v — u — u s . The parameter of u H is then v = 0 and 
the pairs of 1™ on C 4 are v-\-v 0. Since these pairs 

are cut out on C 4 by a pencil B — q Al — 0 then q — B/Ai is 
an elliptic function on C 4 with zeros ± v and double pole at 
v — 0, i. e., q = + If we set B’ = (B — bAi)/a then 

p(v) = If I As. Also T“/A® has double zeros at the half period 
points and six-fold pole at the origin and is therefore lcitfXv))*. 
Incorporating this constant with T* then T * = 4 B' 3, — g t B — g 3 . 
This expression for T i is valid along the general curve C 4 
and therefore throughout the space. The g 3 ,g% are the loci 
of equianharmonic and harmonic curves C 4 respectively. It 
the curves C’ 4 are projected from q H into a net of cubics on ff 
with parameters A : y : 1 then the invariants S, T of the net, 
which are the g t , g 3 of a particular curve, are of degrees 4, 6 
in A ' g ' 1 =- A<> : .4i : .4* • 

With reference to the mapping given in the next section 
we add some theorems: 

(6) Each of the 63 degenerate L-suifaces, L m in (4), meets T 
in a curve of order 24 made up of the double elliptic can e E„% 
of L m and of the 12 curves F (cf. 44(5)) uluch meet E m . 
The 12 points thus cat out on E m arc six pairs of a hessian 
correspondence (n' — ufo>'2) on E m . 

For, we observe first that two curves are understood to 
meet at q t (t ~ 1, •••, 7) only when they have the same 
direction at q,. Then E,g, the oc 1 directions at q x on the triple 
point of Li* at q x , has a direction in common with F} 8 and 
Fji (j •—• 2, • * *, 7). Ihe six pails of directions on Fjg, Fji 
are in a hessian correspondence ( 86 pp. 170-2). The situation 
thus existing with respect to L x passes over under regular 
transformation to a congruent set Q? into a similar situation 
with respect to L' m . Hence L m and Q ? are similarly related. 

(7) The points of T are in (2,1) correspondence with the pairs 
of points on a planar quart/c curve f*', and the two pairs 
on f* which correspond to one point of T are complement ary 
pairs on a line section of f 4 . 
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If a"i,ar 2 are two arbitrary points of / 4 then (cf . 67 p. 231) 
&(v* 1 -f ?<£' + &) — 0 , and conversely, if &(u) = 0 , the two 
points x l .x i are determined for which u = 

Since #(— n) then vanishes also, there is a pair of points ,r 3 , 
such that — u == u x f + iff + k. Then 

iff + iff + K‘ + M « 4 + 2 k ^ 0 • 

In the linear series defined by this congruence (cf. 34 ) two 
points are arbitrary and the series must be the canonical yi. 
Thus complementary pairs a-,, x t and ,r s , x, on a line define 
values ±« for which &(n) — 0 and therefore a point on T 
and conversely. 

The geometric construction of this correspondence is obvious 
on the nodal locus C e (y) . A C 4 on a point P of T is con¬ 
tained on four nodal quadrics with nodes on C e (y) which 
correspond to the four points on a line section of f*. The 
generators of these four cones with nodes N,j cut out on C l 
involutions u-fiu =-: w v [» v — i,j — 0 , 1 ]. 

The product of two of these is also the product of the other 
two and is a hessian correspondence 11 ~ u -f «/2 which sends 
q ' s into P. This hessian correspondence is effected by the 
hannonic perspectivity with the opposite edges of the tetra¬ 
hedron N u as lines of fixed points. Thus 
( 8 ) On any C* on ($ the tetrahedron of nodes of nodal quadrus on 
C'\ and the tetrahedron of fixed points of l 16 on C’ 4 , arcdesmir. 

48 . The generalized Kummer surface (p —- 3). The 
theta manifold M & 4 in Si (cf. 32 ), the map of pairs of points 
±w in a parallelotop by the theta squares, as a generalized 
Kummer surface, has a set of 64 four-fold points, determined 
by the half periods, u = 0, n — P,j, it — P,jki ■ There is 
also a set of 64 Sfs which touch M** along an il/J", these 
being the Sfs obtained by equating to zero a particular one 
of the 64 (w)’s. We denote them by (fr m ). The 64 

points and 64 Aff’s are transitively permuted by the half 
period group G M of M » 24 so that each has the same projective 
relation to J /* 4 as any other in its set. 
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Since the values Pu for which a particular d m , sa}' 
is zero can be spread over the points of Cayley’s dianode 
sextic surface T with triple points at Qi and then the linear 
system defined by the remaining theta squares (cf. 47 ( 4 )) is 
represented on T by the linear system of P-surfaces. there 
follows that 

( 1 ) The Mp {it) alone) which Mr 4 is tangeni to the S f , defined 
by i)* (v ) — 0 is the map of Cayley's dianode sextic sur¬ 
face T mth triple points at (fi by its linear system of 
adjoint quartic L-surfates. 

Thus two P-surfaces meet in a 16-ic curve with four¬ 
fold points at Q?, and such curves meet T in 16-6 — 7 • 4.3 or 
12 variable points which correspond to the intersections of 
by a variable <S' R . The transcendental definition of Alp {it) 
is replaced in this way by a purely algebraic definition. 

To the 28 half periods for which it {a) vanishes there 
correspond on T the 28 rational curves F tJ (44 (5)). An 
P-surface which contains a point of F v outside Q ? contains 
the whole curve whence F tJ maps into one of the four-fold 
points, n — P v , of Mi 4 on Alp {it) and the individual points 
of F tJ map into directions about P tJ . We prove that 

(2) The 28 four-fold points of Alp , ii — P tJ , on Mp (it) air 
double points of Alp . 

The multiplicity of a = P 1S on Alp is 12 — / if an S t 
on P determined by two -Sj's in the & of Alp (it) meets AlP 
in t points outside P, s . Two Tv-surfaces on P ls meet again 
in a curve /’ (I s 2 !l 3‘ ■ ■ - 7 1 )* ’. A plane rr on F , a meets 
each 7,-surface again in a curve J (12)'* and the two curves A 
meet in 7 points outside F ti . Hence r meets n in 15 points 
of which 6 are at p x or p t , 7 are not on 7’ IS , and two are 
on F ia . Then T which contains F\ t meets f in 6-15 
— 2-3-3 — 5-3-4 —2 -- 10 -- t points outside F ja and 
Qp and P ia is a double point of Alp {it). 

There is on T in addition to the 28 rational curves F. 
a set of 63 elliptic curves Em, E tJ . E v im which are simple 
curves on T and double on the respective degenerate P-sur- 
faces. Thus Enas is the intersection of the plane P(123) 1 
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and the cubic surface P(1234 ! • • • 7 2 ) s . It is mapped by L-snr- 
faces into a normal elliptic sextic curve in the S & common to 
the *Sys determined by if (u) and itftg (u). Hence (cf. 47 (6)) 

(3) The Sc, containing Ml 1 (It) is cat hy the Sfs determined 
by the remaining theta squares in a set of 63 Sb’s each 
of which is tangent to Mf {it) along a normal elliptic 
sextic curve E 6 which contains \ 2 of the 28 points P v on 
M-f, the 12 being composed of six pairs in a hessian 
correspondence on . 

The Veronese surface V> is the map of the plane by the 
linear system (x 5 ) of all conics ( 7(l ’ 71 ), the quadratic system 
built from the lines of a net. The existence among the 
/.-surfaces of the quadratic system built from the quadrics 
-4 0 , Ai, of the net on Q'i shows that 

(4) The map of the space <S, t of Q't by the system of L-sur- 
faces is a quartic cone M* (O) in S 6 with vertex at 0, the 
map of q K) whose section by an S\ not on O is a Vero¬ 
nese V*. To the oc * triads of points of T on elliptic 
quartics C 4 there correspond on M-f {it) triads of points on 
generators of Ms (0). The Mf (it) is the complete inter¬ 
section of Alt (0) and the cubic spread in Sc,, 

T* == 4 B 3 — g t B — //a --- 0 

(cf 47 (oj). 

The Ml (0) itself is, like V-J, the complete intersection of 
six quadrics. 

The M 2 (it) contains a system of x> * space sextics of genus 
four of the special type cut out on a quadric cone by a cubic 
surface. For any quadric, say A t , of the net on Q? cuts T 
in a curve (1*, •••, 7 s ) 12 which is mapped by /.-surfaces into 
a sextic curve on Ml 2 (it). The 12-ic is on the /.-surfaces, 
.4 0 A s , Ai A t , A 2 whence its map in S r> is a space curve which 
is cut out in its space by the quadric A 2 - A 2 — (/t 0 ^4i)* — 0, 
a cone with vertex at 0 and the cubic surface 4 B s —g>B — g» — 0. 
Space sextics of this type are discussed in 51 . 

49. Irrational and rational invariants of the planar 
quartic. It is well known that a plane section of the 
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enveloping cone of a cubic surface, (hx) a = 0 , from a point y 
on it is a general quartic curve. The equation of this cone is 

( 1 ) (Ax)* ~ 3 [(7/ y) (h xff— 4 [(/, yf(h *)]. [(h rf] = 0 . 

Let the quartic cone, (Ax)* = 0, be cut by the plane, 
{fix) — 0, in a quartic curve, (qo)* — 0. An invariant of 
degree It of (qx)* — U is a symbolic product \\(qq'q') and 
the corresponding invariant of the section by (0x) of (Ax)* 
is a symbolic product H(AA'A"/i) of degree k in the co¬ 
efficients A and of degree 4fr/3 in & and thus of degrees 2k, 
2k, 4A'3 in the coefficients //, in y, and in /3 respectively. 
Since the section by a particular plane /? not on y is not 
material, the symbolic product must have an extraneous factor 
0 8y) ik ' J and an essential invariantive factor of degree 2k in 
the coefficients h and of order 2k 3 in y, i. e. 

(2) The tnvHnunfs ofdeytee k of a tertiary quartic are equal 
tv co cart ants of a mbit sat face of dey tee 21c and ordet 
2k/ 3 multiplied by l l u/iete l is an undetermined constant 
independent of k. 

Such a covariant of (hxf has the symbolic form. 
II (htih"h'") • • ■ (h [r) y) ■ ■ ■ , with 4A'3 determinant factors. 
In Cremona’s hexahedral form of the cubic surface (cf. 40 
(4), (5)) with six variables a, •••./and surface n s -j- -j-/ 3 =0 
the variables are subject to two linear relations, a + ■ • • + f= 0 
and ct a + ••• -f// = 0. According to Clebsch’s principle 
of transference the quaternary sj’mbolic determinants are then 
to be replaced by senary determinants (hh'h" Ji" 1«). On 
expanding the symbolic form and noting that the coefficients h 
are now numerical there results: 

(3) An invariant of degree k of the ternary quartic is equal 

to l k times a covariant of the Cremona hexahedral cubic 
surface of degree 4 /c/3 in d,---.f and of degree 2k/3 
in a, •• ■,/. 2 

Since the surface is mapped by cubic curves on I\ for 
which the a, • • -,/are linear in jh, ■ ■ •. P6, and the a, ■ ■ ■, f 
are linear in jn, • • •, p 6 and of degree 3 in a variable point pi , 



190 


IV. FUNCTIONS OF GENUS THREE 


and since a section of the enveloping cone from y, the map of p ,, 
is projective to the envelope E i with nodes at P~, there follows: 
(4) An invariant of degree k of the quartic envelope E i with 
nodes at Pi is k k times an expression of degree 2 k in each 
of the points of Pi which vanishes 2fc/3 times for each 
coincidence of two points. 

The essential factors may be determined for certain in¬ 
variants of the quartic which involve special positions of the 
double tangents. Thus the discriminant of degree 27 in the 
coefficients of E 4 should be of degree 54 in the coordinates 
of each point of Pi. The discriminant factor d lg (cf. 43) is 
of degree two in each of p%, ■■•,pi and drjss is linear in 

each of p\, p*. pi. Hence A — .d] 2 3s.^5078 is 

of degree 54 in each point. Since d 3 8. • • ■, d 7H and d m8 ...., d 127 8 
each vanish simply for the coincidence of p t , p t , A vanishes 
to the order 20 for this coincidence. Since the normal order 
(cf. (4)) is 18, the discriminant factor dj 2 is implied in A. 

Again the quartic curve has an undulation when the con¬ 
tacts of a double tangent coincide, and E 4 has the dual 
singularity. This gives rise to two types of condition on P~ : 
(a) the line jh p-i touches the conic on p 3 . • • •, pr, (b) a cubic 
•of the net has a cusp at p-. In case (a) the conic is an 
/(a,- 2 , pi, • • •, pi) . Letting x — pfr hp.„ the discriminant in A 
is an f(p\. pi, p\, • • p*). The product of the 21 conditions(a) 

is an ■■■,p] 2 ). In (b) the cusp locus p. of cubics on 

pi, • • •, p e is desired. This is, on the cubic surface, the 
parabolic curve cut out by the hessian. The hessian is an 
f(a~, a 4 ) or, in terms of P 7 2 , an f(p\, •••,!>«» p) 2 )- The 
product of the seven conditions (b) is an f (pf, • • •, p 4 *). 
Hence the undulation condition of the quartic is an invariant 
of degree 60. By a similar argument Morley 48 finds that 
an invariant of degree 54 vanishes if the quartic curve 
contains inscribed five-lines. 

In order to locate the extraneous factor X k in (4) an equation 
of E 4 itself free of extraneous factors is needed. This is 
a form (cf. 48 ) symmetric in P 2 of degrees 4 and 10 in y 
and pt respectively, say 
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(5) E* = /(?\ p") =- 0. 

It may be characterized more completely by giving its 
behavior for variable p-,. 

(6) The form E l in (5), for git en q and Pi and variable p 7 , 
is a rational curve of order 10 with four-fold points at Pi 
and five-fold tangent i\. The line q and rational lO-?c 
are the transforms respectively of a rational quintic curve (fL 
with linear parameters // and nodes at Qx, associated to Pi, 
and its perspective conic K, by the quintic Cremona trans¬ 
formation with double F-points at Ql, PC 

For, E* — 0 in (5) is the locus of the ninth base point, 
pi, of pencils of ciibics on PC, which touch . On mapping 
the plane by cubic curves on Pc into a cubic surface C'\ 
/, becomes a twisted cubic A 73 and p, becomes the further 
intersection with C'* of a tangent line of A 73 . The locus of 
these tangent lines is a quartie surface which touches C* 
along A’ 3 and meets C 3 in a rational space sextic. The total 
intersection is the map from the plane of a 12-ic with four¬ 
fold points at Pi from which if must factor leaving the 
rational l()-ic. The transformation mentioned sends this 
10-ic into a conic K and i t into the rational quintic with 
nodes at Ql. The pencils of cubics on Pc which touch // 
become pencils on Ql which touch But W. Stahl 69 has 
proved that the pencil of adjoint cubics on two points of 
a rational quintic is on the point of intersection of the two 
corresponding tangents of the conic perspective to the quintic. 
Hence K is the perspective conic of (f r/ and touches Q b r/ at 
live points. 

The invariants of the quartie envelope E 4 in (5) are of 
degree 31 in the coefficients. Thus the one of lowest degree 3 
is of degree 30 in p t , ■■ ■, p 7 . According to (4) its effective 
factor is of degree 6. If p s . •••, p 7 are on a conic {aff, 
then E l becomes ( a »/)* ■ {p x qf (cf. 48 ) and the first invariant 
has a zero of the second order. When formed for E 4 in (5) 
it must contain the factor <?i8 and similarly the factors 
<? 28 , • • •, d? 8 . Hence 



192 


IV. FUNCTIONS OF GENUS THREE 


(7) An invariant of degree SI of the quartic envelope E* in (5) 
contains an extraneous factor dfg * ■ • • 1 $1 of degree 24 1 in 
the coordinates of P 7 2 and an essential factor of degree 61 in 
the coordinates of P 2 . 

The invariants thus far considered have been rational and 
integral. They take the same values to within a factor of 
proportionality q 1 when formed for any one of the 288 sets 
congruent to P 7 . Such invariants can be formed by sym¬ 
metrizing simpler irrational invariants which are permuted 
under congruent transformation among the members of a con¬ 
jugate set. An irrational invariant of Pf under congruent 
transformation should be of the same degree in each point 
in order that the ratio of any two in a conjugate set may 
be independent of factors of proportionality in the coordinates 
of individual points. It should also be a projective invariant 
of the seven points and therefore be made up of deter¬ 
minants | ijk |. Its degree, and behavior with respect to P 7 , 
should be such that it is transformed under congruent trans¬ 
formation, to within a factor depending only on the trans¬ 
formation, into an invariant of the same degree and behavior 
with respect to the congruent Qj. The simplest polynomial 
in the coordinates of P 7 which satisfies these requirements 
is one of degree 3 in each point which, when any point is 
regarded as variable, becomes a cubic curve on the other 
six, i. e. which vanishes at least once for every coincidence d,j. 
The following are examples of such irrational coyariants 
with their values in terms of a, ■••,/; a, •••, / and <4 
(cf. 40 (3), (8), (9), (11); also 17 II (60)): 

8 |5311 (461 j |342j |562j (547j |2I7l ]367| =-= — (Tf+d,) (c+f) 

- [cf+]- 

81523| |462| |34l| |567f |54l| |217| |367| = (cf— dt)(c+f) 

(8) --[c/-]; 

8 A 7S |547| [217! j367| = 2d, (c+f) 

- Icf}. 

Each of these has the proper degree in pi and vanishes at 
least once for any coincidence. Recalling that the 63 dis- 
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criminant conditions on Pf are permuted like the points in 
the finite geometry, we observe that, apart from the 21 coin¬ 
cidences, each of these contains the seven discriminant con¬ 
ditions which correspond to the points on a Gdpel plane 
(<*t. 28 ), and that the three Gdpel planes so determined have 
in common a null line whereas the three irrational invariants 
are linearly related. Hence 

(9) Then- are 135 irrational Gdpel invariants which satisfy 
a set of 315 three term relations which correspond in the 
finite yeometry to the sets of three Gopel planes on each 
of the 315 null lines. By virtue of these relations the 
Gdpel invariants can he expressed in terms of 15 which 
are linearly independent. The 15 are subject to a set of 
63 cubic relations which correspond to the points in the 
finite yeometry or to the discriminant conditions of Pf. 

By permutation of the points alone the first two types ( 8 ) 

contribute 30 of the Gdpel invariants and the last contributes 
15 more. It may be proved (cl. 17 II pp. 382-3) that 

8 4** 127 ,245 236 j 

( 10 ) __ * — 

— —(ad — i/ 2 )(a-j-rf) + (/>r-f-rf g )(fi + e) - [ad. he]. 

From this by the parallel substitutions 35 (4) (with a change 
of sign in «,•••,/, d t under odd permutation) the remaining 
90 Gdpel invariants are obtained. The whole set is obviously 
made up of the 6 terms d t a, ■ ■ d t f subject to one relation, 
and the terms r/(c + /) subject to five relations (cf. loc. cit.). 
If a discriminant condition such as d t — Am be isolated, 
fifteen of the Gdpel invariants such as [cf] 2 rf*(c+/) 
contain it as a factor. These are expressible in terms of 
the six, dt a. ■ • •, d t f, themselves subject to the one linear 
relation, f (a -f •••+/) = 0 , but also to the one cubic 
relation tf?(a R -|- +/*) == 0. There must be therefore 

one such cubic relation for each discriminant condition. The 
relations may then be denominated 

Rij = 0, Rtjkl == Rmiiop == 0 (t • J . • * ' 1, ‘ ' ’! 8). 

IS 
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In the notation introduced in (8) and (9) for the GOpel 
invariants the three term relations read as follows: 

(a) [cf] +{<•/+) -f[r/— ] = 0, 

(b) [cf] + |M +[ad] = 0, 

(c) [ad, be] + \ad— ] +[6e+] =0, 

(d) [ad, be\ + \be, ad\ + [cf\ =0, 

(e) [o d,be]- f [be, cf] + [cf, adj = 0, 

(f) [ab, de]-\-[bc, ef]-\-[ca,fd] — 0. 

In particular the 15 GOpel invariants which contain a given 
discriminant condition satisfy 15 of these relations; e. g. for 
J T8 the fifteen relations are those in (lib). Furthermore 
the cubic relation cfc {a + • • • + f 3 ) may be rewritten as 

(12) ell [(« + b)(a + e) (b + <) + (rf + «) (d +f) (e +/)] = 0 

since a-\- ••• +/— 0. The three GOpel invariants in each 
product may be characterized by the fact that two in the 
same product do not, while two from different products do, 
occur in a relation (11). 

The bearing of the cubic relations is given by the theorem: 

(13) If a set of 135 constants g can be expressed by means 
of the relations (11) in terms of 15 constants h that are 
linearly independent, and if the constants h satisfy the 
63 cubic relations (9) then the constants g are the Gopel 
invariants defined by a set of points if or by any set 
congruent to P?. 

If for example the 15 constants g- l8 of the form d s (afb) 
associated with the discriminant condition and subject 
to the 15 relations (lib) are known, and if furthermore they 
satisfy the cubic relation if 7 « d?> {a -f- • • • +/*) = 0 then 
they are the linear invariants of the sextic line pencil from 
a point pi to points p n • ••, pe, and the double ratios in this 
pencil can be expressed by properly chosen ratios of two of 
these fifteen constants, as in [ab\![cd\. If the four points 
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pi, are selected at a base, and if the 15 constants ? 18 

subject to the cubic relation R lH — 0 are given then the 
position of the sextic line pencil p x p%,---,p\pi is determined. 
If also the 15 constants g iH subject to li iH = 0 are given, 
the position of the sextic line pencil p t p ,, p t pa, p t pi 

is determined and L^e position of the points pa, p%, p-, is 
also determined. If again the 15 constants gw subject to 
Rm = 0 are given, the position of the sextic line pencil 
pa Pi, pa pi, p» Pi , • • •, pa pi is determined and three condi¬ 
tions must be satisfied in order that pa pa, paPb, p%pi may 
be on the points pa, pa, pi previously determined. We prove 
that these conditions are respectively R& = 0 , R : ,i — 0 . 
R&a = 0. Thus the cubic relations play the double role of 
first ensuring the existence of the sextic line pencils and 
second ensuring their united position in Pi. It is sufficient 
to prove the case for p 5 . If p,. p t , p & is the reference tri¬ 
angle arid p t the unit point, while is x : y : it, the double 
ratios on vertices pi,p->,p>a respectively are: 
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from a list of formulae conjugate to (10). From the identity 
(y/u) (it lx) ( x/y ) — 1 there follows: 

(15) [ae, 6cj [bd, ac\ [cf , ah\-\-[df, ae] [ef , 6<7] \de, cf] — 0, 

a cubic relation on the constants g which is obviously satisfied 
if these are the GOpel invariants of a Pi. The six factors 
in (15) all contain the discriminant condition Sm (doubly, i. e., 
once more than it normally occurs); any one of the first three 
is coupled with any one of the second three in a relation (1 le) 

38 * 
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or (Ilf); and no two in the same product are coupled in 
a relation (11). Hence (15) must be Bm — 0 in a form like 
that of i? ;8 = 0 in (12). 

The 15 coefficients « of the quartic spread L 4 in <S' 7 on 
which the theta manifold M»* is a locus of double points 
satisfy a system of cubic relations of the type (9) (cf. 33(5), (6)) 
whence 

(16) The 15 coefficients a of the quartic spread L 4 in 33 (5) 
can he expressed linearly with numerical coefficients in 
terms of the Oopel invariants of Pi and conversely. The 
leading coefficient a is itself the Oopel invariant l ad] 
whose value in terms of the zero values of the even thetas 
is given in 28(9). 

For « is invariant under a G 1W containing an invariant 0 2 «. 
generated by the involutions attached to the points {000; ijh) 
of a GOpel plane (33(10)). The transition from the charac¬ 
teristic to the basis notation is effected (33(B)) by setting 

(17) {111; 111} = {Pi* Ptw Pis?Pit Pm P>>n\ ■ 

The points of the Gopel plane in the basis notation are then 
Pm, Pit, Pb«, P-s, P\ «8, Pstn, P;*~s and these correspond to 
the seven discriminant factors of [ad\. With « — [adl the 
correspondence between Gopel invariants and linear forms in 
the coefficients « is set up by effecting on the linear forms 
the operations of the modular collineation group 33(9) and 
on the GOpel invariants the corresponding operations of 
It is perhaps unnecessary to note that the 1, • ■, 7 notation 
in 33 is not related to that in Pi. 

If P? is taken in the canonical form as above with 
Ps, p&, Pi = x:y :u, z: t :u, r: s : u the Gopel invariants all 
contain the factor u 1 and are ot effective degree 7 in the 
coordinates x, y, z , t, r, s, u of the point in -2s fi which is the 
map of Pi . Hence 

(18) The Cremona group Oi t 2 in .2# is mapped by the linear 
system of order seven determined by the Oopel invariants 
upon a collineation group) G in S lt which is identical with 
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the modular group 33(9). The space is mapped upon 
a modular manifold Mu defined by a set of 63 cubic 
relations. 

Every invariant of the collineation group O is a rational 
invariant of the quartic envelope E 4 unless it vanishes on M&. 
For example the sum of the squares of the Ghpel invariants 
yields the first invariant of the quartic which in terms of 
the fifteen a’s is, to within a numerical factor, 

(19) 6a 2 -|~2 + 2 a m- 



CHAPTER V 

GEOMETRIC ASPECTS OF THE ABELIAN MODULAR FUNCTIONS 
OF GENUS FOUR. 

In the present chapter a variety of geometric situations 
are presented which have as a common foundation an algebraic 
curve G x of genus four. As a rule the absolute projective 
invariants of the figures discussed can be expressed either 
rationally or irrationally in terms of the birational moduli 
of G 4 and therefore are described as modular functions. They 
also are related in a transcendental way, which in certain 
cases is described, to the moduli of the theta functions defined 
by G 4 . Most of the topics are discussed with reference to 
sets of points and their behavior under regular Cremona 
transformation. A natural departure would therefore be 
a study of the set P» in the plane. This brings to light 
a certain special sextic of genus four whose properties are 
more easily apprehended bj- comparison with those of the 
general G 4 . For this reason we begin with a discussion of 
a Irrationally general plane sextic curve of genus four, first 
observed by Caporali ( 8 pp. 358-62), whose significance was 
pointed out by Wirtinger ( 75 ; 76 pp. 115-7). 

50. Wirtinger’s plane sextic curve of genus four. 

As a starting point consider the general algebraic form 

(1) («xf (Or) (fit) — 0 

in which x is a ternary variable and t, t are digredient 
binary variables. The form depends upon 6 -2 -2 — 1 = 23 
constants or upon 23 — 8 — 3 — 3 — 9 absolute projective 
constants. It is convenient to interpret t, r as a point on 
a quadric A in space with generators t, r, and at times to 
replace the bilinear combinations of %,t x \ r 0 , by the co¬ 
ordinates y of a point in S 3 (cf. 17 ( 6 )); in which case (1) 
becomes 

(1.1) (ax)* (yy) — 0. 

198 
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The latter form depends upon 23 — 8 —15 = 0 absolute 
constants so that the transition from (1.1) to (1) amounts 
to the choice in S» of a quadric A with isolated generators. 

When r in (1) is fixed and t varies the conic (1) in S, 
runs through a pencil with four base points x. For one of 
these points x the equation (1) is satisfied for given x and 
any t whence the form factors into forms linear respectively 
in t and x and 

(2) J* - («a-)» («'*)* (bb') [fig) = 0. 

Thus for fixed x and variable t the pencil of conics (1) has 
base points jh- • ■ • • ]u on the quartic curve / 4 . If for fixed t 
the conic meets / 4 in q x , • • •. q i then for this t and variable r 
the pencil (1) is on q u ■■ ■, q±. Hence 

(3) The form (1) determines on the quartic curve f* a linear 
series of quadrupels p T (for fxed, x), and a linear series g’* 
of quadrupels q t {for fixed f), which are residual in the g\ 
cut out on f* by conics. Conversely two such residual cf’s 
on f* determine a form ( 1 ) (cf. 14 ( 8 )). 

Let if, x be a point on A for which the conic (1) is a pair 
of lines (Sj-j • {f x) on r. Then 

(4) (« a’<x"Y (fir) (6'.) {b"x) {fit) fi' t) (fi" t) = 0 

and t, 1 is on the section of the quadric A by a cubic 
surface. The point x is then a diagonal point, both of 
a quadrupel p T and of a quadrupel qt, and its locus IT, the 
sextic of Caporali and Wirtinger, is birationally equivalent 
to the space sextic curve (4). In order to prove that the 
space sextic is general consider the line equation of the 
conic (1) 

(5) (aafifibx) (b'x) {fit) {fi’t) - 0, 
or the more general form 

(5.1) (««'f) (««'n {bx){b'x){fit){fi' t) = 0. 

For given 5, (5.1) is the equation on I of a quadric 

section which meets (4) in 12 points t, x. For each of 
these points the envelope (5) is qtfxY — 0 where x is the 
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point of W which corresponds to t, x on (4). Hence (5.1) 
vanishes at the 12 points x where ?, S' cut IT and the points 
on A correspond to these 12 points x. When ? — S' these 
12 become six coincident pairs and the section (5) of A is 
by a contact quadric of the space sextic (4). Conversely 
given a general space sextic of genus four, G 4 , on a quadric .4. 
one of its 255 contact systems of quadrics cuts A in a 
system of curves (5) which contains a ternary parameter £ 
quadratically (cf. 14 ). The reciprocal quadratic ternary form 
breaks up into the product of (4) and (1); and (1) in turn 
determines G t . Hence 

(6) The Wir linger sextic W, the locus of the vertices of the 
diagonal triangles of the quadrupels of a g\ (or its resi¬ 
dual g'i) on a general ternary quartic curve f 4 , is a Ir¬ 
rationally general G x . It has 9 absolute projective constants 
and is differentiated from the protectively general plane 
sextic of genus four (13 absolute constants) by the fact 
that its line sections are the contacts of its canonical space 
sextic with one of the 255 systems of contact quadrics ( I2 ). 

The two cff s, coresidual to each other in the canonical 
series of W, which on (4) are cut out by the two systems 
of generators of A, are, on W, the vertices of the diagonal 
triangles of g 4 and g' 4 respectively. 

The pencil of conics Cl) for fixed r and variable t 
determines a planar quadratic involution of pairs x, x' such 
that (ax) (ax') (bt) (/? t) = 0 for every t whence 

(7) (ax)(a x)(ax')(a x')(bb')(Pff) = 0. 

If 2 is at a diagonal point of p T , an .F-point of the invo¬ 
lution, x is any point of the opposite diagonal line and the 
conic (7) in variables x' is a pair of lines whence 

(8) The equation of W, of degree 6 in the coefficients of ( 1), 
is the discriminant of the conic (7) in variables x. 

This furnishes an equation of W in the form of a symmetric 
three-row determinant whose elements are conics. Such 
a determinant isolates the system of contact quartic adjoints 
of W associated with the half period determined by the 
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contact system (6) of <? 4 . The planar quartic f* is also 
a two-row determinant which isolates the residual <?*’s. But 
also the space sextic G K in (4) is expressed as a symmetric 
three-row determinant w r hose elements are bilinear forms in 
t, r and thereby the contact system (5) appears. If in this 
latter determinant the bilinear forms are replaced by linear 
forms in y as in (1.1) the symmetric three-row determinant 
is the equation of a four-nodal cubic surface due to Cayley. 10 
Evidently there is one such Cayley surface on (? 4 for each 
contact system of quadrics. These were noticed by P. Roth j7 , 
the gist, of whose article follows in quite different form. 

The form (1.1) determines for every x in S t a plane in 8% 
which envelopes a surface S, and for every y in S» a conic 
in S t which belongs to a web R. The class of S is four 
since the conics of R determined by y, y meet in four points. 
The locus of points y for which the conic of R has a node 
at x is 

(9) («“'«")'() 'y) {y y) (r"y) = 0. 

For any node x there is in general one such nodal conic 
since (ujr) (ax') ( yy ) vanishes identically in x. If n is a plane 
on y which determines this conic with node at x then 

(10) (a a a") (yy'y"i t ) (ccx) (a'x) («"x) = (). 

The web R contains 4 line squares, (S' x) 3 , the four common 
tangents of the pencil of line conics apolar to R. At each 
of their six intersections there is a pencil in R with node 
at f ,j whence the point y iu (10) is indeterminate and the web of 
cubic curves (10) for variable rj is on the six points Hence 
the cubic surface (9) is a Cayley cubic surface, C s , the map 
of the plane by the system (10), with four nodes at which 
the directions correspond to points on and containing the 
edges of the nodal tetrahedron, the points of an edge corre¬ 
sponding to directions about The three lines of the 
diagonal triangle of the four lines £' make up a cubic of the 
web (10) corresponding to the tritangent plane y of C 3 . 

A point x in (1,1) determines a plane ^ in S» which cuts C * 
in the map from the plane of the cubic curve (10)> 
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(aa'a")(yy'y"y'")(ax)(a'x)(a"x)(a'"x') t = 0, 

which has a node at x'. For, the polar line of x is 

(a a'a”) (y//'/") (ax) (a'x') (a"x') (a'" x')* 

== (yy'/'/") (ax') (a'x') (a"x') (a'"x') • (a 1 a"a'") (ax)/ 3 - 0. 

Hence the enveloped, the map of the plane by the webJS, 
is the quartic surface of Steiner (Roman surface) reciprocal 
to the Cayley cubic surface, C s . 

If y is on C 3 , the conic (ax)*(yy) — 0 is a line pair £', 
2?" on x and 

(ID (aa'S)'(yy)(/ y ) = o 

is a conic proportional to ( x%)*. The pair £', £" are partners 
in the involutorial quadratic correlation determined by the 
apolar pencil of R. Hence (««'/S) 8 (yy) (y'y) — 0 is a quadric 
which cuts C® in a rational sextic curve, the map of the 
conic (fix)* = 0 in S t . If (,dx)* is in R and is, say 
(a'x) 1 (y"y') — 0, this quadric is the polar quadric of y 
as to C 3 . If (fix) 1 is a line pair, the quadric cuts C 3 in the 
two cubic curves on C 3 which map the lines of the pair. 
If the lines of the pair coincide at E as in (11), the quadric (111 
touches C® along the cubic curve on C® which is the map 
of 2?. Moreover (11) is a quadric cone whose planes corre¬ 
spond in (1.1) to points x on £. For, if ? is x-Mx' the 
quadratic locus of planes (1.1) is 

[(ax) i +2X(ax)(ax') + V(«x) t ](yy) — 0 

and the locus of points y for which the two planes of this 
cone coincide is 

[(ax) f (a x ) 3 — (ax) (a'x) (ax') (a'x)] (yy) (y'y) 

= (ax) (a'x!) (a a'xx) (yy) (y'ij) — [aa'xx')*(yy) (y'y)/2 
= (aat)'(yy)(y'y)l2. 

Hence 

(12) If y is a point ofC ® the conic (ax)* (yy) is a line pair £". 
The points of either line are mapped Iny (1. 1) upon the 
planes of a quadric cone with vertex at y winch touches C 3 
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along the cubic curve on C 3 which is the map by (10) of 
the line. The planes of these two cones are the planes 
of C s on y. The equations of the cones are given by (11) 

for ? = r, ? = r. 

Into this mapping in S 8 of point x in S s upon the point y 
of C s by (10) and upon the tangent plane at y by (1. l)let 
the quadric A with generators t, v be inserted so that the 
plane (y y) becomes the plane section (bt)(/3l) of A and the 
form (1.1) reverts to (1). Then A cuts C 3 in the space 
sextic G t whose equation on A is (4) which is the map from 
S t of the locus of nodes of conics of R determined by point:* 
on G 4 , i. e. of W. Moreover A as an envelope has in common 
with C* (or its reciprocal, S) the planes of an octavie 
curve 0 s of class 8 and genus 3 which is the map from S s 
of points of the quartic curve f*. The pencils of planes on 
generators t or t have four planes in common with C 8 or 0* 
and thus the two residual g*'s are marked on 0*. As x runs 
over a line ? in S t its corresponding point y runs over 
a cubic curve A' s (?) on C s which cuts A and therefore G, 
in the points which correspond to the points of ? on Tf'; 
also the corresponding plane (tangent to C* at y) runs over 
the planes of a quadric cone Q (?) with vertex y on C s and 
tangent to C s along A' 3 (i. e. a contact cone of Gt) with four 
planes in common with A and O 8 which correspond to the 
four points where ? meets /*. The cone Q (?) with vertex 
at y’, and the enveloping cone of A from y, will touch along 
two common generators if 2? is a double tangent of/ 4 . Then 
Q (?) will have two points of contact with A and the pencil 
determined by Q(|) and A will contain a pair of planes t/. 
Since Q (?) touches G t on A at 6 points the planes g, t/ 
also touch (? t at 6 points and are a pair of tritangent planes 
of G t . Since also the six edges of the nodal tetrahedron 
of C 8 cut A each in two points which are the map of the 
same point ?y on the plane, there follows: 

(13) The birationally general plane sextic W of genus four 
has the projective peculiarity (four conditions) that its 
six nodes are the six vertices of a four line. The map 
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of the plane by the canonical adjoinU of W is one of the 
255 four-nodal Cayley cubic surfaces C a on <? 4 , the map 
of IF. The planes common to C s and the quadric A on 
Gi determine in the plane the quartic curve / 4 and its 
residual g 4 ’s. The enveloping cone of C s from a point 
on tt breaks up into two quadric rones which are (ontad 
rones of G l determined by lines £ of 8 t in (11). The 
quadric cone thus determined by a double tangent £ of f*, 
and the quadnc A, determine a penal winch contains one 
of the, 28 pairs of tritangent planes in the contact system 
of quadrics. 

\Y. P. Milne 45 obtains these and other results by synthetic 
methods. We quote one theorem: 

(14) The cc* cubic curves determined by the sir contacts of 
the quadrics of a contact system of G t meet m four points, 
the nodes of a Cayley cubic surface on G t . 

For. these curves are the maps K s (£) of lines £ in S* 
each of which meets the four lines £’. We observe also 
that the cones Q (£) are on the nodes of C* whence the 
linear system 

(15) (««'£)* (yy) {/y) — 0 

is the linear system (» 5 ) of quadrics on the four nodes each 
of which meets (f in the map of a conic {firf. Supple¬ 
menting further results contained in the memoirs cited, the 
following theorems may be mentioned: 

(16) The nodal tetrahedra of the 255 ('ayley cubic surfaces 
on G t are the only tetrahedra whose edges are bisecants 
°f G x • 

For, if T is such a tetrahedron with planes yo,Vi,yt,!/» 
the linear system (cc s ) of Cayley surfaces with nodes at the 
vertices of T cuts G 4 in a g ®, or a g% if one Cayley surface 
is on Gi. Since (? 4 is on five linearly independent cubic 
surfaces, all cubic surfaces cut it in a complete g \* and the 
complete involution obtained by fixing the 12 points on the 
edges of T is a g «. If r were 3 this involution would be 
the canonical involution of plane sections whereas a trihedral 



50. WIRTINGER’S PLANE SEXTIC CURVE 20.') 

of T cuts (r 4 in the 12 points and the 6 points on the edge* 
of the trihedral which is not a plane section. Hence r 2 
and there is a Cayley cubic on <V 4 with nodal tetrahedron T. 
(17) .4 regular cubic Cremona transformation with F-points 
at the nodes of C 3 transforms (f into Hie W-sexItc uhtch 
appears as the general plane section of a sextic sat fate 
icith Jour four-fold points. 

For, if T is chosen as above and 4 = V« !/,!/ — 0. 

the transformation has the form y,y\~ 1 . The transform 
of C s is a plane and the transform of ^4 is 


Vj l/k y'i + y'o y{ y'< if ( y]u>, i/i. y'i) 


0 . 


The latter is the general sextic surface of its type with six 
absolute constants to which the plane contributes three more. 
The section of the surface by the plane has nodes at tin' 
vertices of a four line and i>, the ll’-sextic birationallv equi¬ 
valent to (f. 

(18) The 28 pans of tmtanyeni planes of (f arc pans of an 
mvolutoiial cubic Cremona fransjbrmation for which the 
planes of T are F-phines. These pairs <ut the c<h/cs of T 
m 28 pairs of an involution defined by the pair of nodes 
on the edr/e. and the pair of points of G t on the edyc. 
The 28 lines on the wspective pairs aic in a cubn lomple.i. 

4Vith T and *4 as above, the system of contact quadrics 
is in a linear system of the form — 0. and with A 

determines a system (oo 0 ) whose apolar net has the form 


rt o ^0 f“ 1 


0 (*V < 0 -|-I- «,«•)) = 0. 


The pairs of planes in the system (oc 6 ) are the pairs apolar 
to this net and are pairs of the Cremona involution /,, if — a, 
for which the lines joining pairs are known to lie in a cubic 
complex. The 28 pairs of tritangent planes are in the system 
(oo°) (cf. (13)). Let it be any plane which cuts (? 4 in six 
points ou the'conic nA. It corresponds in the plane to an 
adjoint cubic c of IF which cuts TF in the corresponding six 
points. On c the inscribed four-line with vertices at the 
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nodes of W determines six points for which u,j = oil2. 
Hence the six points of W on c are on a conic (fix)* = 0 which 
maps into the intersection of C® by B — (a a'/})* (yy) (y’y) = 0. 
Then B and A meet n. in the same conic nA and there is 
in the pencil of B and A a pair of planes n, n' . Since 
.4, nn, B are in a pencil, there follows that, given any ad¬ 
joint cubic c of W , there exists another c' such that 

(19) IT = rc'+ (5°a:) ••• (S*ar) - 0®a:)* 

where (£•#) is the four line. Then the tangents to c-c at 
are in the involution containing the pair of tangents of W 
and the pair of lines t‘, t J . 

If Ci and C’o are two Cayley cubics on G 4 , a member of 
their pencil on a point of .4 contains 4 as a factor, i. e. 
ti'+feCa = nA. Then C* and Co cut the plane n in the 
same cubic curve cu and the nodal tetrahedra of C*, C 2 ® cut n 
in two inscribed four-lines of c lt . Two cases are possible 
according as these two four-lines in r lt correspond to the 
same or to different half periods on c, t . Either of these 
cases can occur. For given n, Ci*, and two inscribed four- 
lines of c is belonging to the same or to different systems 
on i'h, two tetrahedra T l} T t can be found (each in oc 4 ways) 
which cut n in the inscribed four lines. For each T t a C* 
is uniquely determined with nodal tetrahedron Ti and plane 
section c 12 . The Ci and C 2 with common curve cn meet in 
a further curve (? 4 . 

Two half periods of 0 4 associated with surfaces Cf, C* deter¬ 
mine a third, associated with d, in either the syzygetic or 
the azygetic way. Two casps are possible: 

C% -|- koi Cj = 7i28.4, A *2 C’j A'n C* — n A , 

Cl -j- km Ci — Trsi A , h Cn -f- h C’i — n A, 

Ci -J- kio Cl — ttj 2 .4; wii Ci wt 2 c 2 ti A. 

In the first case the three surfaces are not in a pencil, whereas 
in the second case they are in a pencil with 7r.4. If the first 
case occurs the two inscribed four lines must belong to the 
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same half period of c* 8 on tt, s . Otherwise on c iS two half 
periods would be isolated but not the third—a lack of symmetry 
not to be expected. Presumably then the second case occurs 
when the nodal tetrahedra of Ct, Cl, cl meet it in inscribed 
four lines of c ll8 > one from each of the three systems. With 
respect to the first case we prove 

(20) Given two tetrahedra 2\, T t in general position there are 
four conics which touch their eight faces. The plane rt of 
any one of these conics is cut by T l} T t in two four-lines 
of the same system inscribed in a cubic curve c is . The 
two Cayley cables, Cf, (f, with nodal tetrahedra T x , T* 
respectively and plane section c 14 meet again in a (? 4 . 

For, two four-lines of the same system inscribed in r is touch 
a conic and if two four-lines touch a conic, the two are 
inscribed in a cubic c lf and belong to the same system. Thus 
it is necessary only to find a conic which touches the faces 
of T,, T s . the dual of the problem of finding a quadric cone 
on eight points. 

Certain particular cases of the H-sextic are important. 
As we have seen the IF-sextic in the plane is determined by 
the space figure of a quadric A and a Cayley cubic surface G’ 8 , 
and on W there is an isolated half period or contact system. 
The half periods are associated with the discriminant factors 
of the curve. When one is isolated the others are either 
syzygetic or azygetic with respect to it. In the present case (? 4 
can acquire a node in one of two ways: either A touches C 9 
or passes through a node of 6’ 5 . If A touches C 9 , G t has 
a node and the curve of class 8 common to A and C 8 has 
a double plane whence in St both W and f* have nodes. 
If A passes through a node of C 8 the corresponding line £' 
factors out of W which then is a quintic with nodes at the 
points ijk. The curve /* however has no singularity. 

The particular case which is treated more completely in 
the next section is that for which A is a quadric cone with 
vertex y° and coincident sets t, r of generators. It is charac¬ 
terized by the vanishing of one of the 136 even thetas for 
the zero argument. Retaining C 8 as the map of the plane 
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the octavic locus of planes common to A and i/° is the map 
from the plane of a conic k = (ax) 1 (ry°) in the system A*. 
It t is a parameter on this conic and r a parameter for the 
generators of A then, for / — r on A. the plane (ar) 4 (yy) () 
on y° contains two generators t whereas each generator / 
is on four planes of C’ s determined by four points x on A . 
Thus there is a relation 

(21) (a t) 4, («r)- = 0 

which expresses that generator i of A is on the plane of < 11 
determined by t — x on k. The quadric A no longer divides 
the system R bilinearly but rather into an isolated conic A 
and a system quadratic in t which cuts A in the quadratic 
system (21) of four-points. Originally a generator of A was 
on four planes and three points of ( 7 s , the maps respectively 
of a quadrupel on /' and its diagonal triangle on IT. The 
TF-sextic still remains with its six nodes at the vertices of 
a four-line but f* is now the doubly covered conic A. i. o.. 
a hyperelliptic curve of genus three with 8 branch points, 
(at)* (a iy (ady — 0. These determine on C' [ the eight- 
common tangent planes of (7 s and .1. Hence 

(22) The locus of the diagonal triangles of a quadi atic system 
of four-points on a conic k is a W-scxtic whose / (moment 
space curve (f is on a quadric cone. 

As x in runs over the line f two planes of the 
quadric cone Q('i) with vertex at y on C* correspond to 
the two points where S meets A. If these two points are 
branch points of (21), the two planes are tangent planes of 
the cone A, and as before there is a pair of tritangent plane> 
in the pencil of Q(£) and A, i. e. 

(23) The lines '& which determine as in (13) the. 28 tntanyent 
plane pairs in the contact system of (/, on a quadric cone 
are the lines joining pairs of the 8 branch points on k 
of the correspondence (21 ). 

A general form of type (21) in digredient variables i, % 
with 14 constants and 8 absolute constants is just sufficient 
to determine the entire geometric apparatus. For if the 
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normconic A in & is selected and a parameter t is installed 
upon it, the form determines three linearly independent four 
points on A and thereby, to within multiples of A, three 
conics which with A define the system R. On mapping <S’ 2 
by the system R upon the planes of C’ s , W maps upon (? 4 
and the quadric cone A on (r 4 is determined. 

In the next section we find a birationally equivalent form 
of this (j 4 —namely, the locus of the ninth node of a plane 
sextic with eight nodes given at Pi, a 9-ic curve with triple 
points at Pi. When the individual points of P| are given, 
this 9-ic curve can be mapped upon (V 4 in such wise that 
all of the 120 tritangent planes are rationally known. 

51. The planar set, Pi, and the space sextic of 
genus four on a quadric cone. If the P-points of the 
3f) types ot Cremona transformation listed in 6 (10), including 
the projectivity, are selected in all possible ways from a set 
Pi. the transformations give rise to 2 • 8640 sets Q* con¬ 
gruent to 7V. Hut. as with P-f. the symmetric type E Vi of 
order 17 with eight 6 -told P-points produces a set Q» which 
is projective to P„ J . For. the same method as w r as used 
with P-f (cf. 43 ) shows that if (Ji is congruent to Pi on 
a cubic K with canonical elliptic parameter u for which 
Pi tii. tin then Qi is projective to the set —?q, —?(„ 

on K and therefore to Pi itself. It the projective sets Pi 
and Qi are superposed, E u becomes an involution I u discovered 
by Bertini . 1 Hence there are only 8640 projectively distinct 
sets Qi congruent in some order to Pi, which are permuted by 
Cremona transformation according to a group of order 8! 8640. 

The group </,. 2 has the order 818640-2 and in it the 
projectivity and/ 17 constitute an invariant g % . The P-curves 
of the set Pi are paired under I 1 ' and this pairing is in¬ 
variant under the larger group. The 120 pairs are 

O I90 - P(1)°.P(i s 2*. 

O lw = P(12)‘-P( 1 23 s - - - B , ) s ; 

0 6T „ = P(1 • • • 5)* - P(1 • - • 56 s 7 8 8 s ) 4 ; 

0 1SO - P(l*3 - ■ ■ 8)* • P(2*3 * • • 8) 3 ; 


( 1 ) 
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these having respectively 8, 28, 56, 28 conjugates under 
Gs t . They constitute the 120 degenerate sextics with nodes 
at P». In the notation 1, 2, •••, 8, 9, 0 the indices 9, 0 
are isolated. The 120 discriminant conditions on P\ are 
also of four types under O gI , namely: 

^ < * li > S 188 ’ ‘Vmsers; or 

AlS, JliSO) dlB) 

these representing respectively 28, 56, 28, 8 conjugates whose 
vanishing implies that two points coincide, three are on 
a line, six on a conic, and seven on the cubic with node at 
the eighth. With each of these (cf. 6 (19)) there is associated 
one of a conjugate set of generators of g^, say I ti , 

P 890 1 pB- 

In the basis notation for p — 4 with subscripts 1,2, —. 9, 0 
there are 136 even theta functions, 10 of type and 126 
of type Vijkim — &nopq 120 odd functions of type ihjk\ and 
255 half periods of types P tJ , P tJ ki . If the even function </„ 
be isolated, the half periods divide into 120 which satisfy 
# 0 («) = 0 and 135 which do not. In the finite geometry 
an P-quadric is not on 120 points and the sub-group of the 
modular group which leaves it unaltered is generated by the 
involutions attached as in 22 (10) to these 120 points which 
are of types P lt , P u 8() , P 7890 , P 19 with reference to G bl on 
the indices 1, * - -, 8 . If then we identify the discriminant 
conditions (2) with the points of the finite space not on Q 0 , 
the pairs of incurves (1) with the odd quadrics Q,jk and the 
Cremona transformations I above with the involutions attached 
to the corresponding points P, it is a simple matter to verify 
that the discriminant conditions and P-curves permute under 
Cremona transformation just as the points and O-quadrics 
permute in the finite geometry. It is indeed sufficient to 
check this for the single transformation I itM since the state¬ 
ment is obvious for 0 8t . The modular group has the order 
2“- 255 • 63 • 15.3 = 8! 8640 • 136 (cf. 23 (7)) and the sub¬ 
group which leaves Q 0 unaltered has the order 8! 8640 whence 
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the Cremona group in defined by Pk is isomorphic with 
the subgroup of the group of period transformations mod. 2 
for p —4, which leaves an even theta function unaltered. 

The curve of genus 4 which defines this group is the locus 
of fixed points of 7 17 . The involution is determined by the 
web of sextic curves with nodes at P». If K„, A', are two 
cubic curves on Pf, « 0 o Al+ 2«,u K u K x -f « u A’i — 0 is a net 
of sextic curves with nodes at P », each sextic consisting of 
two irreducible cubics. Then P(12)' • P(123* • • • 8 s ) 5 is a 
reducible sextic, not included in the net, which with the net 
determines a web ?r on P B \ The web e contains all the 
sextic curves with nodes at Pi. For, a system (oc 4 ) would 
contain at least a pencil with a fixed part P(123* • • • 8 8 ) 5 
and a residual pencil P(12)‘. If S is a general curve of w, 
and A' 0 the cubic of the pencil on a point x, then, for proper /., 
S -f /. K{ as well as the entire net/S(.S'-f-AA’iH- /3 u Ko-\- 0, A’oA’j 
= 0 is on x. The base points of this net outside PJ are 
at the two intersections x, x of A + l K{ and K 0 . Hence 
the net in w which is on x is also on a' and x , o' is a pair 
of a Cremona involution 7. Each sextic S of w is invariant 
under 7. In particular each (« 0 A 0 -f A',) 8 and therefore 
each cubic, « 0 K 0 4- «i A',, is invariant. If x is on the sextic 
P(l :l 2 8 - • H 2 )®, x is at pi whence 7 has the same P-points 
and P-curves as 7 11 and coincides with it. 

If u is the canonical elliptic parameter on K with u u u s 
as the parameters of P B and ii 9 that of the ninth base 
point of the pencil K, then a — «!+ ••• -f Ms + «» == 0. 
The involution cut out on K by sextics with nodes at Ps is 
2 (a — ?i 0 ) + 0 or u -f »' “ 2 u 9 . Thus K is pro¬ 

jected into itself from —2 u v , the tangential point of ?<», 
and is a fixed point on each AT, i. e., a fixed point such 
that all the directions on it are fixed. The three remaining 
lixed points on K are ?< 0 -f w,/2, -f o>*/2, »»+ («i + w *)/2. 
The locus of these fixed points has a triple point at p t with 
the same directions at j>j as P(l s 2*••• 8 8 ). Hence (?* must 
be a 9-ic with triple points at Pi, the locus of points pi 
which with Pg make up a “half period set of nine points”. 
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Such a half period set is a set of 9 nodes of a sextic curve 
whence (cf. 80 pp. 251-54) 

(3) The Bertini involution 1 17 is the projection of each member 
of a pencil of cubics on Pi and p« into itself from the 
tangential point of p 9 . In addition to the isolated fixed 
point p<i, I 11 has a locus of fixed points 0\ until triple 
points at P\, the locus of the ninth node of sextics with 

o 

given nodes at Pf 

If the pencil K is r„ (a xf-fr, (fix) 3 — 0, the locus of the 
tangential point of p a is 

(4) R — (a x) 3 • (fi x) (fi p 9 )* — (fi .if ■ (a jj ( a p 0 f -- 0. 

This quartic curve, necessarily rational, is on Pi and has a 
triple point at p 9 . For, the hessian curve of the pencil is 
cubic in t 0 : r, and three cubics of the pencil have a flex 
at The set Pi, p 9 is respectively the simple and triple 
P-points of a Jonqui&res involution J° whose locus, II], of 
fixed points has R as the polar of p a , and has the equation 

(5) Hi = ( ax? ■ (fix)* (fi p a ) (fixf ■ (a x? (apfi — 0. 

Evidently Hi is the locus of the contacts of tangents from 
p a to cubics of the pencil K. The four contacts on a par¬ 
ticular cubic are — ufi2-\-P(P ~ 0, uq/2, m*/ 2, («i + w t )/2) 
and their diagonal triangle is the three-point of 0\ on this 
cubic. The four contacts are also on the polar conic of 
pa as to the cubic. The pencil of polar conics with the 
pencil of cubics generates Hi, and the base points of the 
pencil of conics are at p v and at the three further intersections 
with Hi of the tangents at its triple point. Hence 

(6) The locus of the tangential point of p 9 is the rational 
quartic R. The G\ of fixed points of 1 17 is the locus of 
diagonal triangles of the four-points cut out on Hi by the 
pencil K or by the pencil of polar conics of as to K. 

The web w is the system of canopical adjoints of G\ which 
maps Ot upon its canonical space sextic Gt The plane 
of w is at the same time mapped in (2,1) fashion upon 
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a quadric cone A with a pair of 7 17 corresponding to a point 
of A (cf. 73 ). For, if 

(?) <Jn — >V, ()\ — Kn, tji — K„K U i / 3 = Kf, 

the cone A is //, — >f> — 0 and the rubies K map into 
generators ot the cone. The oc 1 tangent planes of A are the 
tritangent planes of (l\ which arise from the coincidence of 
the two ,)\'a in the canonical involution. The 120 proper 
tritangent planes ot (14 are those sections ot .1 which corre¬ 
spond to the 120 degenerate sextics ( 1 ) in w. Thus the 
tritangent planes of the particular canonical on a quadric 
cone can be rationally isolated in terms of the eight isolated 
points Ph. The Cremona group in - s determined by 7s is 
the Galois group of the tritangent, planes of this particular 
space sextic. Weber 74 has proved that the transcendental 
condition satisfied by <u in this case is (<>)=- 0 . 

Any cubic surface on *>'!i furnishes a cubic polynomial in 
the sextics of ir which is the. equation of (I 4 taken twice. 
The general curve of order 3/. with A-fold points at T’S has 
the form 

C'j S 1 h„ A J | -f- ,s A'o A [ — 0 
(2 a L H, I. — 3: '2d+ <•+/ — /,). 

rts transform under 7 1, is obtained by changing the sign 

of <?’!. 

With the isolation ot the individual tritangeut planes of 
(t\ all contact systems are rationally known. For all such 
systems contain members which break up into groups of 
tritangent planes. Since on the special the even theta 
function («) is of special character, the half periods divide 
into two classes according as they do or do not satisfy 
>>« (») — 0. These classes are: 

Tin, PtjKl , Ptjhv, Pw> : 

P u , P,9, P,ju 0. 7V..0 !.•••, 8). 


( 9 ) 
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They contain respectively 135 and 120 half periods. The pencil 
of lines on p lt say J'(l;#) 1 where s is the linear parameter 
of the pencil, is converted by I 17 into an P(l 8 2* •• • 8 4 ; s) n . 
The line on pi meets G® in 6 variable points which also are 
on its transform. The product of the line and its transform 
is a 12-ic with four-fold points at Pi which meets 0 \ doubly 
at 6 variable points and thus is the map on the plane of 
a contact quadric section of <?*. The product contains s 
quadratically and furnishes a quadratic system (co 1 ) of contact 
quadrics. For the seven particular values of s for which 
F(1; s) 1 passes through p H the product degenerates 

further into 0,* 9 0 S9C , • • •, 0, S9 0 89u , i. e., the system (ao 1 ) of 
contact quadrics contains 7 of the 28 pairs of tritangent 
planes in the system P 10 . The members of this system P 10 
can be expressed as a quadratic system (oc*) in terms of the 
parameters £ 0 , h, £* of a line in a plane n\ and the quadratic 
systems (ao 1 ) contained within it arise from lines i' on a point 
of nr. It is easily verified that Cremona transformation with F- 
points inP«, applied to the (ao 1 )system F( 1;»)' • P( 1 n 2 4 • • • 8 4 ; s) n , 
yields 8-135 systems (ao 1 ) which lie 8 at a time in the 135 
systems (oc*) determined by the first class (9) of half periods. 

Of the 135 systems (oc)* the one associated with P w is 
symmetrical with respect to P 8 2 . Its eight systems (oc 1 ) are 

(10) Si = F(?jklmnop-, s)* ■ F(ij a k* l* m s n* o*p*-, s? 

a - i.-.-,8). 

The system Si determines a point r l in the plane n of f; 
and the line ? = r, rj determines that pair of tritangent 
planes in the two systems Si, Sj. These pairs arise in S, 
from the seven values of s for which a member of the pencil 
F(?j • • • p\ s) 4 contains the factors P{ijY, ■ • P(ipY. This 
pencil is projective to the complementary pencil in (10) 
which, under the Geiser involution 1 7 with P-points at 
Pj>‘--iPp corresponding pair pi,pt , becomes the line 
pencil on p» while the seven members mentioned become the 
lines from to pj, ■ ■ ■, p p . Similarly in the system Sj the 
pairs of tritangent planes have parameters projective to those 
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of the lines from jh to p t , pic,- p v . Hence in n the pencil 
of lines £ from r, to •••, is projective to that from 
t'j to the same points and the eight points r, in n are on 
a conic, the conic /■ with parameter t in 50 ( 21 ) (cf. also 
50 (23)). 

Following out the geometric developments of the preceding 
section this quadratic system P,, 9 is supposed to be written 
as a form /(£*. a- 12 ). For given point r on n, the lines £ 
on r determine a system (x 1 ) whose envelope is a curve of 
order 24 which consists of taken twice and a sextic of 
the web w. This envelope is the point equation in vari¬ 
ables r of the conic, /(£ s , a' 12 ) = 0, of lines £. Eliminating 
(f? 4 ) J the equation of the envelope is y(r*, x 6 ) = 0. For 
variation of ? in y =- 0 the sexties of w map upon the plane 
sections of .1 which envelope the Cayley cubic surface 6 >:! 
associated with the quadratic system P w . For r a point 
with parameter t on 1; the sextic breaks up into two cubics t 
of the pencil on P*\ In particular for r — r, and t — U. 
the parameter of the line p 9 p, in the pencil on p 9 , the sextic 
is the square of the cubic r which touches the line p? p% at 
jh. For, the pair of projective pencils in (10) generates the 
curve G'i and a residual cubic K t while the envelope of (10) 
as a system quadratic in s is the square of the locus thus 
generated. The particular member 

PitjV-P^khnnopY-PUjk* ••• p*) 5 - P(/h-.-p) a 

contains that point u of K, in which P(i,/)' meets P(;*fc • • - p) s . 
Then it 4 >u + ?o ^ and » +2 m,+ ?<*-)- • • • + »*> — 0 while 
«i + -f iii. -f • ■ • + »,« + m» --0, i. e.. 2 «i + U8~0 and K, 
touches jh at p,. From this there follows: 

(11) The form («t) 4 (at) 2 = 0 (cf. 50(21)) which dejines the 
Cayley cubic surface associated with the system P 90 of 
contact quadrics of 0\ on the quadric cone A is that 
which expresses that the cubic i of the pencil on P g touches 
the line t of the pencil on p 9 . 

We observe that («f) 4 («*)* — 0 is the equation of the 
curve H» in (5) if the coordinate system is chosen so that 
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t as before is a line on while r is the polar conic of 
as to the cubic r. 

It was mentioned above that the set p t , pt , • • •, p 8 was 
congruent to ps, p s . ■ • p s under a Geiser i 7 . Thus the 
8640 sets P» congruent to a given set are distributed 9 at 
a time in 960 sets P» and (cf. also 17 II (47)) 

(12) The infinite number of projechvcly distinct sets P<> con¬ 
gruent to a given set reduces to 960 when the given set 
is the base of a penal of rubies. 

Each of the 8640 sets P'£ determines in the above fashion (11) 
one of the 135 contact systems and each contact system is 
determined in 8640/135 = 64 ways. The 64 sets P£ which 
define the contact system Poo are obtained from P£ by the 
.Tonquieres group G M of 38(15) attached to P.f. 

The 120 systems of contact quadrics of (A associated with 
the second type of half-period (9) are entirely different in 
character from the 135 systems just discussed. The contacts 
are cut out on G'i in the plane of P 8 ' by nets of elliptic 
curves. The nets of elliptic curves determined by p£ which 
cut G\ in six variable points are paired under 1 17 into four 
pairs of types which are distinct under permutation of the 
points of Ptf, namely: 

P(1.7 ;?) 3 .P<r... 7 s 8 4 , £)*; 

P(1 .... 6 7*8*: £) 4 -F(I s .-. 6*7*8*; £) 8 ; 

(13) P(1 234* ■ - • 8*, £)*• F(l* 2 s 3 s 4* • • • 8*; £)Y 

F( 1* 2 3 s ... 8*; iT’-PG 2* 3* • ■ ■ 8*; If. 

These are typical of 8, 28, 56 and 28 respectively; and the 
four given in 03) are associated with / «„, P 7HV 0r Pi mo. Pm 
respectively. For example in the first type £ is the ternary 
parameter of the cubic of the net F{ 1 ■ • • 7; £)* of cubics 
on pi. ■■■, Pi which meets 6 \ in six variable points. The 
transform of this net by 7 17 is P(l* • • • 7*; £)* which for 
the same £ cuts G\ in the same six points. The product is 
a 12-ic, quadratic in £, with four-fold points at Pf and 
therefore quadratic in sextics tr, which touches G\ at six 
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points. Its map in £ s is a quadric which touches GA on the 
cone A in six points. In F (1 • • • 7; £) s there are 28 degenerate 
curves one of which is P(12) , -P(34567) 8 whose transform 
by 1 17 is P(123* • • • 8*) ft -P(l* 2* 3 • • • 7 8*)\ Hence the 
contact system contains the pair of tritangent planes (cf.(l)) 
0, i9 O lt g and is associated with P 89 . 

We discuss this type P 88 further as a sample of the 
120 contact systems. Taking again the parameter £ as 
a line £ in a plane 77, the is transformed into the IF-sextic 
whose, line sections are the contacts of the system of quadrics, 
P 8l) . As £ rotates about the various points r in 77, the 
various quadratic systems (oo 1 ) in the system (go 8 ) are obtained. 
When r is fixed and £ on r has the parameter s, the quadratic 
system (ac 1 ), P(1 • • • 7; s) a -P(l°- • • 7 s 8 4 ; s)“, has for envelope 
the square of the 12-ic curve generated by its two component 
pencils. This 12-ic is composed of (?* and the cubic K of 
the pencil P(1 • • • 7; s) s which lies in the pencil P(1 • • • 789) 3 . 
The residual envelope is therefore K*, the section of the 
cone A by one of its own tangent planes rather than as before 
a tangent plane of the Cayley cubic surface C*. Hence 
(14) If a space sextu- (A is on a quadric cone A and, say 
(0) == 0, the 120 Cayley cubic surfaces on G\, associ¬ 
ated with the 120 half periods P for which (P) = 0, 
collapse as quartic envelopes into the tangent planes of A. 

In spite of this collapse of the Cayley surface many of its 
properties may be observed on the cone A. It is apparent 
first of all that, with reference to the system P 89 of contact 
quadrics of 0%, there must be an isolated tritangent plane, 
O 8B0 . For, the condition ^ 0 (0) = 0 separarates one system 
(oc ft ) of contact cubics from the 135 others. A partial system 
(oo*) contained in this system (ac 5 ), and therefore determining 
it, is that cut out on Gl by the lines of its plane. For, such 
a line and its transform by P 1 make up a curve of order 18 
which is mapped by the web w upon the section of A by 
a contact cubic surface. The system (<x 8 ) to which the 
system (oc R ) reduces when the three contacts of 0 MO are 
fixed is the contact system P„ 9 . 
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The properties of the system P H0 are brought out by a study 
of three mappings. The first of these, M, is that already 
employed in which the pairs of J 17 in the plane Pi are mapped 
on the points of the cone A. The second, A T , is that in 
which the pairs of the Geiser involution, I\ determined by 
pi . • • •. jPj are mapped on the points r of a plane n in such 
wise that a line § of n becomes a cubic curve of the net, 
F(1 • 7; £) 3 . The third, A", is a mapping of the points r 

ot rr upon .4 which is defined later. We observe first that 
the 12-io. F( 1 7; ?)* • F(l* ■ ■ ■ 7 s 8*; £) B is mapped by M 

upon a contact quadric section of .4. If 5 is such that 
F( 1 • • ■ 7; £) 3 is a cubic K of the pencil on p H , then 
F{\* ... 7"8 4 ; §) B = K ■ P(] i ■ ■ • 7* 8 s )*; and this quadric 
section of A is by the tritangent plane and the tangent 
plane ot .4 along the generator which is the map of K. 
Thus the system (oc 3 ) obtained by adjoining A to the system 74,,, 
contains, in addition to the 28 pairs of tritangent plane* 
mentioned under (13), the oo J pairs of tritangent planes com¬ 
posed of 0„ #0 and a variable tangent plane of A. The space 
cubic curve on the six contacts of such a contact quadric 
is made up of the conic section of .4 by the plane G» 90 , and 
the contact generator. The ao’ cubic curves of this sort are 
all on the vertex of ^4 and the three contacts of ; and it 
will appear later that 

(lo) The x* spare cubic mires on the sn contacts of quadrics 
of the system P m all pass through the four ? ertices oj 
a tetrahedron T formed by the node of A and the three con¬ 
tacts of the tritangent plane (.W (cf. 50 (14)). 

In the mapping, A’, the curve G u , becomes a H'-sextic which 
has a triple point at r°, the map of the pair, p H , p», of I'. 
The three points on W at r° correspond to the three points 
on O' 4 at p H and therefore to the three contacts of O wo with G*. 
The pencil of cubics K becomes the pencil of lines on 
The transform of G\ by 7 7 is an F( 1* • • • 7 s 9 4 )* which meets G“ 
in 18 points outside Pi of which 12 are the fixed points of 7 7 
where <7(1*-•• 7*) 11 meets G*. The remaining 0 points are 
made up of 3 pairs of 7 7 which map into the remaining three 
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nodes r\ r*, r* of W. The web of canonical ad joints of II' 
consists of cubics with a node at r° and simple points at 
r\ »•*, r s . The two gfs in such a web are cut out by the 
pencil of lines on r° and the pencil of conics on r°. •. •. »■*. 
If they coincide, as in this case they must, the nodes r 1 , »•*, r s 
of W must lie on a line ?°. Let N' be the mapping of the 
plane by these canonical adjoints of W. The lines f on r° map 
into the generators of A and W maps into 0\. The directions 
at r° map into the points of the conic section of A by the tri¬ 
tangent plane O S90 , and the points of the lines r°r\ r°r*, r°r 3 
map into directions on A about the three points of contact. 
The points of ?° map into directions at the node of .4. Since 
a line ? in general position cuts £°, r°»\ r°r*, r°r s and cuts 11' 
in 6 points, it maps into a cubic curve on .4 on the vertices 
of T (cf. (15)) and the 6 contacts of a quadric of a system P s9 . 
If ? is on r° this cubic curve breaks up into a generator and 
the conic on 0 89() , a result already obtained by the mapping M. 
The directions about the points r 1 , >•*, r* map respectively into 
the generators of A on the contacts of O wo . This same figure 
in n is obtained from the space curve by Cremona trans¬ 
formation (cf. 50(17)) whence 

(16) The regular cubic Cremona transformation with F-points 
at the node of A and the contacts of O m) transforms A into 
a plane n, and 0\ into the W-sextic with a triple point 
at r° and three double points r\ r*, r 8 on a line. The 
cubic curves (15) pass into the linear sections of II'. 

The proof that this inversion of the mapping A" can be 
made is easily supplied. 

It is clear that the (7® in the plane of is determined 
in n by the choice of a planar quartic curve f* with an 
isolated Aronhold set of double tangents, and a point r°. 
For then the mapping N can be inverted. The connection 
between f*, r°, and the IF-sextic, which we do not pursue, 
involves the .twelve tangents from r° to /‘, a topic recently 
discussed by Zariski ( 77 pp. 317-8). 

The 0 \ in the plane of P« is also determined from the 
space 12-ic referred to at the close of the intersection 
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of the dianode sextic surface by the quadric .4/ on its triple 
points, Qi. If this 12 -ic curve is projected from its triple 
point at q-,, the triple points at q x , q ti and the two 
generators .4, on q- yield the eight triple points of G'\. 

The individual contact quadric systems of the particular (?\ 
on the cone .4 have each been identified and related to the 
curve (?!i in much the same way as was done in 50 for the 
general curve G'l . A closer study of this particular case 
would doubtless bring to light relations among these contact 
systems which would furnish indications of the relations sought 
in connection with 50 ( 20 ). 

Schottky ® 0 has obtained the coordinates of /-* and the 
equation of (?! directly from the modular functions for p — 4 
on the assumption that (OJ — 0 (cf. 58 ). 

52. Special planar sets. The ten nodes of a rational 
sextic. In the plane the number of types of Cremona trans¬ 
formations with q > 9 F-points is infinite and a general set 
of points Pf, is therefore congruent to an infinite number of 
projectively distinct sets ( n II (7j). Nevertheless certain 
special sets exist which are self-congruent under infinitely 
many types and as a consequence me congiuent to only 
a finite number of projectively distinct sets which are permuted 
among themselves under regular transformation. Such a special 
set. defines an infinite Cremona group in the plane. 

In this section three special planar sets of this character 
are discussed- (a) FT, the nine base points of a pencil of 
cubics; (b) FT, the nine nodes of an elliptic sextic; and (c) FiT., 
the ten nodes of a rational sextic. This account is for the 
most part descriptive. Details of proof may be found in 
memoirs of the author ( ,7 II; !0 ; 1B ). 

We have seen (cf. 51 ( 12 )) that a set, J», of base points 
of a pencil of cubics is congruent to 900 sets, or, in some 
order, to 9! 960 ordered sets. It is in fact self-congruent 
under the Jonqnicres involution J 5 with 4-fold F-point at p u 
and simple F-points at p,, •••, p„; and also under the Bertini 
involution i n with fixed point at p» and 6 -fold F-points at 
p,. •••, p*. Let P ~ F t , and I' 1 — to indicate the 
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symmetry in p„ • ••, lh . The product Z>„ = F* E % is of 
infinite period and F 9 , E 9 generate an infinite dihedral group 
within which they are involutions belonging to different 
conjugate sets. This dihedral group contains an exemplar of 
every Cremona transformation with 9 or less .F-points of which 
8 are of like order ( l7 II (40)). These dihedral groups, formed 
for each of the points in turn, generate the entire ternary 
Cremona group under which P» is self-congruent, i. e. the 
Cremona group i 9 2 which transforms a pencil of cubics into 
itself. In fact if we set C 2 ,i — E t E, then the transformations 
comprised under 


( 1 ) 


D v / ••• V‘" Cf* 


O'" 


(e* 


<?» 


0. 1. 2; 4- • • • -f 0 mod. 3) 


for all integer values of v t , - • •. constitute an invariant 
abelian subgroup of ?«>, 2 of index two and the remaining 
elements are products of (1) and a fixed involution such as E v 
(cf. 17 II (42) in which the limitation q s + • • • 4-e» hh 0 mod. 3 
is overlooked). If the ordered planar sets Pi are mapped 
as in 7 upon points P of a space - 2 1W the aggregate of sets 
congruent to Pi is mapped upon an infinite aggregate of 
points in ~ 10 conjugate under the Cremona group G 9 2 in 
The special sets Pi which are base points of a pencil of 
cubics are mapped upon points of a manifold il / 8 in —h>. 
The transformations of (?«, 2 which arise from the ternary 
Cremona group ?<j,2 above constitute the subgroup /«,2 of ( 7 #,s 
for which M 9 is a locus of fixed points. Thus I 9 ,2 is an in¬ 
variant subgroup of (?o ,2 whose factor group F 9 ,2 of order 
9 ! 960 is the finite group of permutations of the points on 
Mi effected by (?»,«. This factor group is represented in the 
plane by the 960 ordered sets congruent to tile set of base 
points H and is the group of the tritangent planes of the 
space sextic dicussed in 51 . 

In the case (b) when Pi is the set of nine nodes of an 
elliptic sextic it is self-congruent under the nine Bertini in¬ 
volutions Ei, • • ■. Eg and therefore also under the trans¬ 
formations Ci,i (i = 2 , • • 9) in ( 1 ). It is not however self- 
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congruent under F[, •••, Fg and the number of projectively 
distinct sets congruent to P$ is enlarged to 2 8 . 960 ( l1 II (47)). 
The Bertini transformation is that of lowest order for which 
the linear transformation S of 4 (1) reduces to the identity 
mod. 2 when the two sets of jF-points are properly ordered. 
Hence as elements of the arithmetic group of 6 the 
Ei, ■■■, Eg as well as their transforms by any element of 
g 9.2 reduce to the identity mod. 2. Moreover the set Pg must 
be self-congruent under the transform of a Bertini involution. 
The square of the element D t — ■ E t in (1) is F t E, F t ■ E t , 

the product of E t and its transform by the involution F t . 
Thus P% is self-congruent under all the transformations ( 1 ) 
for which v t . ■ ■■, are even. Hence 

(2) An elliptic se.vtic with nodes at Pg is invariant under 
a ternary Cremona group ig\, generated by Bertini in¬ 
volutions and their conjugates, which has an invariant 
subgroup of index two comprised of the elements (1 ) for 
which v t , •••, i'f, are even. The remaining elements are 
obtained by adding a factor E t . This group is isomorphic 
with the invariant subgroup go.i ( 2 ) of //«,2 whose elements 
are reducible to the identity mod. 2. The factor group 
iff, of g 9 , ( 2 ) under g u , is isomorphic with that subgroup 
of order 9! 2". 960 of the modular group {p = 5) which 
leaves two even theta functions unalteied. 

The order and character of the factor group g ( j\ is derived 
in ,i> . With 2p -f- 2 = 12 subscripts 1, 2, • • •, 9, 0, «, 0, and 
invariant even theta characteristics Qoa, Qop, and therefore 
invariant period characteristic P a p, the group is generated by 
the involutions attached to the points in the finite geometry 
not on either quadric Qoa, Qop- It is sufficient to identify J y 
with the transposition ( pupj ) ihj — 9) and / 01M 

with the quadratic transformation A itt . The factor group 
has an invariant subgroup of order 9! 960 which arises from 
the same transformations as in case (a). The additional 2*-960 
congruent sets can be obtained from the 960 of case (a) by 
applying the eight involutions F t , • • •, F» in any combination. 
The effect of the Cremona transformation on P» is determined 
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most easily by taking the set on a cubic curve with canonical 
elliptic parameters ?<i, • ■ and a ^ Ul -\- - •- + «». Then, 
in case (a), <r == 0; and, in case (b), 2<r == 0. Clearly a 
similar situation is present when Pi is the set of r-fold points 
of an elliptic curve of order 3 r. This method is not applicable 
in the next case. 

In case (c) let Pm with points p, , p it • ■p 9 , p 0 be the ten 
nodes of a rational sextic S{t ) with parameter t. This set 
is subject to three projective conditions and has 9 absolute 
constants. For if Pi is chosen, p 8 must lie on the curve 
(51 (3)) and, for fixed p 9 on Gl, must be one of 12 points 
on <?4 (*° pp. 251-54). There is but one rational sextic with 
nodes at Pfo and S(t) is therefore invariant under any Cremona 
transformation for which P{ 0 is self-congruent. If Eg a is the 
Beilini involution determined by Pj’ for which p», Po are fixed 
points, then Pm is self-congruent, and S{t) is invariant, under 
the Cremona group h generated by the 45 Bertini involu¬ 
tions Eij (?. j — 1 , • • •, 9, 0 ) and by their conjugates under 
Cremona transformation with P-points within P 10 . Since 
these generators correspond to elements of 910,2 which are 
congruent to the identity mod. 2 , the group h corresponds 
to a subgroup < 710,2 ( 2 ) of that subgroup . 910 , 2 ( 2 ) of 910,2 which 
reduces to the identity mod. 2. In order to prove that 9 ^ 0,2 (2) 
coincides with 910,2 (2) we introduce a particular set of 527 
P-curves of Pm which in the customary notation, called here¬ 
after the signature, are of the following types: 

(3) P(l)°, P(l2)‘, P< 12345)*, Pfl*2 • • • 7) s , P(l s 2 - -9) 4 . 

Two P-curves, P(l r '2 r ’• • • U'«) r and P(l s > 2 s ’ • ■ • 0®°)*, for 
which r% s, and r ~ s mod, 2 are said to be congruent 
mod. 2. Thus the aggregate (3) comprises 

(wavavrevav- 

, _ .2 * • 

wcongruent types since in the fourth type tl = ana m 

the fifth tiii ~ * a 
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Any two P-curves of Pi 0 whose signatures are congruent 
mod. 2 are conjugate or equivalent under an element of the 
group h (*° pp. 246-47). For example the P-curves, P( 8 )° 
and PCI*-. - 7* 8 ®) s , are conjugate under E w . This pair is 
transformed by the quadratic transformation A 6?8 into the 
pair P(67)', P(l*• • • 5*678*) 5 , and the latter pair is equi¬ 
valent under that element of h which is the transform of E»„ 
by Ao?*. Proceeding in this way all the equivalences men¬ 
tioned can be proved. Let C be any Cremona transformation 
whose corresponding element in 910,2 is congruent to the 
identity mod. 2 . Then C transforms P(0}° into a P-curvc, 
P,. congruent mod. 2 to P(0)°. An element /*, exists in h 
which transforms P(0)° into P x . Hence ChT 1 leaves P(0) u , 
the directions at p 0 , unaltered and therefore is found in the 
group iSfo of (2) and is a product of Bertini involutions and 
their conjugates. Then C itself is a product of the same 
character. Hence 

(4) The infinite group tfo ,2 of ternary Cremona transformations 
under which a rational sextic S(t) with nodes at Pfo ts 
invariant is generated by the Bertini involutions with 
F-pomts m Pfo and their conjugates. It is simply iso¬ 
morphic with that invariant subgroup 910,2 ( 2 ) of 910,2 which 
is congruent to the identity mod. 2 . 

Since P 10 is self-congruent under the projectively 

distinct sets congruent to it are obtained from transforma¬ 
tions which correspond to elements in the factor group gff, 
of 910 , 2 ( 2 ) in 910 , 2 . This factor group (cf. 37 ( 8 )) has the 
order 10! 2 1 ® -31-51 and is isomorphic with the subgroup 
of the modular group (p — 5) which leaves one even theta 
characteristic unaltered and permutes the remaining 527 as 
the 527 classes of congruent P-curves (whose exemplars are 
given in (3)) are permuted under Cremona transformation. 
The subgroup which leaves one of these P-curves, say P(0)°, 
unaltered has the order 10! 2 1S • 3 = 9! 2* • 960 which is the 
number of projectively distinct ordered sets P« congruent to 
the nodal set P» under transformation for which p 0 is an 
ordinary point. Hence the factor group gives rise to 
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10! 2 1S • 31 ■ 51 protectively distinct ordered sets P{ 0 congruent 
to the nodal set or to 2 18 • 31 • 51 unordered sets. Hence 

(5) A general rational plane sextic with ten nodes can he 
transformed by Cremona transformation into precisely 
2 18 • 31 • 51 projectively distinct sextics. Under such trans¬ 
formation these distinct projective types (with ordered nodes) 
are permuted according to that group of the odd and even 
theta characteristics ip — 5) which has an invariant even 
characteristic. 

The number of discriminant conditions on the nodal set Pio 
is finite. For example there is a transformation in which 
leaves S(t) unaltered but converts P (1 ••• 56*7*8*) 4 into 
the congruent P (12345)*. If then the discriminant condition, 
3(1 • • • 596*7*8*) 4 -- 0 , were satisfied by P{t>, the same 
set Pio would satisfy the congruent condition, 3(123459)* = 0 . 
Hence (cf . 20 pp. 249-50; 84 § 4) 

(6) The number of discriminant conditions—infinite in the 
case of a general set Pio —is finite for the nodal P{ 0 of 
Sit), a set subject to three conditions. Any two discriminant 
conditions whose signatures are congment mod. 2 impose 
the same fourth condition on the ten nodes. The members 
of this finite aggregate of 496 conditions are permuted 
under Cremona transformation as the odd theta character¬ 
istics are permuted undei' the group of (4). 

This equivalence of discriminant conditions yields an in¬ 
finite variety of theorems relating to the nodes of S{t) of 
the following type (*°p. 250): 

( 7 ) (a) If the jacobian of the net of cubies on seven nodes of 
S(t) jiasscs through one, it passes through all three of the 
remaining nodes, (b) If an adjoint quartic of S(t) has 
a triple point at one node of Sit), there will exist an 
adjoint quartic with a triple point at any one node of 

Sit). 

For later specific reference let the basis notation for p — 5 
be taken with subscripts 1, 2, •••, 9, 0, a, 0 and let the in¬ 
variant even characteristic in (4) be that of E a p • The no¬ 
tation for the group is then symmetric in 1, 2, •••> 9,0. 
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The 527 classes of congruent P-curves are then, named as 
their exemplars occur in (3), 

(3.1) Ela, E\1, EviMba, E‘i .7, -£o/j. 


The 496 discriminant conditions on Pfo are of the fol¬ 
lowing types: 

<5(12) = 0 , d ^) 1 = 0 , <5(1, ••., 6 )* = 0 , 

<5(1*2 8 ) s = 0 , <5(1*2 ... 90) 1 = 0. 


( 8 ) 


no 

2 


and 


(‘e°). 


The first three comprise respectively j* 
conditions. The last two by virtue of (7a) and (7b) comprise 
only and | jj conditions. They correspond respectively 
to the odd theta characteristics: 


( 8 . 1 ) 


Oi‘2afl, Ousp, $7890, 0. 


Since the even theta characteristic E a p is invariant these odd 
characteristics are permuted just as the 496 points, E a $-\~ O m 
— Pafim, in the finite geometry (p = 5) which are not on the 
quadric Q a p■ Thus the discriminant conditions are permuted 
respectively as the half periods 

(8.2) P 12 , Pl28 a, P ~890ftp j Pl90/J, Pap- 


The generating involutions of the factor group are, in the 
finite geometry, the involutions attached to these points 
(cf. 22 (10)). In the plane of S(t) they are respectively the 
transposition (p\,Pi), the quadratic transformation 


Jus = T{ 123)*, T(l l • • • 6 *) 5 , T(l 6 2 8 • •. 8 8 ) 10 , 


and T (l 1 * 2 *.. • 9 4 0 1 ) 17 (cf. 6 (4), (8), (9)). 

A transformation r of the group i® a in (4) which leaves 
the rational sextic S(t) unaltered mu$t be represented on the 
sextic by the binary transformation of the parameter 


( 9 ) 


t: f'— (af-j-&)/(c<-f-d). 
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The transformations thus induced on S(t) by constitute 
an infinite discontinuous group yw, 2 . It may be that Cremona 
transformations exist for which S(t) is a locus of fixed points. 
This is not very likely since such transformations would no 
doubt have properties so striking that they would not thus 
far have escaped notice. If however they exist they form an 
invariant subgroup of if, 2 whose factor group is the group yio, 2 - 
The Bertini involution E» 0 with P-points at Pf and fixed points 
at pg, po is in if, 2 . Since L\ 0 leaves S(t) unaltered, its fixed 
points on S(t) are the intersections of its fixed locus Gl out¬ 
side Pg. But, of these six iptersections, four are found at 
the nodes p 9 , po at which the nodal directions and the nodal 
parameters t of 8{t) interchange. The remaining two points, 
at which S(t) is tangent to a cubic curve on Pg, are the 
proper fixed points of the involution r determined on S(t) 
by P fl0 - These constitute the jacobian pair of the nodal 
parameters at p 9 , p 0 . 

The P-curve of the set Pf 9 , Pd) 0 , has two directions at p, 
in common with 8(t). Hence every P-curve has just two 
points in common with S(t) outside Pfo. The two P-curves, 
P(9)° and P(0)°, have no points in common with each other. 
Moreover any two P-curves, P', P", which have no common 
points outside pfo can be transformed simultaneously into 
P(9)° and P(0)°. For if P" is transformed into P(0)°, P' is 
transformed into a P-curve, P'" which has 110 direction at p 0 . 
Hence P'" can be transformed by a transformation with an 
ordinary point at p 0 , and therefore with invariant P(O), into 
P(9)°. Hence (*° § 3) 

(10) Any two P-curves of Pi 0 which have no intersections out¬ 
side P 10 determine a generating involution {a Bertini in- 
volution or its conjugate) of no, 2 and also a generating 
involution r of yio, 2 . The two P-curves meet S (<) outside 
Pfo in two pairs of points in the involution t, whose 
jacobian pair is the pair of fixed points of t. 

The binary collineation group n 0,2 is thus intimately related 
to the aggregate of pairs of points cut out on S{t) by the 
aggregate of P-curves of P 10 . A P-curve with signature 

16 ’ 
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P(r> • • • 9 ’ 9 0’°) r cuts5'(i) in a pair of points whose parameters t 
are determined by a binary quadratic, say g(l r > • ■ • 9 r *0 r °) r . 
With reference to a norm-conic N{t) in a plane this quadratic q 
is represented by a point. Hence the P-curves determine 
an infinite aggregate of points in the plane of N(t) which 
divide into 527 sets of conjugate points under the discontinuous 
collineation group r w<2 induced in the plane by the group 
fto ,2 on the conic N{t). We shall find later (cf. 55 , 56 ) 
notable properties of this aggregate. 

53 . Special sets in space. The ten nodes of 
a symmetroid. The special set, Qg, of eight base points 
of a net of quadrics has been discussed in 44 with particular 
reference to the 36 sets congruent to it. At present the 
group of regular Cremona transformations with invariant net 
under which Qs is self-congruent is more pertinent. This 
group, ig,», is discussed under case (a) as a basis for the 
further discussion of (b), the half-period set Qt, (c), the nine 
nodes, and.(d), the ten nodes, of a Cayley symmetroid. 

Unless otherwise specified all of the Cremona transformations 
employed are regular, i. e. products of collineations and 
lny'i = 1 (* = 0, • • •, 3). Three types are particularly use¬ 
ful: the Kantor involution I 16 (type T ib in 44 ( 1 )); and the 
dilated Geiser and Bertini planar involutions. If a planar 
transformation is expressed as a product Y\A V k-n of quadratic 
transformations A v ic with P-points in P, 2 , and the permutation n 
of the points of P r \ then the spatial transformation, whose 
expression is the product TI-'Wc- 7 * of cubic transformations 
Aoijk with P-points in the set Q*+i = qoPQl and the same 
permutation n of the points of Ql, is called the dilation 
into S t of the planar transformation (cf. *° § 4). The dilations 
into S f of the Geiser and Bertini transformations are (in the 
notation of 44(1)) respectively: 

1_7 __1_ 8 _ 

-7 —3 33 —16 —6 

-6 — 3 ’ 1 32 —15 —6 

-3 -2,-1 8 12 — 6 -3,-2 
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If the eight F-points of the dilated Geiser transformation 
are a half period set on their elliptic quartic curve the direct 
and inverse F-points are projective. When they coincide in 
the identical order the space transformation is an involution 
(*° (28)). The similar fact is true of the dilated Bertini 
transformation when its nine F-points are a half-period set, 
i. e. any eight are a half period set on their elliptic quartic 
( 20 (29)). The elements of g nl>t determined by the Kantor 
involution and the dilated Bertini involution reduce mod. 2 
to the identity. This evidently is not true of the dilated 
Geiser involution. 

In the case (a) when Ql is the set of base points of a net 
of quadrics, let C 8 be the Kantor involution with ordinary 
point at < 7 8 , and G H the dilated Geiser involution with F-point 
of order 14 at q K . Then D H — C H G % is of infinite period 
and Cn, G g generate an infinite dihedral group which contains 
all transformations for which q x , • • •, g 7 are a symmetrical 
set of F-points. Under these and like transformations at 
the other points q, the set ($» is self-congruent. Since also 
Q'g is congruent to projectively equivalent sets under .4 US1 
and ^ 507 * (cf. 44 (9)), it is self-congruent under A l8S 4 - 4 »o 7 k 
and therefore under 

(2) Fl,8 = -rlgsa* ^151.7 • ^8407 'dim • 


This product Fi,g is also defined by the fact that Fi > 8 (18) 
is T ' 9 in 44(1). In terms of the products 

(3) Dg = C h G h , C 2 ,i = C i C l 
there follows ( 17 II pp. 376-7): 

(4) The group 4,8 of regular Cremona transformations with 
an invariant net of quadrics and self-congruent base-points 
Qs has an invariant abelian subgroup of index two whose 
elements can be expressed in a single way in the form. 




(ftn 


Qs, ff i 


s, 


.. E a * E a * 
° 8,1 -^ 8,1 

• ' > °8 ~ 0 ) 1 ) ■ 


E a » 

8,1 


These multiplied by Ci complete the group. 
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This group is, s gives rise to an invariant subgroup of Os,s 
in J2 9 whose factor group is the modular group {p — 3) dis¬ 
cussed in 44 - 

In the case (b) when Ql is a half period set, or the 8 nodes 
of an azygetic 8 -nodal quartic surface, each point is on the 
Cayley dianode sextic surface determined by the other seven. 
The theorem corresponding to (4) now reads ( 17 II(46)): 

(5) The group if\ of regular Cremona transformations with 
an invariant azygetic 8 -nodal quartic surface and self- 
congruent nodal Qg has an invariant abelian subgroup of 
index two whose elements are 

D V 2 ' D v s ' . ■. Dg" Cft Cft • • • Cft (ft, - -ft = 0, 1). 

These multiplied by C\ complete the group. The set Ql is 
congruent to 36 • 2 6 projectivdy distinct sets which are per¬ 
muted under regular Cremona transformation according 
to a group fft of order 8 ! 2 8 • 36. 

This group f$ is a factor group in the modular group 
(p = 4) of order 10! 2 8 • 51. The subgroup which leaves one 
of the 255 half periods, or points in the finite geometry Sj, 
unaltered, has the order 8 ! 2 9 • 9 and is generated by the 
involutions attached to all the points of £, which are syzy- 
getic with the invariant point, say P 90 in the basis notation 
( 19 (16)).. Among these is the involution / 90 attached to the 
invariant point P 90 itself which evidently must be invariant 
in the subgroup. The factor group of the subgroup with 
respect to this invariant g 2 is /®. 

A more explicit identification of fft> may be made by means 
of the finite number, 2 ■ 63, of discriminant conditions of the 
set Ql. If this half period set is taken with canonical 
parameters «j, •••, % on its elliptic quartic curve so that 
u 1 -f...-f- Mg = »/ 2 , the three types of discriminant con¬ 
ditions and their identification with points in S 1 syzygetic 
with P 90 are: 

Pit■ Mi u^ — 0 ; -Pig*4 : Mi-f - ••• 4*M 4 = 0 ; 

Piito: Ml —Ut + oo/2 = 0. 


(6) 
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These represent respectively the coincidence of g, , q t ; the 
coplanar condition of q if • •., g 4 ; and the condition that 
a quadric with node at q l (or at g*) is on g 8 , •••, g 8 - That 
all discriminant conditions reduce to these is proved as 
follows. Under the Kantor involution C 8 for which Ql is 
self-congruent the directions at g, become the points of the 
P-surface P(l s 2 8 • - • 7*)*, or P(l)° = P(l 8 2 8 • • • 7 8 ) 4 . On 
transforming this equivalence by Ai 8g4 and 4 186 6 the further 
equivalences, P(234)> = P(l 8 2345 8 6 8 7 8 ) 8 and P(12 8 3456) 8 
= P(134567 8 ) 8 , under transforms of C g for which also Qt 
is self-congruent, appear. From the last two there follows 
that d(2348) 1 = 0 implies <5(23481 s 5 8 6 8 7 8 ) 3 = 0 and that 
d(l2 8 34568) 8 — 0 implies d(134567 8 8) = 0. This coincidence 
of later discriminant conditions with the initial ones given 
in ( 6 ) is sufficient to show that all are reducible to those 
in ( 6 ). If furthermore the involutions attached to P,y in the 
finite geometry are identified with the transpositions (g, qj) 
in Ql, and those attached to Pgw (i,j, k, l — 1 , ■ • ■, 8 ) with 
the cubic transformation A v ia then the discriminant con¬ 
ditions ( 6 ) are permuted under Cremona transformation as 
their corresponding points in the finite geometry are permuted 
under 

The transformations of if ',s which, as elements of g 8 , a, reduce 
to the identity mod. 2 constitute an invariant subgroup i' of ifl 
of index two which is generated by the Kantor involutions 
C t , • • •, Cg and their conjugates. The factor group f of i 
in ^ 8,8 has the order 8!2 6 -36-2 ( l5 p. 337). The additional 
element in 4 % which reduces the order of this factor group 
to that of arises from the dilated Geiser involutions 
Qi , • ■ ■, Q s which figure in the products D x , • • •, D n . These 
involutions all reduce mod. 2 to the same element in f which 
corresponds in the finite geometry to J 90 . 

The cases (c) and (d) of respectively nine nodes, Q®, and 
ten nodes, Qio, of a Cayley symmetroid are related in much 
the same way as the set P| and the set P\ of base points 
of a pencilof cubics on P». The principal facts with reference 
to the determination of these nodal sets have been given by 



232 V. ABELIAN MODULAR FUNCTIONS OF GENUS FOUR 

Cayley 11 and Rohn ( 56 §§ 9, 10, 11; 64 ; “). The symmetroid 
is the quartic surface whose equation can be put in the form 
of a symmetric four-row determinant with linear forms as 
elements. The ten nodes are the points for which the first 
minors vanish. The enveloping cone from any node breaks 
up into two cubic cones on the other nodes, i. e., nine nodes 
are projected from any one into the base points of a pencil 
of cubics. If this happens at one node of a 10-nodal sur¬ 
face it happens at every node and the surface is a sym¬ 
metroid. Any eight of the nodes are a half period set. 
Only seven of the nodes can be chosen at random. If 
qi , - • •, q 7 are given nodes the remaining three lie on the 
Cayley dianode surface (cf. 44 ) determined by Q?. If q H is 
fixed on this surface the dianode of q lt ■ • ., q e , q 7 and of 
q x , * • •> <?«, Qs meet in a curve of order 36 from which the 
15 lines q, qj (i,j = 1 , 6 ) factor, as well as the cubic 

curve on £i, •’•,£«, leaving as the significant factor the 
“dianodal curve” of Cayley. The dianodal curve thus deter¬ 
mined by the half period set Ql has the order 18, has triple 
points with coplanar tangents at each point of Ob, and meets 
each of the infinite number of incurves of the second kind 
determined by Ql in two points outside Ql. If q 9 is chosen 
on this dianodal curve, there are 13 ten-nodal quartic surfaces 
with nodes at Ql, one of which is a symmetroid. Thus the 
pairs of remaining nodes of symmetroids with given nodes 
at Ob are pairs of an involution on the dianodal curve of Q*. 

There is but one symmetroid with given nodes and if nine 
of these are given the tenth is uniquely determined. Also 
(“(26)) 

(7) A symmetroid 2 is transformed by regular Cremona trans¬ 
formation with q < 10 F-points at its nodal Qio into 
a symmetroid 2' with nodal O 10 congruent to Oio- 

For, Ann with F-points at transforms 2 into 

a four-nodal quartic surface 2' with additional nodes ql corre¬ 
sponding to the nodes g, of 2 (i = 5, • • •, 9, 0). Also Aim 
is a quadratic transformation on the net of lines on gi and, 
if the lines from q x to the other nodes of 2 are base lines 



53. SPECIAL SETS. TEN NODES OF A SYMMETROID 233 


of a pencil of cubic cones, the net of lines on q[ has the same 
property and 2' is also a symmetroid. Furthermore (*° § 5) 

(8) A symmetroid is invariant under a Kantor or a dilated 
Bertini involution whose F-points are in its nodal Qio. 
The dilated Geiser involution whose eight F-points are in 
the nodal Qio leaves the symmetroid unaltered hut inter¬ 
changes the remaining two nodes. 

From this there follows 

(9) The dianodal curve of Ql in (5) is a locus of fixed points 
for those elements of the group zg% which correspond to 
elements of gs,s congruent to the identity mod. 2. The. other 
elements of *g% effect on the dianodal curve the involution 
of pairs which make up with Ql the nodes of a symmetroid. 

Let now Qj) be the set of nine nodes of a symmetroid i'. 
The set is self-congruent and 2 invariant under the Kantor 
and dilated Bertini involutions defined by the set (cf. ( 8 )), as 
well as the conjugates of the involutions obtained by regular 
transformation with F-points within the set. These conjugates 
generate the group z® which corresponds to the subgroup 
a ( 2 ) of < 7 9j 3 which is congruent mod. 2 to the identity 
(*°pp. 261-2). The factor group of <7»,a (2) with respect 
to 99,3 is isomorphic with the modular group for p — 4 
f 19 p. 337). Hence Ql is congruent to only 2* • 51 • 10 pro- 
jectively distinct unordered sets. Any two P-surfaces whose 
signatures are congruent mod. 2 are equivalent under some 
operation of 4% for which is self-congruent. All P-surfaces 
defined by are then equivalent to one of 255 types (*" p. 262) 
which can be put into one-to-one correspondence with the 
255 half periods (p = 4) as follows: 

Pio :P(1)°; P 1230 : P(123) 1 ; 

(10) Pm# : P(l*23456)*; P 29 : P(l 8 2*3 •.. 8) s . 

From the equivalence of P-surfaces there follows as before 
the identity of discriminant conditions. These also reduce 
to a set of 255 distinct conditions in correspondence with 
half periods as follows: 
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P 12 : <5(1 2)° = 0; P 12 34 : 3(1234) 1 = 0; 

(11) Pi89o : 3(1*2 ••• 7)* = 0; P 20 : 3 (1*2*3 ... 9) 8 = 0. 

If now the transposition ( q, qj) is identified with the involution 
in the finite geometry attached to P y , and the Cremona 
transformation A^u (i, ■ ■ •, l — 1, • • • , 9) with the involution 
attached to Pgu then the points P in the finite geometry 
are permuted under the modular group precisely as the 
corresponding classes of P-surfaees in (10), or the corre¬ 
sponding discriminant conditions in (11), are permuted under 
regular Cremona transformation. It is sufficient to verify 
this (obviously true of the transpositions) for the generator A i2 si. 

When for case (d) the tenth node of 2 is added to Ql to 
make up the nodal set Q\ o, the Kantor involution which has 
P-points at q lf q H and interchanges q 9 , q 0 and which 
did not appear in the group 4% of Ql, comes into play. 
Under it the set Qg — q x , •••, q H , q e is congruent to the set 
Ql — q lt ■ q K , q 0 . Hence the 2 8 • 51 • 10 projectively distinct 
sets congruent to Q® are distributed 10 at a time in 2 8 • 51 
sets Qio, or 

(12) A symmetroid can be transformed by regular Cremona 
transformation into only 2 8 • 51 projectively distinct 
symmetroids. These projectively distinct types permute 
under such transformation according to the modidar group 
(p = 4). The 255 discriminant conditions on the nodal 
Qw are permuted like the half periods. 

It should be noted that there are 2. 255 discriminant con¬ 
ditions of the types in (11) that may be formed for (fw- But 
the Kantor involutions show that a condition of type 
3 (I s 2* 3 • - • 9) s = 0 implies 3 (20)° = 0 and that one of type 
3(1*2 ••• 7)* = 0 implies 3(1890) 1 = 0. Thus there are 
now under permutations of the ten indices only two types 
of discriminant conditions 

(13) P lt : 3(12)° = 0; P ltM : 3 (1 234) 1 = 0. 

These identities among discriminant conditions lead to theorems 
such as the following: 
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(14) If two nodes of a symmetroid coincide the cubic cone tvitJi 
vertex at any one of the remaining nodes and on the ten 
nodes has a double generator on the coalescent nodes. If 
four nodes of a symmetroid are coplanar there is a quartic 
cone with vertex at any one of the four nodes and on 
the remaining six nodes. 

An expression of the figure Qw of ten nodes of a symmetroid 
in terms of modular functions (p = 4) given by Schottky will 
be found in 59 . The remaining sections of this chapter are 
devoted to the geometric relations which connect the rational 
sextic and symmetroid with allied figures. 

54. Geometric relations connecting the rational 
sextic and the symmetroid with the jacobian of 
a web of quadrics. This section contains a study of the 
projective relations which exist among a variety of figures 
in space defined by a planar rational sextic. In addition to 
the birationally related jacobian (of a web of quadrics) and 
symmetroid these figures include the rational sextic curve in 
space and the pair of cubic space curves. A certain pairing 
of planar rational sextics appears which is important for the 
purposes of 56 . If the underlying rational sextic is trans¬ 
formed by Cremona transformation into a projectiyely different 
type, the related figures also are subject to transformations 
which are discussed in the next section. 

The simplest point of departure is the figure of two cubic 
curves in space with digredient parameters t and t respectively 
(**§ 4). These as point loci will be denoted by Cfr), C\ (t) ; 
as loci of planes by Cfr), Cft). The two curves each depend 
on 12 constants and the pair depends upon 24 —15 = 9 
absolute constants. On each point r of C\ (r) are three planes 
of C t (t) and vice versa; dually on each plane r of C t (r) are 
three points of C s (t) and vice versa. The incidence conditions 
are therefore 

(1) F = (ar) s (at) 3 = 0; F = (dr) 3 («<)* = 0. 

By reason of the duality the forms F, F are mutually related. 
Each is the same covariant of the other ( M § 3). The general 
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form F in digredient variables bas 9 absolute constants and 
determines in turn the two curves, Ci(r), C 3 (t). For if the 
planes of C s (t) are taken in the canonical form, 17 (1), the 
points of C\ (r) which satisfy the incidence condition (1) are 
perfectly general. 

Let Q lt Qi be the two nets of point quadrics on Ci, C t 
respectively; Q x , Q 2 the two nets of quadric envelopes on Ci, C t 
respectively. The pencils of the net Q, are the pencils on 
C, and a bisecant of Ci; the pencils of the net Q, are the 
pencils on C, and an axis of L\. The net Q, will cut 
C) (i,j = 1, 2; ifj) in an involution, it, of hexads of points. 
An it on a binary domain may be visualized as the line 
sections of a projectively definite rational plane sextic. The 
nets Q, Q thus determine a tetrad of rational sextics, namely: 
.Vj (t) , whose line sections are cut out on C\ (r) by the net Q t ; 
K s (t), cut out on C, (1) by the net Q t ; 6\ (r) , cut out on C\ (t.) 
by the net Q a ; and ,S' 2 (<), cut out (\(t) by the net Q,. The 
parameters, < 1 , 4 , of a node of S s it) are a neutral pair of 
it whence the points 4,4 of C 3 (i) lie on a pencil of the net 
Qi and therefore lie on a bisecant of C,, i. e., a common bisecant 
of Ci,C». Conversely a common bisecant determines a neutral 
pair of it whence (cf. 44 p.312 for references to original sources): 

(2) The carves (\, G* have ten common bisecants which deter¬ 
mine 071 C], C\ the pairs of nodal parameters of S x (t), S 2 (/) 
respectively, dually C'i, C* have ten common axes which 
determine on C\, C\ the pans of nodal parameters of 
S, (t), S’* ( t) respectively. 

If one planar sextic, S 2 (t), is given its line sections de¬ 
termine on C t (t) go* hexads of points cut out by a net Qi 
each member of which is determined to within members of 
the net Q 2 . Thus a system oc 5 is defined which is apolar 
to a web Q of quadric envelopes. But Keye 5s has proved 
that in the system apolar to a web Q there are precisely 
two nets Qi, Q t which are on cubic curves C u C\. Hence 

(3) The rational sextics of the plane can be arranged in tetrads 
S\ (t), S 2 (t ); S\ (t), S 3 (t) in such wise that given any one 
the other three are projectively determined. 
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In such a tetrad the two in either pair will he called 
paired sextics ; these have digredient parameters. Two with 
like parameters, t or r, will be called counter sextics; these 
in the space figure are of dual character. Any other pair 
will be called a diagonal pair. 

The line sections of S 2 (J) in a plane n are in projective 
correspondence with the quadrics Q x . In Q x the cones on 
Ci(V), in one-to-one correspondence with their vertices i. 
form a quadratic system. There is therefore on n a conic 
K(r) whose lines correspond to these cones. To a pencil 
of lines in n on a point p there corresponds a pencil in Q x , 
which contains two cones corresponding to the two tangents 
of K{t) on p. If in particular p is a node of S s (t), the 
pencil in Q x is the pencil on a common bisecant of C \. C s 
and the two cones have nodes at r,,r 2 , the parameters of 
a node of the paired sextic, S x (r). Hence 
(4) Given a rational plane sextic, S 2 (t), there exists in its plane 
a covariant conic, Kir), such that the ten pairs of para¬ 
meters on Kit) of the ten nodes of S 2 (t) furnish the nodal 
parameters of the sextic S t (t). Conversely if with reference 
to a norm-conic, K{t), we mark the ten points determined 
by the ten pairs of nodal parameters of a rational sextic 
Si (r) then these ten points are the nodes of another rational 
sextic S t (t) which is the sextic paired with S x (r). 

It may be remarked that only six pairs of nodal parameters 
of Si (r) (with 9 absolute constants) can be chosen at random 
and that then five sextics S x (r) are determined ( 44 p. 316 
cf. also 56 ). In the plane however eight nodes may be chosen 
at random and one degree of freedom remains for the choice 
of the ninth. In the first case a choice of K(r) is also 
implied. The relations between the binary conditions on the 
nodal parameters and the ternary conditions on the nodes, 
which for a single sextic would be quite complicated, are 
quite simple for the paired sextics. 

The sextic S t (t) and its covariant conic Kir) are so related 
that a tangent r of Kir) cuts out 6 points t of S s (t) and 
a point t of Si(t) is on two tangents r of Kir). This 
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(6, 2) relation in t, x is obtained from C t (t), C\(t) as follows. 
The condition that plane x of Cy is on point i of C* is 
(at)* (a t) 3 = 0. The pencil in Qy on t of C 2 contains the 
two nodal quadrics with vertices at r,, r 2 , the meets of C\ 
and the bisecant from t to C\. Then x t , x 2 are the hessian 
pair of the three planes of Cy on t, i. e. the hessian of the 
cubic (ar) s ( dt) 3 in r. Hence 

(5) The parametric equations of the rational sextics of the 
tetrad (3) referred to their covariant conics. K(t), K(x), 
as norm-conics respectively are 

(«a') ! {at) {at) (at) 3 (a'x) s — 0, 

{a a')* {dr) (a'x) (at) 3 (a't) 3 •= 0, 

(««')* (at) (at) (at) 3 (a'x ) s =-- 0, 

(a a') 3 (at) (at) (at) 3 (at) 3 0. 

It may be proved easily (cf. 84 pp. 158-59) that: 

(6) The forms F, F in (l) represent the direct and inverse 
linear transformations of the parametric coordinate system 
in space determined by C\ (r) into that determined by C\ (t). 
Specifically, the point and plane determined by (ct) 9 with 
reference to C\ (i) are the point (ac) 3 (at) 3 and the plane 
(d c) 3 (a t) 3 with reference to C* (t)\ the point and plane 
determined by (yt) 3 with reference to C% (t) are the point 
(d x) s (a y) 3 and the plane («r) 8 (a y) 3 with reference to Cy (t). 

Let t y , ti , i 8 be three points of the sextic, S 3 ( t ) , on a line. 
Then there is a quadric g, in Qy on the points ty, t 2 , t s of 
C t (t) which with the net Q t on C t ( t ) determines a web which 
meets the plane ty, 1*, t s in the net on these three points. 
Hence one quadric gi-fg 8 of the web contains the plane 
(, U, t & . This plane meets Cy (x) in three points %y, x t , r 8 
which also are points in which the quadric g 2 of Q t meets 
Cjfr) whence x lf t 2 , t 3 are three points of the paired sextic 
5i (t) on a line. This mutual relation between the two linear 
triads must, according to (6), be as follows: 

(7) There is a one-to-one correspondence between the linear 
triads on two paired rational sextics ; if (y t) 3 is the linear 
triad on S t (t) {$ a (()} then (ax) 3 (a j') 3 {(ai)‘(a^) 8 ) is the 
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linear triad on the paired sextic S t (r) {%(r)j; if ( C t) s is 
the linear triad on (t) {,S\ (r)} then (ca)* (« tf{(caf(utf} 
is the linear triad on the paired sextic S t (t) \S a (t)}. 

A particular plane r 0 of C\ is cut by the xJ planes of C\ 
in a line conic which is to be identified with K{r). A point x 
in t 0 is determined by the two tangents of K(r) which arise 
from the two further planes r 1) r i of C\ on x. These two 
planes meet in an axis l x (x — t 1} r 8 ) which cuts r 0 in x. 
Thus the congruence of axes l x of C\ determines a projective 
correspondence among all the planes of Ci. According to (6) 
the plane t of C t (t) is the plane (ax) 8 (at) 3 referred to 
C\(t) and the point x = r lt t s , z 0 is on this plane if 
(ar,) (ar t ) (ar 0 ) (a t) 3 — 0. Hence the planes t of C? cut 
each plane t of C\ in a rational cubic of lines 

(8) (nx) (at) (u t) s —- {atf (art) (ar) (at) s (x — 

Selecting a fixed plane t 0 of C\ as a base, the gc 1 (for vari¬ 
able r) rational cubic envelopes (8) on the go 1 planes t are 
projected by means of the axes l x to form in r 0 a family 
(with parameter i) of oc l rational line cubics (with para¬ 
meter t). Since for fixed t there is one axis l x in the plane t 
of Ct which for variable % is met by all the lines (8), it follows 
that the cubic curves (2) in r 0 are all perspective to the 
rational curve (i. e., line t of the envelope is on point t of 
the rational curve) cut out on r„ by the oc 1 axes of C\ which 
lie in planes l of C*. Since for given t these axes are deter¬ 
mined by the quadratics, (aaffar) (a'r) (at) s (a't) 8 = 0, this 
rational curve is the sextic S s (t) referred to its covariant 
conic K(t). In particular the ten common axes of C\, C t 
which are on two planes t cut t 0 in the nodes of Si{t). Hence 

(9) Upon a plane of C \, the axes of U whhfi lie m the 
planes of Ci{t) cut out the rational sea:.tic S t (t), the ten 
common axes of Ci, C t cut out the nodes of Sift), the planes 
of Ci cut out the covariant conic K{r) of S 2 (t), and the 
planes of C 8 cut the oc 1 planes of C\ in cc 1 rational cubic 
envelopes which are projected upon r„ by the congruence of 
axes of Ci into the go 1 perspective cubics of Si(t). 
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The general form (8) in digredient variables x (ternary), 
t, t (binary), has 23 constants and 23 — 8 — 3 — 3 — 9 
absolute constants. In terms of its coefficients the parametric 
equation of S 2 (t) is 

(10) (n 7i'^) (a a )(cct) s (a't) s = 0. 

One may prove further ( 84 §9 (1)) that 

(11) The triads % of cusps of the oc 1 perspective cubic envelopes (8) 
of S t (t) run over a sextic curve of genus four birationally 
equivalent to F — 0 in (1), and constitute a f in the 
canonical (fa. The residual g\ is a system of triangles on 
the sextic whose sides envelop K (i). 

The form (8) for given x and r furnishes the three tangents t 
of the perspective cubic t of S 2 {t) which pass through x. 
If however a: is at a point f, of S*(t) then one of these 

tangents is t — U for every r and {tt )) is a factor of (8). 

If x is at x t , one of the ten nodes of S 2 (t) with nodal para¬ 
meters ( q t if, then 

fl2) (nx?) (or) (a tf = (l t t) (A 2 f). (q, tf (i = 1, • • •. 9, 0). 

On each point of a common axis of C l} C t there is a third 
plane t of C’j and t of G*. As the point runs over the axis 
the (1, 1) relation between these planes t and t is (? t r)(A, t) — 0. 

Let as before Q be the web of point quadrics apolar to 
the two nets Q t , Q* of quadric envelopes on C \, C 2 ; Q the 
web of quadric envelopes apolar to the nets Q u Qt • According 
to the usual theory the jacobian J of the web Q is the locus 

of nodes of quadrics of the web or the locus of pairs y, y 

of points apolar to the web. These pairsjie in an involutorial 
correspondence I on J. Let the net Q t on C\ meet C s ( t ) 
in hexads , • • ■, t 6 of planes of the involution Z 2 6 cut out 
on S s (t) by lines of the plane. Then the entire web Q(y) 
will meet C s in sets of 6 points in the_ involution 1-1' which 
is the conjugate of (or apolar to) the I 2 and which may be 
visualized as the plane sections of a rational space sextic 
curve R(t). For, Q(y) is apolar to Q 2 and therefore the 
polarized quadrics of Q{y) will be represented on C t by 
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polarized sextics; and Q(y) is apolar to and therefore these 
sextics are apolar to the sextics cut out on Q by Q t , i. e., 
to I*. Now the linear triad 4 , 4 , 4 of & (t) can be supple¬ 
mented by a triad 4, 4 , t b to form a hexad apolar to J 8 6 
whence the polars of the triad 4 , 4 , 4 as to four independent 
members of will be linearly related, or the triad will be 
apolar to a unique hexad of if cut out say by Q' (y) . Then 
Q'{y) can be represented as a sum of squares of the three 
planes 4 , 4 , 4 of C 2 and has a node at the point y(t lf 4 , 4 ) 
on these three planes. Conversely if Q'(y) has a node y it 
cuts Cj in a hexad whose catalecticant (the discriminant of 
Q'{y)) vanishes whence Q'(y) can be expressed as a sum of 
three^ squares of planes t. Moreover the quadric of the 
net Ql which touches two of these planes must touch the third 
since (f is apolar to Q'(y) whence the planes 4, 4 , 4 are 
a triad of a hexad of if. Thus J is the locus of points y on 
planes 4 , 4 , 4 {r,. t 8 , t 3 } of C' t (0 \C\ (r)} where U, 1 S and 
t, , r s , t„ satisfy the symmetric conditions, 

(13) ft ( t \. t->, tt) = 0, ,/i {r\, it, t 3 ) = 0, 

which express that t ,, 4 , 4 {r,, r 3 , r 3 } are a linear triad on 
the rational sextic S* ( t ) {N, (r)}. Moreover the two trihedrals 
4 , 4 , 4 and r,, r 3 , r 3 on y, being self polar as to Q'(y), are 
six planes of a quadric cone q'iy) with vertex at y. Con¬ 
versely if y is a point for which the two trihedrals have this 
property then, of the oc 2 quadrics Q t on r,, r 8 , r 3 , one is 
on 4 , 4 and therefore contains all the planes of q{y) in¬ 
cluding 4 • Hence 

(14) The jarobmn qnnrhc surface J is the locus of points y 
for which the two sets of three planes of C \, C\ on y 
are planes of a quadric cone q{y)- The two trihedrals 
on Ci. C\ correspond to linear triads, paired as in (7), 
on Si (r), Si (t). Referred to C 2 (t), or to C { (r), J is an 
involution surface with equations (13). 

By the term involution surface is meant a surface whose 
parametric equation when referred to a norm-curve is the 
equation of a binary involution. 
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As noted above there is one quadric qi of the net on 
the planes r 1} r 2 , t 8 ; 4 , 4,4 which contains the planes of 
the cone q' (y). Similarly there is a quadric q 2 of the net Q 2 
on the same 6 planes and cone. Each of the quadrics q x , ?2 also 
contains the planes r 4 , r 6 , r 6 ; 4 , 4 , 4 and the cone q' iy') 
on this second set of 6 planes. But if two quadric envelopes 
have two quadric cones in common a member of their pencil 
factors into the product y, y' of the vertices of the cones. 
Hence y, y' are corresponding points of I on J and the 
corresponding linear triads on either rational sextic make 
up a linear hexad on that sextic. Thus if, on S 2 (J), 4, 4 
are nodal parameters on a line with 4 , 4 , 4 , 4 then as the 
line revolves about the node the point y(t,, 4 , 4 ) runs along 
a common axis A, of C\ (t), C\ ( r ) on J and the point 
y' (4, 4i 4) runs over a cubic curve N t on J. The curve N, 
is the involution curve determined by triads referred to C 2 
which are contained in the it cut out on <S' s (t) by lines on 
the node. If 4, 4 are the parameters of another node, K t meets 
the axis Aj ( 4 , 4 ) of C t in the points y ( 4 , 4 , 4 ), y ( 4 , 4 , 4 ) 
and Aj is a bisecant of N t . Hence 

(15) There are two systems of oo 8 6-planes, one on each of the 
curves Ci, C t , inscribed in J. Each point y of J deter¬ 
mines one 6-plane of either system and these two 6-planes 
also have in common the opposite point y of the 6-planes 
which corresponds to y under I. The ten common ewes 
A t of Ci C« on J correspond under I to ten cubic curves 
such that Ai is a bisecant of Nj ( i,j — 1, —, 9,0; i \-j). 

Let the web of quadrics Q in the S 3 (y) of J with dual 
coordinates y, y be given by the double quaternary form 

(16) {ayf (fig) = 0 

with 2 , l dual coordinates in another S 3 (2). The form has 40 
coefficients and depends upon 39 constants or 39—15 — 15 — 9 
absolute projective constants. For every point 2 in S (2), (16) 
determines a quadric in S(y) and the locus of points 2 for 
which this quadric has a node y is the symmetroid 



54. GEOMETRIC RELATIONS 


243 

(17) - = ifiz) (fi' t) (fi" z) (fi'" z) [a cc' a" u"'y — 0. 

a symmetric four-row determinant whose elements are linear 
forms in z. Any such determinant may be regarded as the 
discriminant of a quadric (16). For point z of 2 and node y 
of quadric (16) the equations, 

(18) (“y) (fit) — 0 (, = 0,1,2,3), 

are simultaneously satisfied. On eliminating z we have 

(19) J — (fifi' fi" fi'") (a «'«" «"') (« y) («' y) («" //) Iu. 

the jacobian of the web (16). For corresponding points //. y 
of J under I the equations, 

(20) fi, (ay) («//') == 0 (/ —0,1.2.3). 

hold simultaneously. For 2, # corresponding points on ,7 
the equation of the point y is 

(21) (fie) (ft) tf'D {««',<”,,)* = ~ 0. 

A point y determines in (16) a plane £ but £ on points 
z\ z *, z s is determined by any one of the 8 base 1 points y 
of the net of quadrics («//)-’ (fir) — 0 (i — 1, 2, 3) on y. 
Thus (16) defines an (8,1) correspondence between points y 
and planes £ of the spaces of J, if y is on J one of 
the three quadrics of the web on y has a node at y and 
two of the 8 points corresponding to £ coincide at y. If 
2° is the point of which furnishes this nodal quadric then 
the square of y is furnished by (21) and this substituted 
in (16) yields the plane £ which corresponds to y in the 
form (fiz u )(fi' z°)(fi" z°)(fi’" z)(aa’ a" a’"y = 0 which is the 
tangent plane of — at the point z° which corresponds to y. 
Hence J is mapped by (16) upon the planes £ of If t 
is on z, z, y is on a quartie curve which meets J in 16 
points, i. e., - is of class 16. Ten quadrics in the web (16) 
are pairs of planes whose nodal lines arc the axes A, on J. 

Hi* 
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There are therefore 10 points z° for which (21) vanishes 
identically and at which the tangent plane of 2 is inde¬ 
terminate. Hence 

(22) The points of the Jacobian surface J are mapped by (16) 
upon the planes of the symmetroid of class 16 and order 4 
is such wise that point y and contact z of tangent plane 
correspond in (18). The ten lines A t of J map into the 
planes of the ten tangent quadric cones of 2 at its ten 
nodes, i. e., the lines of J correspond to the directions 
on 2 at its nodes. 

Under the birational transformation B in (18) between J 
and 2 a quadric section of J by ( 6y )* corresponds to the 
section of 2 by its cubic adjoint surface, 

The sections of J by planes i} correspond on to a linear 
system r$ of order 6 and genus 3 on the nodes of 2 which 
are contact curves of the cubic adjoints 

(fiz){0z){0'z)(aa' a" V f = 0 

whence on every plane section n of 2 there is isolated a 
system of contact cubics. The linear system /» is cut out 
on 2 by the linear system of adjoint cubics 

{fiz) {&'z) if" z) (««' a" r[) (a «' «"»/') — 0 
for variable i\ and fixed f. 

If £ is a plane section of 2 determined by points z, z , z" 
then the three quadrics (ay)*(fiz (i) ) determine a net and the 
involutorial Cremona transformation of pairs apolar to this 
net (i. e. I on J) is 

(23) {a a a" i?) (/S/J'/S"$) (ay) (ay) (a" y) — 0. 

The fundamental sextic curve of this involution, the locus 
of nodes of the net, is the member of the linear system Cf 
on J which corresponds under B to plane sections of 2. 
Cubic surfaces on C» cut J in a residual system C'l of 
sextics of genus 3, the transform of plane sections of J 
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under 1\ For given sections £ of 2 and // of J the cubic 
surface (23) cuts J in the curves CS, C't which correspond 
to £, // under B, I respectively. Hence if £ corresponds 
to Cs on J under B and j? corresponds to r 8 6 on - under B 
but to C't under I then for given £ (23) is a cubic Cremona 
involution which on J is / with fundamental curve C 3 B ; where¬ 
as for given rj (23) is a cubic Cremona transformation of J 
into ~ which has C't and C„ 6 for inverse fundamental curves. 
The inverse transformation is obtained from (21) in the form 
(ftz) (/3'z) (/}" z) (a a a" rf (eta 1 a" if) — 0 for fixed if. Thus 
on any plane section of J there are isolated two corresidual 
linear series <7® cut out respectively by the linear systems 
C-! and C't. ' 

The points y on the two cubic curves C\ (t ), C\ (t) corre¬ 
spond in (Hi) to the planes £ of two rational sextic envelopes 
if, (r), K s (t). The planes £ of these curves on a point z are 
given by the parameters of the points in which the quadric (16) 
cuts Ci, whence the curves if, it), ih (0 are the space 
curves conjugate or apolar to (r), ;S’ 2 (0 respectively. The 
symmetroid - is the locus of points 2 for which the quadric (16) 
can be expressed as a sum of squares of three planes of Ci, 
or three planes of C 2 (these planes themselves being represented 
by perfect cubes), and therefore is the locus of points z whose 
point sections of if, (t), or of B 2 {t), are expressible as a sum 
of three sixth powers, or are <dialectic sextics. If however z 
is a node of - the quadric_(16) is a pair of planes it, if on 
a common axis A, of Ci, C 2 . Since //, if is apolar to the 
net Qi, and the net Q 2 , thejilanes 7/, if are harmonic to the 
pairs of planes of Ci and 6* on A x and the quadric can be 
expressed as a sum of squares of either pair^of planes. Hence 
the sextic point-section of ifi(r), or of K s (t), from a node 
of 2' is a cyclic sextic, i. e., a sextic reducible to a sum of 
two sixth powers of linear forms. The linear forms themselves 
determine a pair of nodal parameters on the conjugate plane 
sextics Si(t), Si(t). The catalecticant of a binary sextic is 
the particular symmetric four-row determinant for which the 
elements in a line perpendicular to the principal diagonal are 
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all alike. Conner * ft shows that 2S can be transformed into 
such a symmetric determinant in just two ways corresponding 
to 74 (r) and 74(f). These two rational space sextics are 
conjugate to the paired planar sextics S x (r), S t (t). Unlike the 
planar curves the one space sextic is localized when the other 
is given since each determines -. 

Let (q t) : ‘ be a linear pentad on S 2 (t) whose carrier meets 
8i(t) again at 4 . J?he polar of ( qt) b as to four independent 
point sections of 74(0 is o 1 (iff (t — 0. 3) and (qt ) 5 is 

therefore apolar to three independent point sections of 74 (/) 
and thus to all the point sections of 74(0 by points of a plane £. 
The locus of planes £ thus determined by the cc 2 linear pentads 
on S 2 (t) is the Stahl ( B8 p. 56) quadric K of 74(0. For, if 74(0 
for the moment is taken as (ft z) (bt) r ' — 0, the condition that 
the three sextics (ftz*- l) ) ( ht ) # — 0 (i = 1, 2, 3) have a common 
apolar quintic is of degree two in each z w and these can 
occur only as £ — \\z a) z vi) Two linear pentads (qt?, 

(ft? of S 2 (t) with the same sixth point t x , which determine 
planes £, £' of K, are apolar to point sections of 74 (t) by 
points on the line ££'. The equations of £. £' are (ftz) (bq? ( bt ) 
= ( >(z£) • (tt i) and (ftz) (bq'? (bt) — o(z£')-(tt\. Hence the 
variable linear pentads (q t? + h (qt? on lines through a fixed 
pointy of 8 2 (t) determine a pencil of planes g(z£) + ha(z £') 
on K, necessarily a pencil on a generator 4 of K. Again 
for given i in (8) the line 4 of the perspective cubic of S 2 (t) 
cuts Si (t) in 4 and a linear pentad of the form (cf. 24 § 5 (5)) 
j «*, ft) = (q tf. Then (fit) (bq? (b t) = f(z\ t\ <i) • (4 t) 
and the plane (z£) of K is linear in 4> and for variable 4 
turns about the generator t of K. Hence 
(24) The planes £ of the Stahl quadric K are in one-to-one 
correspondence with the linear pentads of S 2 (t). As £ 
kirns about a t generator of K, the variable pentad of 
Si(t) turns about the point t of S t (t)-_ As £ tarns about 
a t generator of K, the pentad of S% (t) runs over the 
lines of the perspective cubic envelope v of S 2 (t) in (8). 
K has a similar relation to S t (t) with the roles of the 
generators reversed. 
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For given x the linear pentads,/l/ 5 , z 1 , fj) = 0 on the lines t y 
of the perspective cubic x are apolar to the pencil of sextic 
point sections of points z on the generator x of K. This 
quadratic system (for variable (,) is in a net of binary quintics 
whence the pencil of sextics consists of the polars of a binary 
septimic. As x varies this septimic must lie in a pencil 

(25) 1/r) (yty = 0 
since the polars 

(26) (cz) (yt,) (rtf = 0 

musjt be included in the linear system (=c s ) of point sections 
of H 2 (t) (cf. (a) below). 

If tu • t 6 is a linear hexad J of 6’ 8 (f) the three pentads 
obtained by dropping t 6 , t b , < 4 successively determine three 
planes £ of K which meet in a point z(t ly t 2 , t a ). The point 
section of E 2 (t) from z is apolar to the three quintics and 
therefore is apolar to their common triad t ly t 2 , ( a and is 
a catalectic sextic, or z is the point of the symmetroid - 
which corresponds to yif ■ h, h) on J. From the existence 
of the oo* line sections of S 2 (t) each containing six pentads 
and the similar behavior of 2 with respect to the paired 
sextics, 6’i(r) and there follows (cf. (15)): 

(27) Them are two systems (cc 2 ) of 6-planes circumscribed to 
the Stahl quadric K and inscribed in 2. Then K is 
a rational covariant of 2 being part of the envelope of 
planes which cut 2 in Liiroth quartics (with inscribed five 
lines). A point z(t lf t t , t 3 ) — z{x l} r t , t s ) (cf. (7)) of - 
belongs to a single 6-plane of each system and these two 
6-planes have also their opposite points z' (t i} f 5 , t 6 ) 
= z'(x 4 , t 5 , r„) in common where z, z' are images in the 
involution 1 on ~ which corresponds to I on J. 

In this and the following sections certain theorems, indicated 
by letters, which refer to the configurations introduced above, 
are given without proof.* The first group of theorems_relates 
to the Stahl quadric and the perspective curves of S 2 (t). 

* Proofs of these theorems will be found in a second article by the 
author under the title: Geometric aspects of the abelian modular functions 
of genus four; Amer. Jour. (1929). 
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(a) Theformi 26), the polar of (2b), is the equation, {bz)(ftf=- 0, 
of the rational space sextic envelope E s (t) when the point z 
is referred to the Stahl quadric K of Eft) with generators r 
and ti — t. 

Thus the general (1, 7) form (25) with 16 coefficients and 
15 constants or 15—3—3 = 9 absolute constants is sufficient 
to determine projectively ii 2 (0 and therefore the entire con¬ 
figuration of J, - and Sft). 

(b) The catalecticant of the sextic (26) in t is, for t x — t 
a form (er)* (erf) 4 which furnishes the equation on K of 
the octavic curve of intersection of K with 2’. For given i 
in (er)* (erf) 4 = 0 the quartic in t with roots rf s , • ■ • , rf 6 is 
the linear tetrad on S^it) cut out by the double tangent 
(with parameters rf n if of the perspective cubic (8) of S\ (t). 
For variable r this double tangent of the perspective cubic 
envelops a rational curve E 10 (t) of class 10. Through 
a point t of S\(t) the ten tangents ofE ,0 (i) contain a set 
of 6 for which t is in the pair rf], rf 2 and a set of 4 for 
which t is in the tetrad rf 3 , rf (1 . The corresponding 6 
and ,4 values of % are determined by (a a'f ( a t) (at) (a i) 3 
(a'r) 3 — 0 (cf (5)) and (erf) 4 (er) 4 — 0. 

(c) The only linear tetrads of S 3 (rf) for which the four points 
on their line are projective to their four parameters on 
Si (rf) are the four residual points rf 8 , • ■ •, rf b on the double 
tangents rf M rf* of the perspective cubics of S s (t). These 
tetrads are furnished by (erf) 4 (er) 4 = 0. 

(d) The locus oh J which corresponds to the intersection of K 
with 2 is the transform under 1 of the locus of points y 
for which q'(y) in (14) breaks up into two pencils of planes. 
These are points y at which the axis of C t in the plane r 
of Ci meets the axis of C) in the plane t of C a when r, t 
satisfy (er) 4 (erf) 4 — 0. 

(e) The system of perspective envelopes of S 2 (rf) of class w-f 3 
corresponds in (1,1) fashion to the system of curves on K 
of order mf 1 of the form (kv) (xt) m = 0. The equation 
of the system of perspective curves is (nx)(ak)(a rf) 8 (x t) m — 0 

(cf. (8)). 
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The next group of theorems centers about (15) and (22). 
We recall that, at the end of 5 2 > the binary quadratic 
q(l ’ ■••9*0°) was defined to^ be the pair of parameters t 
of the two points in which S% (t) is cut by the P-curve, 
P(• • • 9 r# 0 r °) r , of its nodal set Pi« outside of the inter¬ 
sections at the points of Pi 0 . Thus the nodal parameters 
of (t) are q (1)°, ■ • g(9)°, g(0)°; the parameters of the 
pair of points cut out on S 2 (t) by the line p, p 2 are g(12)'; 
etc. These pairs will be distinguished from the like-named 
pairs of points on the paired sextic, (r), by the addition 
of the parameter t or x as the case may be. Thus the 
parameters of the ten common axes A x of C, (r ), C\{t) on J 
are q(i; r)° and q(i\ t)°. The parameters r and t cut out 
on At by the third plane of C\(x) or (\(t) on a point of 
.4, are related by the projectivity, (X x i) (l x x) = 0, in (12). 

(f) The cubic curve N t on J is ait by the axes Aj (j = 2, • • •, 9, 0) 
in pairs of points whose parameters i are q(\j\ t) 1 or 
whose parameters x are q(\.y, r) 1 , the parameters t, x being 
connected by the projectivity (X t t) (l t x) = 0 in (12). 

(g) The 45 quadratics q(ij\t) x and the 45 quadratics q(ij\ i) 1 
arise from the two common solutions of the 45 pairs of 
projedivities, (X t t) (l t x) = 0 and (Xjt)(lji) — 0; i. <.. 
q{ij ; tf = (X, t) (Xj t) (l t if) and q(ij ; x) 1 = (X x Xf) (/, x) (tjx) 
l‘,j = I - •• •• 9, 0). 

(h) The points of an axis A t on J correspond to directions at the 
node D, of the curve N x on J corresponds to the rational 
octavic m® on 2 cut out by the quadric M, on the nine nodes 
other than D x . The polar of T) x as to the Stahl quadric K 
cuts K in a conic section whose equation on K is (X t t)(l t x) — 0. 
The octavic mf with parameter t (or x) has for nodal 
parameters at Dj the quadratic, q(ij ; t) 1 (or q(ij ; r) 1 ). 

These theorems are used in the next, section to determine 
the behavior of the paired sextic Si (x), the Jacobian J, and 
the symmetroid —, when the sextic S s (t) is transfonned by 
Cremona transformation into a congruent sextic. The account 
given in Meyer’s Apolaritat ( 44 §§ 30, 31, 32) has contacts 
with the exposition just given. 
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55. Associated Cremona transforms of the rational 
sextic, symmetroid, and jacobian surface. We examine 
in more detail the parameter distribution on the curves iY, 
described in 54(f), (g). The involution I* cut out on 63(f) 
by lines on the node jh contains tetrads 4, 4, 4, 4 such 
that the point «/(4 4 4) on N, has the parameter t — t s . 
The planes t — 4. 4 of C°(t) are the faces of a tetra¬ 

hedron circumscribed to C a (t) with opposite vertices inscribed 
in A’i at ( — 4, ■ ■ - , t 6 . Thus A\ is an H a curve—a Hurvvitz 
curve ( 44 p. 315, II)—of C\(t). The axis of C s (t) on planes 
t s , 4 of Cf(t) is a bisecant of N t on points 4, 4. In par¬ 
ticular let the line on the node p t of S t ( t ) pass through the 
node p t . The tetrad 4* •••, 4 is then g(2; t)° ■ </(12; <)*. 
Hence the axis g(12; f) 1 of C t (t) is the bisecant q{ 2; t)° of 
N, and from symmetry is also the bisecant q{ 1; t)° of iY s . 
Due to the like behavior of the paired sextic S) (r) with 
respect to the axes of C\(t) and the curves N,, the axis 
<7(12; r) 1 of C\ (r) is a common bisecant of and N a with 
parameters <7 (2; r)° on iV, and q( 1 ;t)° on N t . This axis 
q(\2\t) 1 of Ci(r) can not coincide with g(12; t) 1 of C t {t) 
since the ten common axes of ('i(r), ( T s(0 are the axes A t . 
Hence 

(1) If on each of the cubic curves C\ (r), C g (t) titere are marked 
the ten common axes A t as well as respectively the 45 axes 
q ( ij; t) 1 and the 45 axes q ( ij; t)' then these axes include 
all of the common bisecants of any two of the curves N t , 
those belonymy to the pair N t , Nj being the axis q {ij; t)' 
of Ci (i), the axis q ( ij; t ) 1 of C\ (t) and the eight common 
axes Ak (k f i, j) of (7, (v), C t (t). These ten bisecants of 
N t have for parameters t on N % respectively q (J ; t)°, 
q (j; r)°, q(ik; t) 1 where parameter r is converted into 
parameter- t by (l, r) (1, t) — 0. 

The two lemmas which follow are not proved. 

(a) If two cubic curves N lf N t in general position and 8 of 
their ten common bisecants Aj (j = 3, • • -, 9, 0) are given, 
there is a unique quartic surface on N u N t and .4; which 
is the jacobian of a web of quadrics apolar to a unique 
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pair of cubic curves C\, Cj for winch the Aj are common 
axes and Aj, Aj are Hurwitz carves. The pairs Aj, Aj 
and Cj, C\ are mutually but dually related. 

(b) A planar rational sextic is uniquely determined to within 
a projectivity when the pairs of parameters of eight nodes 
are given. 

If Hi, Ht are any two cubic curves in general position, let 
{Hi, Hi) denote the rational sextic whose nodal parameters 
are projective to those on Hi of the ten common bisecants 
of H x , Hi ; and (7/[, H t ) the rational sextic whose nodal 
parameters on H, are those of the common axes of H u H*. 
Consider then the rational sextic (Aj , Aj). Eight of the 
nodal pairs are q (1 k\ t) 1 Qc — 3, •••. 9, 0) (cf. (1)). The 
Jonquieres transformation J{’ 2 of order 5 with simple E-points 
at p a , • • p 0 ; 4-fold E-point at p t and ordinary point at p s 

transforms £j ( t ) into a sextic eight of whose nodes are 
q(i k; ty and this transform according to (b) must be pro¬ 
jective to {N’t, Ni). Since p s is an ordinary point the trans¬ 
form has a node q{ 2; f)° as is the case according to (1) 
with (Aj, N t ). The transform also has the node q (JL 3 3 — 90; t)* 
and this according to (l) is the transform of q{ 2; r) u by 
{f r) (Ijt) — 0. Hence 

(2) The projectivity (l t i ) (X t t ) —- 0. under uhicli q (1,/; r) 1 and 
q (1 j; t) 1 (j = 2, • • •, 9, 0) correspond, sends q {j; r)° into 
q{ 1 3 2 • • j —••• 90; ()* and q{ 1 ;t)° into 
g(l 8 2 3 ••• 0 8 ) 1 * and vice versa for q(j; t)° and q (1; tf. 

The last statement will be verified in a moment. Consider 
now the paired sextics (A’,. N t ) and (Aj, A r ,). Let (Aj, Aj) 
be regarded as the given sextic, the bisecants <7 (13; tf) 1 , •• •, 
q (10; t) 1 being looked upon as nodes p\, ■ • pa', the bisecant 
q{ 2; t)° as the node pp, and the bisecant q(l s 3 ••• 90; 0 4 
as the node p[. Then Ji’,2 transforms (Aj, Aj) back into Sft), 
the nodes p[ of (Aj,Aj) passing into the nodes p, of £ s (f) 
(i — 1, 2, ■ • 9, 0). The transformation J'h with simple point 
at^ then transforms S s {t) into (Aj, Aj) with nodes PuPi,Ps,~'-Vo 
corresponding to bisecants q(l; f)°, q{ 2 8 3 ••■0; t)*, q{ 23; t)\ •••, 
q (20; t)\ But the bisecant q (2; f)° of (Aj, Aj) is the bisecant 
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q( 1; 0° of (A*, A 1 ,). Hence (N t , JS\) is transformed into (N s ,Nj), 
in such a way that corresponding nodes pass into each other, 
by the transformation J“ >2 <A\i followed by the transposition (12). 
if we set i? t — J]’ 2 J'l i (12) then in the notation of 53(1) 


03) If: 


1 9 

, 17 —12 —4 . 
1 ' 12 —8 —3 
9; 4 —3 0,-1 




1 

1 

8 


65 

— 40 

— 24 

— 16 

1 

24 

—15 

— 8 

— 6 

1 

40 

—24 

— 15 

— 10 

8 

16 

— 10 

— 6 

-3,-4 


Hence 

(4) Two paired sexttcs ore congruent under Cremona trans¬ 
formation. The transformation Ri udl transform a ghen 
sojtir into its paired sea tic with paired nodes corresponding. 
The lath of symmetry in the ten nodes disappears when 
the integer coefficients of lii m 710,2 are reduced mod.2 
(cf. 52 (4)). 

Two sextics paired with a third are projective to each 
other. ]f If transforms S into S' and B s transforms S' into S”, 
then S and S", congruent under If If. must be projective. 
This is verified by the fact that the product If If in (3) has 
coefficients which are congruent mod. 2 to the identity. The 
form of If in (3) verifies the behavior stated in (2) of the 
quadratics q under transformation from <S a (£) to its paired 
sextic Sfit). 

We have observed that the sextic (Aj, A T a ) has the follow¬ 
ing scheme of nodes and nodal parameters: 


(-V., A*): 


A, 

q( 1 3 3 •■■0, t)*. 


pi, 

7(2; ty\ 


p\\. ■■■•pi) 

7(13; <)'. • ••- 7 UO; 0 1 ; 


and that (A\, AY) is the transform of S t (t) by Jfz. Similarly, 
after an additional transposition (23) of nodes, the sextic 
(Aj, A*) has the scheme: 

(Aj, Aj,): 

in, v 2 . p", l>i, • • •, po 

7(1*24... 0; t)\ 7(3; 0°, ff(12; t)\ ff (14; <)\ ■ ■ ■, 7(H); O'; 
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and (A ), A a ) is the transform of it) by (23). Hence 
(Ai, N t ) is congruent to (A T ,, N s ) under the quadratic trans¬ 
formation <7i > ,2 Jl,s (23) — -4 1SS . Similarly the paired sextic:. 
(A T S , A\) and (A a , A 7 )) have the following schemes which take 
account of the pairing of the nodes: 

(A T S , Ni ): 


20. 

lh, 

v'i- 

p'i, 

■■■Po 

?(2 3 3...0; if, 

9d; 0°, 

9(23, t)\ 

9(24, t)\ • 

9(20, /) 

(A T „ A))- 

ft 

// 

n 

It 


Pi, 

P-2, 

P* ’ 

20 . 

•• 2'o 

q( 3*24 • • • 0; t)\ 

9d ; 't°, 

9(32; /)', 

9(34; O'. • ■ 

.. 9(30, ()' 


Hence (A)., A’,) is the transform of ,V 4 (f) by A>',i (12) and 
(N s , A'j is the transform of &>(/) by .7 a (, (123). Thus (A a , AA) 
is the transform of (As. A)) by (12) J-! i , 7 .i',i (123). We set 

(5) = (12)4,i «7.u (123), 

and verify by actual multiplication that 

1 7 

— 3 

— 2 
O.-l 

Furthermore is the product of a Bertini involution with 
Appoints at p L , • , p. s and a Geiser involution with A-points 

at ■ • •. ih- 

Since a sextic is self-congruent under a Bertini involution 
there follows: 

(7) If a sextic S(t) is congruent to a sextic S’it) under quad¬ 
ratic transformation , the sextic S(j) paired mth S(t) 
is congruent to the sextic S'{ t) paired with S'(t) under the 
Geiser transformation with F-points at p t . ■ • •. p», pu¬ 
li is rather interesting to observe the role played in these 
relations by the conjugate set of generating involutions of 
gio ,2 (cf. 6 (4), • • - , (9)). These comprise of course the trans¬ 
positions and the quadratic types Ai S 3 , but also the quintic 
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type Aj, . , G = A 128 A4 5tt A 1S9 which appears in (14) below, 
the type in (6) i? )i9 o = A 1?g A x - 6 A 17t) , and the type in (3) 

R\ = -4-190 Pi,90 4.190 • 

According to 54 (h) the rational octavic curve to®, cut out 
on -i' by the quadric M x on nodes Z> 2 , •••, D 0 , has nodal 
parameters q(\2; t)\ • ••, g(10; /)*■ Projected from D t it 
yields a rational sextic with eight pairs of nodal parameters, 
q (13; t) 1 , ■ •., <7(10; O 1 , which therefore is the sextic (A 7 j, A T 2 ) 
above, the transform of S 2 (t) by Ji 5 , 2 . The line phpA of (A T i, N 2 ) 
cutsJA’j, N t ) in a pair of points whose parameters are those 
of S 2 (t) on the P-curve. P(l*56 • • • 0) s . Hence 
(8) The curve m® uitli parameter t(r) is cut by the plane on its 
nodes P 2 Zl 3 I) x in a further pair of points <7(1*56 90; tf 

[<7(1*56 ••• 90; r) »]. 

Let Jt' (1) (<)_be the web of sextics with a 5-fold point at the 
node pi of <S 2 (t) and simple points at the remaining nodes. 
This web iv a> (t) maps the plane on a quadric surface 
whose generators g (s) arise from the lines (with parameter s) 
on pi, and whose generators <7(tr) arise from the pencil (with 
parameter «) of quintics with 4-fold point at p x and on the 
remaining nodes of S 2 (t). Let s a> , • • •, s (01 be the parameters s 
of the P-curves, P(12) 1 , •••, P(IO) 1 ; and <r <2) , a (0) the 

parameters a of the products of P-curves, 

P(12) 1 • P(1 5 34 • • ■ 0) 4 , • • •. P(10) 1 • P( 1*23 •• • 9) 4 . 

The exceptional points and curves of the mapping are as 
follows. All points on the line p { p % map into the point 
D x (s {i) , (T (e) ) on M u except p, itself which, as a locus of directions, 
maps into the generator g(sf l) ) (i — 2, - • - , 9, 0). The direc¬ 
tions at pi map into a quintic curve on M x of type (to a) (us) 4 = 0. 
The sextic S 2 (t) maps into a rational octavic on M x with 
nodes at Di and nodal parameters g(lr, t) 1 . The plane on 
Tf , D s , A is the map of P(12) 1 • P(13) 1 . P(14) 1 . P(l*5 • • • 0)® 
whence this plane meets the octavic outside the nodes in 
<7(1*56 ••• 0; t) 3 . Hence (cf. (8) and 54(h)) the octavic is 
to® and 
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(9) The sextic S t (t) is mapped by the web'w a) (t ) (1 6 2 • • • 0) 6 
upon the rational octavic with nodes at the nodes 
D t , D 0 of thesymmetroid 2 associated with S t {t). 

The paired sextic Si (r) is mapped by the web w ( 1 > (t) upon 
the same rational octavic m*. Indeed the transformation R l 
in (3) which transforms S t (r) into S g (<) transforms the web 
w a) (r) into the web w n) (t) but interchanges the pencils s, a. 
These two pencils coincide, and M x has a node, if and only 
if the discriminant condition, P a p — <5(1 3 2 ... 0) 4 = 0 (cf. 52 
(7b)), is satisfied. If this symmetric discriminant condition 
vanishes the transformation becomes a collineation (cf. 9(3)) 
and the paired sextics are projective. If Mi has a node the 
Stahl quadric K is a conic and either sextic S 2 (t), Si{t) has 
a perspective conic ( a6 (k), (m), (s)). Hence 

(10) If two paired, sextics, S\ (t), (t) are projective then the 

discriminant condition which expresses that an adjoint 
quartic of either has a triple point at one node of the 
sextic is satisfied, and either has a perspective conic. Then 
each quadric M % has a node and the Stahl quadric K has 
a double plane. 

If indeed S*{t) has a perspective conic and nodal parameters 
h , t t at pi then tangents t x , t 2 of the perspective conic are 
on px. Hence the pairs of nodal parameters of S t (f), plotted 
with reference to the perspective conic as K{t) (cf. 54 (4)), 
yield the nodes of Sfr) in coincidence with those of S g {t). 

Conditions imposed on one part of a geometric configuration 
must be followed throughout the configuration with consider¬ 
able caution. For example it is a single condition on S s (t ) 
that it have a perspective conic. Its perspective cubics then 
all degenerate into this conic. If in the construction of 54 (9) 
the perspective cubic in the plane r 0 of C\ (r), which is cut 
out by the planes of 6* ( t), reduces to a conic then a plane 
of C s (f) coincides with the plane t 0 of C, (r). This is only 
a single condition on the two cubic curves in space but it 
requires that the common plane be a factor of J. The situation 
is rather that (<) with a perspective conic determines its 
apolar space sextic curve i£ s (0 whose catalectic point sections 
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determine 2 as before and thereby J. The peculiarity of./ 
however is that the web Q has, in its apolar system (^i+Q 2 , 
a single net of quadric envelopes with a common cubic curve, 
i. e. the curves, t\ (»), and C\ (t), have fallen together. 

Of the 2 13 -31-51 rational planar sextics congruent to 

51 (/) the symmetroid - yields two paired sextics, S\ (t), S t (/); 
and the 2 8 -51 symmetroids congruent to 2 yield 2 8 -51 such 
pairs. This pairing is associated, as we have seen, with 
a discriminant condition, P a ^. Those elements of the group 

52 (5) which leave this condition unaltered and therefore 
transform a pair of rational sextics into a pair constitute 
a subgroup with an invariant g t , consisting of 1 and R u 
whose factor group is the group 53 (] 2 ) of congruent sym¬ 
metroids. Those further discriminant conditions on the nodal 
set Pa, of Si (t) which are syzygetic to P a/j yield discriminant 
conditions on the nodal set Pi» of 2. It is indeed clear from 
the mapping in (9) that 

(11) 7/ nodes I),,J)j of 2 coincide , then nodes p t ,pj oJ'Sft )[<Si (r)J 
coincide ; if A nodes of — are coplanar then the complement¬ 
ary 6 nodes of 8^ it) [</ (r)] are on a conic. 

Discriminant conditions azygetic to P H( $ may be described 
in terms of the special behavior of the quadrics M t with 
respect to —, and, doubtless, translated to a particular behavior 
of the Stahl quadric K with respect to 2 as in (10). Thus 
from the mapping it is at once apparent that: 

(12) If three nodes pi. p 2 , jh °f S t (f) are coll inear then Mi 
contains the line D t 7 /; or also il / 4 contains the cubic curve 
on ]J:„ If, D 0 . 

The linear system (oo 5 ) of conics in the plane maps the 
plane upon a Veronese v£(t) in S B , the locus of double points 
of a cubic spread Mt , the map of pairs of points of the plane. 
The sextic S a (t) is mapped upon a 10-nodal rational curve 
IV 2 (t) in & 5 . If 6 of the nodes of R li {t) are in an S t , then 
6 of the nodes of S t (t) are on a conic and the complement¬ 
ary four nodes of 2 are in a plane. Hence the set P 10 of 
nodes of R n ( t ) is the set associated to the nodal set P\ i> of 2. 
But then conics in the plane of S x (r) must likewise map 
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its plane upon a Veronese V* (r) containing the same P* 0 . 
Hence 

(15) If two Veronese surfaces, V-t (t), V* (r) meet in 10 points, 
Pio, then tins set is associated to the set, Pf», of nodes of 
a symmetroid -. The spreads Jff (t) , Ml (t), with double 
V <2 (<), V ‘2 (r) respectively , emh ad the double Vs of the 
other m a rational 12 -ic curve, 11 18 f), R li (t), with nodes 
at P?o. These 12 -tc naves are the maps of the two'raiional 
sextics associated with —. 

A regular quintic transformation in S R with six P-points 
in Pin converts Pio into a congruent set Qin associated to 
a set (,>io congruent to Pio under regular cubic transformation 
with P-points at the complementary four points of P] 3 0 (i6(8)). 
Under such transformation a V* on Pi 5 0 is converted into 
a T’n on Qio, their respective planes being congruent under 
a ternary quintic transformation A\. o( 8l (17)). Hence 
(14) If - ts longrnent to under the cubic transformation d li3 , 
at space, then *S' s (t) [.V, (?)] is congruent to S-t (t) [<9/ (t)] 
under the quintic transfoimat/ou 

The entire ternary Cremona group is generated by collin- 
eations and a single quadratic transformation, A li3 . It con¬ 
tains subgroups of the same nature and degree of generality 
as itself ; e. g. the group G generated by collineations and 
the quintic transformation This group G is isomor¬ 

phic with the regular group in S ; , which transforms a VI 
into itself. With congruence defined as congruence under G 
a planar rational sextic is congruent to 2 8 - 51 projectively 
distinct pairs which are in (1,1) correspondence with the 
2 s • 51 projectively distinct types of congruent symmetroids. 
An investigation of the types of groups G thus defined by 
particular types of Cremona transformations would be of 
decided interest. 

The, jacobian J of a web admits a variety of Cremona 
transformations <cf. Thus the two cubic involutions de¬ 
fined by £, £' respectively in 54 (23) each define the in¬ 
volution 1 on J and their product is a transformation for 
which J is a locus of fixed points. Also since - is a trans- 
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form of J by a cubic transformation then the J, J', birationally 
equivalent to congruent 2, 2\ must also be equivalent under 
Cremona transformation. It is nevertheless desirable to restrict 
somewhat the type of transformation so that a groupoid 
property analogous to that of congruence may appear. 
A suitable type is that cubic transformation with sextic 
P-curve which degenerates into a cubic curve N and three 
bisecants A. This has been studied in various connections 
by Fano, Tinto, Young and Morgan, and Montesano (cf . 58 
pp. 203-4 and p. 217). Montesano 46 shows that for fixed N 
and variable triad of bisecants these transformations produce 
types isomorphic with the ternary types of Cremona trans¬ 
formation. We give without proof the theorem analogous 
to (14). 

(c) The Jacobian J is transformed by the cubic transformation 
with F-curves, N, A *, A s , A, into a Jacobian J'. The 
symmetroids 2, 2' birationally equivalent to .7, J' are 
congruent under the regidar cubic transformaticm A ti!H . 

A consequence of this eventual symmetry in 1. 2, 3, 4 is 
that if J is transformed into J' as indicated, and into J" 
with P-loci, Ns, Ai, A,, At then J' and J" are projective. 
Thus the product of two such transformations and a properly 
chosen projectivity sends J into itself. 

56. Related projective figures and projective groups. 
Let Si(r) and S s (t) be two paired sextics and let K(t ) be 
the covariant conic of 54 ^ 4 ) in the plane of S x (r). The 
pairs of points cut out on S t (t) by the P-curves of the nodal 
Pm of Ss (t) will be named by the quadratics determined by 
their parameters as before but with the parameter t deleted 
as in #(1)°, g(12)‘, etc.; those similarly cut out on -S', (r) 
will have the parameter t indicated. With reference to K (/) 
as a norm conic, these quadratics in t determine points in 
the plane of S t (r) which will be referred to as tbe “points” 
3(1)°> g(12j 1 , etc. According to 52 00) et seq. if these 
points are marked upon the plane of S t (t) there will be an 
initial set of 527 points (cf. 52 (3)) each of which will be 
the initial point of an infinite conjugate set under a ternary 
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collineation group r 102 with the invariant conic Kit). The 
527 sets exhaust the points q. Two points q are in the 
same conjugate set if and only if their signatures are con¬ 
gruent mod. 2. The group r 102 is generated by a conjugate 
set of involutions, i. e. harmonic perspectivities, determined 
as follows. If q( l r ‘, • • •, 0 r °) r and ■ ■ •, 0 S °) S are any 

two points q for which 

(1) rs — riSi— - r 9 s 9 ~ r 0 s 0 — 0, 

then the harmonic perspectivity whose axis is the line l joining 
the two points q and whose center is the pole of l as to 
K(J) is a generator of Some of the more interesting 

projective properties of certains groups of these points are 
developed here. 

We observe in the first place that the points q contain 
an infinite number of nodal sets P{<, of planar rational sextics. 
According to 54 (4) the ten points ^(1)°. • • •. < 7 (9)°, q (0)° are 
the nodes of S’, (r) itself; the ten points g(23)‘, #{31)\ 
q (4)°, • • •, q (0)° whose parameters arise from S 3 {t) by the 
quadratic transformation A 1SS are the nodes of the trans¬ 
form of S\ (r) by the Geiser involution V with /"-points at 
q(4)°, • • •, g(0)° (55 (7)); and the ten points (/(I s 3 • •• 0) 4 , 
q( 2)°, g(13)‘. • • •, g(lO ) 1 are also a nodal set (55 (4) et seq.). 
In the entire configuration q there are 2 13 -31-51 protectively 
distinct nodal sets P{ 0 of this sort and the remaining sets 
arise from these by the collineations of r 10 , 2 . 

(2) The entire configuration of points q can he obtained from 
a given nodal set, e. g. 3 ( 1 )°. •••, o( 0 )° by the linear 
process of constructing the 2th intersection of two cubits on 
eight points. 

If indeed C\ is the cubic curve on the nine points other 
than q(i)° (i — 1 , • • •, 9, 0) then C t contains the vertices of 
4 -lines circumscribed to K(t). For, on S t (t) the if cut out 
by lines on the node jh will, when transferred to Kit), 
produce a system (oc 1 ) of 4-lines circumscribed about Kit) 
whose vertices are on a cubic and whose opposite vertices 
are in a hessian correspondence h'=»H 1-&>/2 on the cubic. 
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Such opposite vertices are q(i) a andg(li) 1 (i = 2, • 9,0). 

Hence the cubic is C x and it contains the point q(12) 1 which 
is the intersection of C x and C*. Thus the nodal setg(23)‘, 
g(31)', gC^) 1 , g(4)°, •••, g(0)° can be constructed as in_(2). 
This belongs to the sextic paired with the transform of S 3 (t) 
by A X8S and the entire configuration can be obtained by 
successive quadratic transformations. 

Another notable set of ten points q, which is not a nodal 
set consists of the four points g(l)°, •••, q (4)° and the six 
points q(ij) 1 = 4), say the set R. It is convenient 

to symmetrize the notation by setting /?(z')°= ? o, and q(ij) l = m 
(i,j, 1c, l — 1, • • •. 4). Let the six further points g(5)°, • •g(0)° 
be denoted by Qi. Then first, there are five rational sextics S t 
( i — 0, ■ • •, 4) with six nodes at Ql and four nodes at r v . 
One of these is the original sextic (r) — S 0 with nodes 
at g(l)°, • ••, ^(4)°. The first of the remaining four is the 
sextic 5 X with nodes at g^) 1 , g(24)‘, g(23) 1 . The 

five sextics Si are thus the sextics paired with the five 
which have six given pairs of nodal parameters. Secondly 
there are five cubic curves K % on Ql and on those six points r v - 
which are complementary to the four nodes of Si. Four of 
these, are the cubics C t , ■ • above which 

have the required property. The fifth, K 0 , is to contain the 
six points q(ij) 1 {i,j— 1, ■ • •, 4) and q{k)° {k = 5, • • •, 9, 0). 
It may be proved that K 0 with the required property exists. 
If then the plane is mapped upon a cubic surface by cubic 
curves on Ql (which isolates a sixer on the surface) the 
cubics K t become an inscribed five-plane and the sextics S, 
become the rational sextics cut out by the five quadrics 
which touch the surface at the vertices of one of the five 
tetrahedra of the five-plane. Conversely if a cubic surface 
has an inscribed five-plane these five tangent quadrics exist 
and, after choice of a sixer on the surface, the five cubics K% 
and sextics Si are determined. 

As a consequence 

(a) A necessary and sufficient condition that 10 points p u ih\ 
lh, •••, Pi, Po he nodes of a rational sextic is that the four 
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rubies on the last six points P« and respectively on three 
of the four remaining points shall meet again by pairs in 
six points which also lie with if on a cubic curve. 

If, in conformity ivith the notation for the set R, the nodes 
pi, ■ • •, Pi of S s (t) have nodal parameters r 0 i, • • •, r<w and 
the line joining the nodes p t ,pj meets S t (t) again in r« 
O', • - •, l = 1, • • •, 4); if also the points p t be taken as the 
reference and unit points respectively then the parametric 
equations of S 2 (l) are 

J '\ = i 'o‘j I'o'j x‘i x 3 = r u4 /’oi r ss 

(3) x s — r U3 >oi r 2i ; x, — r ui 1 os r 3t (r tJ = rp ). 

■ r x = i'oi ) 02 r --\ ( a"! — x> = )'o 4 >03 >'is 

Then the 10 quadratics r are connected by five quadratic 
identities which are due to these obvious identities in x: 

-i (x s — Xu) — 0; -i' Xi (x 2 — Xu) = 0; 

x 3 — Xi -f (x t — a 3 ) — 0. 

The five quadratic relations are 

(•D >'jkru + via iji -f r tJ ria = 0 (i, • • •, l — 0, • • •, 4). 

Due to these relations one may prove that 
(b) The set of 10 points R can be separated in 10 ways, by 
isolating a point r tJ , into three points ri m , r m u, ru, and 
three pairs of points on lines r t n rjk, r t i rp, r tm r jm , such that 
the triangles of three points and three lines are perspective. 
The property of the set R expressed in (b) is very similar 
to the perspective property of the Desargues configuration. 
The configuration R however has 9 absolute constants where¬ 
as the Desargues configuration has but three. It may be 
verified easily that eight of the points R may be chosen at 
random, the ninth is then any point of a unique line, which 
when chosen determines the tenth uniquely. This of course 
is on the assumption that the norm-conic K{t) is not given 
in advance. Indeed one may prove that the five quadratic 
relations (4) can be replaced by the five linear relations, 
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(5) )‘io -(- r,i -f- r& -{- r»8 -f- ?'j4 = 0 (ry = — rp; r,i = 0), 

of which only four are independent, and by any one of the 
five quadratic relations. The linear relations determine the 
projective situation of the points R in the plane as expressed 
in theorem (b) and the quadratic relation then determines the 
location of K(t). 

This suggests another way of bringing in the quadratics r t j 
or points of R. It y 0 , with y 0 -\- ••• -(-y 4 = 0 are 

the supernumerary coordinates of a point y in <S' 3 , the line 
coordinates, p* = (yi y'k — yk y'i), of the line yy in St satisfy 
the linear relations (5) as well as the quadratic relations (3). 
The coordinate system determines a five-plane, and a quadric, 
adjoined as follows, brings the number of absolute constants 
up to 9. Let 

(*S) Vi — («i T ) («» t), («t r)(a t t)=0 (i — 0, • • •, 4). 

As t, x vary the point y{t, x) runs over a quadric with 
generators ( t , r). The line coordinates of a line on points 
y{t, x) and y'{t', x') are 

(7) Pij = (r v t) O v t') ■ (r r') -f (sy x) (s v x')-(t t'). 

For t' = /, i. e., a f-generator, the ten line coordinates are 
a set of quadratics (r tJ t) 2 , and for x — x, i. e. a 7-generator, 
the ten line coordinates are an entirely similar set of quadratics 
(sy r) 2 ; where 

(8) (ry ty — (a t cij) (a* t) (ctj f); (sy x)‘ = (a, a;) (a,r) (ajx). 

Further details with respect to these configurations will 
appear in the article cited in connection with 54(a). 

Attention may be called at this point to a method sug¬ 
gested by the _author ( 22 pp. 359-61) for setting up series in 
the plane of 8 t ( t ) which are formally invariant under the 
*1 0,2 of S t (t), and which are readily transformed into series 
invariant under /\o, 2 - 



CHAPTER VI 

THETA RELATION'S OF GENUS FOUR 

The variety of geometric configurations and of algebraic 
forms discussed in the preceding chapter had the common 
property of being, in one way or another, projectively deter¬ 
mined by the birationally general algebraic relation of genus 
four, F — (a r) s (« f) 3 = 0. In the present chapter some of 
these geometric figures will be deduced directly from the 
theta relations. The developments are due largely to Schottky 
who observed that the P? 0 of ten nodes of a symmetroid - 
could be expressed in terms of modular functions of genus 
four of the abelian type defined by an algebraic curve. 
The bearing of this upon the problem of the determination 
of the tritangent planes of the canonical space sextic of 
genus four will be discussed at the close in the light of 
the similar problem presented by the double tangents of the 
planar quartic. 

57. Derivation of certain theta relations. Eorj> = 4 
and 2]> -j- 2 subscripts. /,./. • • • = 1, 2, • • •, 9, 0, the odd and 
even theta functions of the first order comprise the 136 
even functions. <>,, !> n kim- with zero values r„ and the 

120 odd functions, .V y ;,. The half periods are represented 
by the points P u . P,ju in the finite geometry mod. 2 of an 
S- referred to a null system C’ 4 . 

The projection and section of the null system C x by 

a point and its null space, say the point Pc,,,, leads to 

a derived null system, C s . in an ,S' 5 (cf. 26 ). The points of 

the S : , arise from the null lines of C, and are named by 
subscripts i.j. ■■■ = 1, •••• 8. Thus the null lines P> 0 . 
P,J, P„» 0 ; p 9 0 , I\ki, Pmnop on Pm ill S: contribute the points P y 
and P tJ u =- Fnmop respectively in S :> . The quadrics in S- 
on P.,,, divide into 64 pairs and. with respect to these pairs, 
we define the products, 
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(1) X — $0 t^O, Xtjki — Xninop — &ijkl9 &ijklo i A tj — ^y'9 ^y'O, 
with their zeros values 

( 2 ) p = eg Co, pijia = Cijm cym ■ 

It is proved below that these products satisfy the same 
system of linear relations, as the theta squares for p — 3. 

The projection and section of the null system C\ in & 5 from 
one of its points is equivalent to the projection and section 
of the original C 4 in S* from one of its null lines and by 
the null space S-, of the null line. If the null line in the S 7 
is defined by P 90 , P 7 », the result is a null system C\ in S s 
whose points are named by subscripts i,j, • • ■ — 1, • ■ •, 6 . The 
quadrics in S 7 on the null line divide into 16 tetrads with 
respect to which the 16 products and 10 zero values are: 

It == Xiy Xa, Yijk = Xtjk" X m , f]ijk — pykl PijkH 

() (i,j,k = l....,6). 

Similarly the projection and section of this C t in S 3 from one 
of its points and by one of its planes is a null system C x in S x 
which is also the projection and section of the original C\ in S 7 
from one of its null planes and by the null of the null 
plane. If the null plane in S 7 is that defined by P w , P 7S , Pm, 
the null system C\ in S x has a basis notation with subscripts 
hj — 1 > • • ■> 4. The quadrics in S 7 on the null plane divide 
into 4 octads which yield 4 products and zero values, namely: 

X = Yf, I 8, Z,j = I tjb I y6 , r ij = Qijb Qijf, 

{i,j = 1 , 4 ). 

Following Schottky ( 6S pp. 251-2, cf. also 18 § 4) a notable 
set of linear relations connecting the theta squares (p — 3) 
is obtained. The eight functions, • • •> are 

a normal fundamental set (cf. 26 ). Since only eight theta 
squares are linearly independent, &I 2 must be linearly expressible 
in terms of the eight in the F. S. Since all except O vanish 
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for u = 0, can not appear in the relation. On adding 
the half period P ig all the functions except <V ]8 remain odd 
whence vl? s can not appear in the relation and similarly fiz 

k = 7 

can not appear. Thus the relation has the form, £ A a8 
— A On setting u = P ai , A a sc = ±AcH 2aS , or 

(5) c ^12 — 2«i Ci 2 a 8 ^«8 (a = 3, • ■ •, 7). 
On replacing u by 7 / +Pis this becomes 

(6) C* A’* — C«128 i^al28 = 0 . 


These two relations contain a closed set of six azygetic 
functions, i. e., any three are azygetic and the six are linearly 
dependent (as quadrics in <§,). The general relation of this 
character may be described as follows: 

(7) If H a , • • •, ■ ■ •, £ and l properly chosen sets of sub¬ 

scripts) are a closed azygetic set of six functions then 


21 


cf If 

«/ CC 


= 0 


where Pi is the half period (proper or zero) for which all 
the functions , • • •, && are even. 

The functions A" of genus four defined in (1) of the second 
order and characteristic P 90 behave like the theta squares 
(p = 3) in the following respects: their linear independence 
(cf. 20(9)); their vanishing when u — 0; and their permutation 
under addition of half periods (syzygetic with P 90 ). But this 
behavior was sufficient to establish (5), (6), (7). Hence 
(8 ) If X a , • AV(a, £, l properly chosen set of mlmripts 
for p = 3) are a closed asygetic set of six functions then 

= o 

with subscripts h chosen as in (7). 

One of the relations (8) is 

f—4 

y dr piMi A,568 dr Puns -Aii dr pi Xn — 0 . 

1 = 1 
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This for n ~ 0 becomes 

(9) i Qioe = 0 (t — 1. • ■ •. 4). 

which is one of 15 linear relations among the 10 constants q v k 
of the same form as the system 30 (V) for p — 2. 

Let iiijk be the linear term in the development of the odd 
theta function &,jk («). Corresponding to ( 1 ) and (4) we set 

(10) v v = w, — i l7 v,fi. 

The theta relations are satisfied if we set as in 45 (5) 

( 11 ) iy 1jk — 1c Vn v k V u' U k. 

The variables n are then not unrestricted but are rather pro¬ 
portional to algebraic functions of a variable x\ and the 11 
to functions of x. They are subject to two homogeneous 
relations of higher degree which in >% define the normal 
curve G* for which the i< v % are tritangent planes. Then 
from ( 8 ) and (5) there follows 

—1^/678 r,b zt l> C78 — 0 (/ = 1, •. 5). 

i ^!S78 V ViU \ ,/ ' 1. ;fi dr V ^ r "H — 0. 

On G 4 the Vv are in the Gl of contacts of contact quadrics 
of the system P 90 so that any four are linearly related. Let 
then 2; AjV'vjt — 0 (j — 1, - • •. 4). The lemma of 45 (4) 
applied to this linear relation and to the quadric relation ( 12 ) 
yields AzA^/pjm- The constants *4,,•••..4 4 satisfy also 
the equations obtained from this by replacing the indices 78 
by 57 and by 58. These three equations are sufficient to 
determine the Aj to be Aj = jjjmaPMi i>j;m■ For, the equa¬ 
tions are satisfied due to (9) when these values are substituted 
in them. It is understood of course that (9) includes all 
the relations similar to it which can be obtained by projection 
from any null line. The linear relations may therefore be 
written as 

(13) dr (_PjG78 Pjbtil PjXH C/tj) 12 =0 (j' — 1, •••, 4). 
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If similarly P 5 Vv^+^B k V^ = 0 (k = 1, 2, 3) then 
— Pm-s pkteq Pmc.h and (applying the lemma again) 

(14) 2k ± (pica 37 P*658 j0fc647 J0fcMs ) 1/2 = 2*k ± (?Mi6 g/c<S4 ) 1/2 = 0 

(* = 1,2, 3). 


The three terms which appear here are the quantities r u 
in (4) for the projection and section from P 90 , Pis, P 4S whence 
(cf. 28 ( 11 )) 

(15) The </<ree products of zero values of eight even functions 
defined in (4) satisfy the relation 

Vr u ±: W 24= b Vr Hi = 0. 

For each of the 255 • 45 null planes (cf. 28 ) used for pro¬ 
jection and section there is a relation (15). Schottky 59 has 
proved that they each express the' single condition that the 
ten moduli a v of the theta functions are of the abelian type 
which occur in connection with the normal integrals of the 
first kind of the curve of genus four (cf. also Roth 51 § 9). 
For values of p beyond four the p(p -j-1)/2 — (3 p — 3) con¬ 
ditions of this type have not been obtained. 

Schottky ( fi8 pp. 264-6) goes on to point out that the 28 
root functions V v tJ , obtained by projection and section from 
the selected half period P B0 , satisfy the same system of 
linear relations as the 28 functions u v (p = 3) (cf. (13) and 
45 (B)), provided that the constants Vp vk i {p = 4) replace 
the constants cgiaip = 3). Moreover on comparing (14) Avith 
45 (A), and (9) with the modular relation p = 3 of the type 
obtained by setting u = P 1S in ( 6 ), it is clear that both 
systems of constants are conditioned in the same way. Hence 
the 28 V v,j , lying in a linear system (oo 2 ), are the double 
tangents of a planar quartie, /*. They also are in the linear 
system g\ of contact quadrics P 90 and are sections of a W ir- 
tinger sextic IF related to f* as described in 5 ° (in par¬ 
ticular (13)). As double tangents of / 4 the Vvg satisfy 
a system of irrational relations (45 (C)) all of which are 
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equivalent to one relation, the rational equation of / 4 itself. 
These transfer to p — 4 as follows: 

(16) ± (qua qroc, q,i& w,) 1!i = 0 (i = 1, 2, 3). 

But the values of the w, = v,-, v,» = in 79 11,70 um u ,go are 
obtained from the values of ■ as functions of x 
011 IF, In (16), which is an equation of / 4 , the values of 
u 1 , •••, u t must be those assumed when x is one of the 24 
points common to f* and IF, i. e., the u,,---,ii, and the 
n,ji; are constants. Hence 

(17) With Lijkim — 'htjkim (0) it is possible to find constants c v it 
for the functions 0- ljk such that the system of equations (16) 
for any isolated syzygctic half periods P il0 , P 7 * is satis¬ 
fied when u,jk — c v k- 

It will be observed that the 24 points common to /and IF 
are, on the canonical curve O'l in space, the branch points 
of the two gf s in the canonical involution. The Talues of 
the t< X jk at one of these points are independent of the par¬ 
ticular half period P 90 which establishes the relation be¬ 
tween f* and TF. The equation ( 10 ) is the basis for the 
connection, established in 59 , of the nodes of a symmetroid 
with the modular functions. 

58 . Definition of the planar set, P*, in terms of 
modular functions. When one of the 136 constants c, 
say Cq , vanishes the normal space sextic, (? 4 , of genus four 
is on a quadric cone A (cf. 51 ). The 120 tritangent planes 
of 64 are then rationally separated by the discrete points 
of a set P« with which there is associated projectively 
a plane curve G\, a birational exemplar of G\. The line 
sections of G\, a g\, are contained in the complete linear 
series g\ cut out on the normal G\ by contact cubics of the 
system determined by # 9 (m). The (f is mapped by this gl 
upon a curve P 4 9 of order 9 in S b and G'i is the projection 
of /'* upon the plane of P 8 from a properly chosen non¬ 
secant plane. Schottky 80 has obtained a projective definition 
of the set P{ directly from the modular functions for which 
< 0 = 0 . The pertinent part of this memoir follows. 
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The 28 root functions defined by 


(1) Fap = VUa90 VUp 90 VUap9 (a, 0 = l, ■ ■ ■, 8 ; « ^ /J) 

determine on 0\ the nine contacts of three tritangent planes 
in the system of # 9 . The contacts are therefore a set of g\ 
but, due to c 0 = 0 , the 28 functions satisfy a system of 
three term relations by virtue of which only three are line¬ 
arly independent. These three are line sections of the 
planar 0\. The three term relations are derived from the 
system 57(13). If in 57(13), when written in terms of the 
c’s and Utjk s, the indices 6 ,9 are interchanged, and the 
relation is then transformed by the period transformation / m8 
under which the c’s and uric's are permuted like the even 
and odd functions, it becomes (cf. 25 (4)) 

^ -Sfc ± (Cfc4B80 Clam Cfc56"9 Cfc5790 Cfc47B0 Cfc4G78 Wfc96 MMo)' " 

i (CoC«C4 6 7 8 9 C47 8 9oC45689C4589oM670M567) 1,:2 = 0 (Jt = 1, 2, 3). 


If to indicate projections from points other than P B0 , P 78 
the products p, q are written more explicitly as 

Vkimn ^tklmn ®jklmn 

then ( 2 ) takes the form 

=o, 

W Co ~~ 0 (*=1,2,3). 

This, multiplied by V 0 and modified by (1), yields 

( 5 ) ®. <■. = «• 

By means of these relations any of the 28 F n p can be ex¬ 
pressed linearly in terms of a properly chosen set of three 
such as Pj*, P, g , P„ 3 . If then these three are equated to 
three independent linear combinations of x 0 , x,, Xg, the Co- 
Ordinates of the point x in S £ are expressed in terms of the 
Vuijk. Since the 7 functions F u p with common index a can 
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all be expressed in terms of two, the corresponding lines in S t 
all pass through a point p tt (« = 1 , • ■ •, 8 ) and F a p is the 
line joining the points p«,pp. For variation of the initial 
terms u with the variation of a point on the normal 0\, the 
point x runs over the curve G\ with triple points at P» since 
the seven functions F a p for fixed a vanish for the three zeros 
°f Vuaso, a tritangent plane of f? 4 . 

Setting for brevity 

ft - 8 

( 6 ) S a = Ua90, P — 0 

« = 1 

Schottky defines a number of further root functions as follows: 

Gariy — P V Ucepy I P Set P' Sjj V,Sy ; 

Het,p — P 1 UapO P'"Set/ P Sp J 
Jeijty == P P Sa P Sp P'Sy p Hapy '■ 

Keep = P* VUapo/ VS C , Vgp, 

’ Lap, = Fetfi Kitp. 

Lap}' — Gap}' Jap}' ■ 

Lap, — Ha, p J Ip, a, 

Law == P e S«. 

These with F u p are the sections of G 9 by the P-curves 
(cf. 51 (1)) of the set P£ to which the improper section by 
P(a)°, i. e. Vs u , should be added. The P-curves are the 
pairs of P-curves which in 51 (1) make up the degenerate 
sextics of the web with nodes at Pg. 

The algebraic relations among these curves are consequences 
of the theta relations 57(13). The linear relations among 
AW F, lf j We already been noted as consequences of (4). 
Other three and four term relations connect 

( a ) (miso »2iu)‘ /2 , (u 1M Uit'.i) U2 , (u M0 m 07h ) i/2 ; 

(b) (« J20 u se 0 )i/ 2 ; (« 1M Ug S4 ) 112 , (m 106 m S85 ) , -'- ; 

( 8 ) (c) (Mis* « 4 * 0 ) 1/2 , (Kuo Iti,#)" 2 , («*40 U lg9 ) l «; 

(d) (m i29 m.so) 1 ' 2 , («j„ Mu®) 1 * (w m « u0 )V2 ; 

(e) (Wieo u 580 ) 1/2 , («,„ u^Y*, (n m u 6n )V 2 , {i hSi ^ 
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the last of these being obtained directly from 57 (13) by 
permutation of the indices. The relation involving the terms 
in (d) arises from (4) by the permutation (029134). The 
terms (a) arise from (4) by the transformation l lsM (63584); 
the terms (b) from (a) by Z 16 ; 0 (3582); and the terms (c) 
from (b) by / 24r(0 (1384) (52). These transformations do not 
disturb the equation r 0 = 0. 

If the terms (a), • • •, (e) in ( 8 ) are multiplied respectively 
by (w 3 s 4 ) 12 , P( Si yi-/{s,s H y\ P(si Si s 3 ) 1/2 / (s 4 ) 1/2 , P 2 / Sl ( Ss )i' 2 . 
P 2 (s i ) V2 /{s b ) V2 , they yield, by comparison with (7), the terms: 


(a) 

Pis Z 04 , / 28 F 

' f 1 

It? '*078? 

(b) 

H\ , 2 , P|4 6r£84, 

Pi 5 

G sss , 

(9) (c) 

J ms, H\ j 1 P 28 , 

H t , 4 

P, 3 : 

(d) 

Aia, G i2J P’3.1, 

G \24 

Pi.,, 

(e) 

p] 90 < Ki 5 J\l) A.SS 

P«, 

A'is Pj 1 


Each group of terms in (9) is linearly related with coef¬ 
ficients which can be determined by the same transformations 
as were used above to produce the group of terms. Hence 
in (a) C ?678 — 0 is a conic on p,, •••, p 4 and therefore, by 
virtue of the symmetry in its definition in (7), on p 5 also. 
In (b) H u2 = 0 is the cubic with node at pi, and simple 
points at p 8 , p 7 and, by symmetry, at p s . Similarly in 
(c) and (d) J 1S3 and A' 1S are the P-curves, P(l 2 2 s 3'-4 • ■ ■ 8) 4 . 
P(123 3 8-) 5 respectively. In (e) the sextic curve L,. )0 

must have a triple point at jq and nodes at p 4 . m, lu, IK, 1>- • 1>* 
and at least a simple point p 5 . Again, from the symmetry 
of £ uw = P 2 s u it must have a node at p b and be the 
P-curve, P( l 3 2 s ■■■ 8 2 ) 6 . 

The effect of the definitions (7) is to assign definite values 
to the constant factors in the equations of the P-curves. 
The identical relations which follow from these definitions 
are various forms of the equation of Gt Such are 

(a) JTn.fi H/},}' Hy,n — Hp.cs Hy,p Ha,y ', 

(10) (b) Law Hp.a — Lfiw H a ,p\ 

(c) Japy Kap = Fap Gap)’ Lyxt. 
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The concluding sections of Schottky’s memoir deal with the 
previously known mapping of <?4 upon the normal G* described 
in 51 . 

We examine further the projective definition of the set 
in terms of the modular functions. The relation (5) con¬ 
necting the lines F lit F IS , F 14 reads 

(11) = o (1 =2,3,4). 

This is to be compared with the projective relation 

(12) 11 341 Pu ± 11 24 ] Pui ± 1123! Pi, =0 

where j ijk | is the determinant of the coordinates of ih,Pj,Pk- 
From a comparison of ( 11 ) and (12) 

(13) 11 241/| 1 341 = 

This value depends first upon the isolation of <•„ — 0, upon 
the isolation of the index 9 in the definition of F a p, and upon 
the isolation of 1, 2, 3, 4 in the formation of the ratio but 
it should be independent of permutation of 5, 6 , 7, 8 . This 
is in fact the case because of the relations 57 (15). For, 
if the value given in (13) be equated to that obtained by 
the interchange of 7, 8 then 

(P8(i75 JD.1589 PtCst Pi57»l 1/2 — i (ihiufi 7**589 PSOM Psiwo)'^- 

But these are two of the terms in 57(15) for which the 
third, (p Pen» Ptm Pt»a») 112 = 0, since p = c 0 c x = 0. 

On replacing 4 in (13) by 5 and taking the ratio there 
results: 

, .. 1124) ]1351 PM 

U ; 11251 11341 -pglP^l' 

This expression for a double ratio of the four lines from 
Pi to pt , • • •, pi or, more specifically, of the double ratio of 
the line pair p x p%, pip s with respect to the point pair, p 4 , pt , 
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4 

in terms of modular functions is the desired projective definition 
of Pg. As before its value is unaltered if the index 8 is 
replaced by 7 or 6 . 

Under quadratic transformation Am, Pg is congruent to 
Pg for which p[, pi, p[ K , p' 4 , p'f, is projective to pi, p 2 , Pa, Ps, pi• 
Under period transformation 7 1230 , = c 02m c 12489 is converted 

into r 18489 c 08489 = pjjjo ,. Thus the effect on the left of (14) 
is to interchange 4, 5, and on the right to interchange 2, 3; 
in either case the ratio is inverted. Hence 
(15) If, m the definition (14) of the set Pg in terms of modular 
functions, the moduli are subjected to a period trans¬ 
formation, the set Pg 2 is transjormed into a set P& con¬ 
gruent to Pg under Cremona transformation. 

59. Definition of the nodal set, P x 8 0 , of a symmetroid 
in terms of modular functions. The theorem 57 ( 17 ) 
states that the equations 57 ( 16 ) can be satisfied by certain 
values Cijk of the odd functions u tJ k. The equations then read 

(1) Z ± (C H78) C H78) C )(78> e ,K7M ) 1/4 = 0 (* = 1,2, 3). 

An equation of this system is determined when the null line, 
P i)0 , Prg. P-g 90 , from which the projection is made, is chosen 
in one of 255-21 ways (cf. 28) and when thereafter in the 
projected space (p = 2) any three of the six odd functions 
are selected. The number of such equations is therefore 
255-21-20. 

These equations take more simple forms when the constants c 
are replaced by constants e from the equations of Schottky 
(28(1)) in which 

(2) f = Cj, ftjtdm ~ C tjlclm’ fyk" C tjk * 

The conversion is accomplished by the method explained in 
45(11) et seq. The space O allied with each of the terms 
in ( 1 ) is the S & determined by P 90 , Pm, Pa, P&«- The space 
O' syzygetic to O is the S s determined by P 90 , Prg, Pa, Pis- 
The first factor of the first term, c 1467& , corresponds to the 
quadric Q U w» which is not on the four points P 28 , Pms, P»s»o, 
Puse of O'. Hence e M , ••• occur in each of the 16 factors 
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in the first term of (1). On extracting the roots indicated 
by (c«67e) 1M = (/i4ti7!>) 1/16 the relation (1) becomes 

(3a) + e 2 j e 2S 78 e^aao ei456 — 0. 


Recalling that the e’s are identified with the points in the 
finite geometry in S 7 , it is apparent that each of the products 
in (3a) is identified with four points which with the null line 
678 , esc? 07890 make up a null plane. The various types of such 
products may be obtained by projection from the null line, 
and selection in the resulting S 3 (p = 2) of one of the 20 
ordinary lines. They may also be obtained by transformation 
of (3a) by the involutions I,jki- A complete set includes, in 
addition to (3a), the following (cf. Schottky 08 pp. 280-4): 


± 019 084 01990 08190 


■2"l i 0S8 014 0»89O 01490 — 0: 

I 01456 01418 01850 01878 

1 e«456 08478 08856 08378 

•^1 ± 0*8 01456 0147 8 01490 ~ 0 ; 

2 

018 08456 08478 03490 — “I i 0] 679 e i 589 01570 01680 ) 
I 0157 9 01580 01589 e 1570 I 


(3b) 

(3c) 

(3d) 

(3e) 

(3f) rb e56 078 090 01884 
If we set 

(4 a) D a py$ 0(i/S &ay ^a<f *'?>'/ 0^0 ^ydt 


01679 01680 01689 01670 I 


then on multiplying (3b) by e lfl 0to 029 e i0 e s9 e so 049 040 it 
becomes 

(3b) 2^2890 -^1490 i i?8190 -^8490 i 2?ig90 -^3490 ~ 0. 


The system of relations of this type shows that the D tJ ki are 
the determinants formed from the coordinates of four points 
Pit Pjt Pk, pi of a set Pi 8 0 in space. In (4a) the significant 
factor of D a py# is e a py #—the coplanar condition—and the 
other factors correspond to coincidences among the points 
of Pio. These latter factors are more easily handled in 
certain combinations introduced by Schottky as follows: 

(4 b) e — (e«/j); 00 — (c«/s) ft ~ 1> • ■ •> 0); 

(4c) = 1/4; f a? = 
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The relations. f3a), ■ •(3f) then become 


(3 a') 

~1 i A 1 .fir, ./in P».i its P»390 Pi l fit; = 

: 0; 

(3b') 

—1 i Also Pi wo 0; 


(3c') 

A./.">7 A, Pi7 As Pi 290 P3490 

_A £2A s it i 14 PiuiB P) ith As Pi.iso 

£5 £0 £7 £s Al P245(, PjlTh Ass Pjssi, 

PlS7X 

P237S 1 

(3d') 

“ 1 — £lAl4 PllSO P|17N Pi490 — 0: 

t 

(3f) 

i'i S'., t, 

-- & £c, £7 £« £9 A /l2 /,s - /m A *" 4 

1 Pi 57 9 Pi .WO Pt.W9 P)570 | 



I Pu>79 PlbxO PlC.xfl Pj«TO , 

The rather complicated transcription of (3e) is omitted. 

The. right member of (3f') equated to zero is the condition 
that, of the points P ® 0 defined by (3b'), p :> , p 6 , p 7 , p g . p . t , p 0 
are on a quadric cone Avith vertex at . If this member 
is designated by g 2 si,i there follows from the values in the 
left members of (3f') that 

(4) ,^145,2 #245,3 <7.345.1 — </-I'M .<7:145,2 ffllofi • 

This equation does not contain the coordinates of p t , p& 
and is of degree 6 in each of the other eight points. By 
comparison with 47 (3a) it is the condition that the eight 
points may be the nodes of an azygetic 8-nodal surface 
Avhence Pi® is the set of ten nodes of an azygetic 10-nodal 
quartic surface. 

In the terms of (3d') replace the point p : with index 1 
by variable x. The terms then are of the form 

(5) — /Krjij Dxikl. -P rltnn (<; ■ * W - O, • * ', 9, 0). 

This is a cubic cone with vertex at p t and containing the 
lines from p 4 to p s , ■ • -, jp n , Po- A set of four linearly in¬ 
dependent cones of this character can be obtained by making 
four proper selections of ij, hi, mn from the indices 5, 9, 0. 

Let ii, ■ • -, nr, ■ • n, ■ n t be four proper selections. If 



276 


VI. THETA RELATIONS OF GENUS FOUR 


F(x) is any cubic cone with vertex at p f and on p b , 
as well as on p t , p 8 , then F(x) will have an equation of 
the form, 

F(x) = ]Ci Cijjj.fc, IpDi,*, 0*0 4" ••• + hm t n t (x) — 0. 
Then 

?i/i4 F(pi)± F(p 2 ) ± ?a/ 84 P(p s ) = 0 

since the coefficient of Icj (j = 1, 4) vanishes due to 

(3d'). But the k's were so chosen that F(p a ) — 0 and 
F(ih) = 0 whence also F(pi) = 0. Thus the cubic cones 
■with vertex at p 4 and on p t , p a , p 6 , ■ ■ ■, p a , p 0 are on p L also, 
or Fw has the property that the nine lines from one point 
to the remaining points are the base lines of a pencil of 
cubie cones. 

We have seen (cf. 53) that the tw r o geometric properties 
of Pio thus deduced by Schottky ( 6S pp. 286-87) imply that 
P? 0 is the nodal set of a Cayley symmetroid. There follows 
also from (4 a) that the e tt p and e tt p r( F constitute the 255 dis¬ 
criminant factors of the symmetroid (53 (12)). The identity 
of further discriminant conditions on Pi 0 with these (as ex¬ 
pressed in 53 (14)) is in the first case an immediate con¬ 
sequence of the cubic cone property of p?o; and in the second 
case is read off at once from (3f'). Hence 
(6) The nodal set Pio of the symmetroid, whose doable ratios 
are defined by the theta modular functions 

Dltib DiuJDizm Dins = Cl2S» Cl846 t ; S5 ^ 40/^1536 e]245 eg B 646 , 

is transformed into a set Pio congruent to Pio under regidar 
Cremona transformation when the modidi are subjected to 
a period transformation. 

For the argument used in connection with 57 (15) can be 
applied in precisely the same way to show that the effect 
of the cubic transformation A 1M4 and the period transforma¬ 
tion P im upon these double ratios is the same. 

60. The tritangent planes of the space sextic of 
genus four. We may regard the 120 tritangent planes of (?4 
as satisfactorily determined if a geometric configuration can 
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be given in terms of whose elements each of the planes is 
rationally known. Thus the eight points of P% when individu¬ 
ally given serve as a basis for the rational representation 
of (?4 on a quadric cone A and of the individual tritangent 
planes of 0\ (cf. 51 , 58 ). The various contact systems defined 
by groups of tritangent planes are then also rationally known. 

The nodal set P? 0 of a symmetroid should play a similar 
part, for the general G\. Let us compare the behavior of 
this set with that of the analogous set Pi of base points of 
a net of quadrics in connection with the determination of the 
bitangents of a quartic curve. Both Pg and Pfo are special 
sets with projective peculiarities which cause certain of the 
points to remain fixed under Cremona transformation defined 
by the others. Each set is congruent to only a finite number 
(36 and 2 8 ■ 51 respectively) of projectively distinct sets of 
similar character under regular Cremona transformation. 
Under such transformation the projectively distinct types with 
ordered points are permuted according to a finite group g v 
isomorphic with the modular group (p — 3, 4). The dis¬ 
criminant conditions of each set are finite in number and are 
permuted like the half periods under g v . In each case the 
number of projectively distinct types congruent to each other 
is the number of basis configurations of half periods. Most 
significant of all is the fact that the coordinates of the points 
of each set can be expressed in terms of modular functions 
and that from one set thus determined the sets congruent 
to it under Cremona transformation arise by period trans¬ 
formation of the moduli. 

The analogy fails in one important respect. When the 
base points, P 8 8 , of the net are given there is determined in 
space a curve, Gl , of genus three, the locus of nodes of the 
net, in birational correspondence with the normal planar 
quartic, such that any pair of points of Pi is on a bisecant 
of Gl which cuts G\ in the pair of contacts of a bitangent 
of the quartic. The discriminant conditions of the set Pi are 
precisely the discriminant factors of the quartic curve. Thus 
far the geometric investigation of the symmetroid and its 
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nodal set Pi® has failed to disclose an algebraic curve of 
genus four, G{, with the property that a triad of Pjo will 
rationally isolate on G\ a triad of points which correspond on 
the normal (7® to the triad of contacts of a tritangent plane; 
or with the equivalent property that if a discriminant con¬ 
dition on Pi!) is satisfied the genus of G\ will be reduced to 
three. In other words Schottky’s derivation of the con¬ 
figuration Pi* of the symmetroid from the abelian modular 
functions is not supplemented by an exemplar of the algebraic 
curve wflich defines the functions. 

That a curve G\, project,ively related to the symmetroid, 
exists is not to be doubted. It should be symmetrically 
related either to Pio, or to any P<? contained in Pio, since Pi? 
uniquely determines the tenth node. It is not necessary that the 
G\ attached to Pio should be transformed by regular Cremona 
transformation into the O'* attached to a set Pin congruent 
to Pio under such transformation. The G'J is merely to be 
birationally equivalent to G 4 . This for example is the behavior 
of the envelope E* defined by its Aronhold set of seven 
nodes, Pf. 

One of the main purposes of this book has been to indicate 
the richness and variety of the analytic, algebraic, and geo¬ 
metric domain within which such a curve G\ may be found. 
Another desideratum of like character is the algebraic curve 
of genus five with isolated even theta chaiacteristic whose 
modular group appears in connection with the nodal Pi» of 
a planar rational sextic. 

From the applications made herein of congruence under 
Cremona transformation it might be inferred that such ap¬ 
plications are restricted in the plane to curves of order 3 r 
with r-fold points, in space to surfaces of order 2 r with 
r-fold points, etc. If this were true the number of sets with 
interesting connections would be small. It may well be, how¬ 
ever, that the method cited at the close of 56 will provide 
series which behave like curves of order 3r with as many 
r-fold points as we please. 
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